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PREFACE 


The  problem  of  turbulence  in  general,  and  of  turbulent  boundary 
layers  in  particular ,  has  recently  become  very  important  in  view  of 
its  increasing  practical  significance. 

Due  to  the  intensive  development  of  aerospace  technology, 
power  plant  technology,  and  other  branches  of  technology, 
scientists  and  engineers  have  become  particularly  interested  in 
problems  related  to  supersonic  flow  of  homogeneous  and  inhomogeneous 
gases  in  a  turbulent  boundary  layer.  A  flow  at  supersonic  velocities 
in  many  cases  results  in  such  an  extreme  increase  of  the  temperature 
of  the  gas  that  thermochemical  processes  begin  to  take  place  in  it 
which  lead  to  a  disintegration  of  molecules  into  atoms,  atoms  into 
ions  and  electrons,  and  the  formation  of  oxides  and  other  compounds. 

In  certain  cases,  a  discussion  of  supersonic  flow  must  take  into 
account  processes  occurring  on  the  surface  around  which  the  flow  takes 
piece  such  as  fusion,  sublimation,  evaporation,  chemical  reactions ,  etc. 
Man.v  of  these  phenomena  were  and  still  remain  an  object  of  detailed 
e.v;  rimental.  and  theoretical  studies.  The  present  book  attempts  to 
b-Lve  ^  systematic  exposition  of  some  of  the  results  of  these  studies. 

As  far  as  theory  is  concerned,  priority  is  usually  given  to  results 
obtained  on  the  basi3  of  the  semi-empirical  theory  of  turbulence. 

The  semi-empirical  theory  of  turbulence,  being  part  of  the 
statistical  theory  of  turbulence,  has  until  now  remained  an 
important,  and  in  many  coses  the  only  instrument  in  solving  a 
majority  of  practical  problems.  Created  initially  as  a  result  of 
investigations  of  the  flow  of  an  incompressible  fluid  in  tubes, 
channels,  boundary  lp.yei’3,  filaments,  wakes,  and  used  primarily  to 
predict  the  properties  of  a  flow  of  an  incompressible  fluid,  the 
semi-empirical  theory  of  turbulence  has  great  potential  for  analyzing 
much  more  complicated  flows,  such  as  the  flow  of  a  compressible  and 
heat-conducting  gas,  the  flow  of  multicomponent  reacting  gas  mixtures, 
etc.  This  is  convincingly  demonstrated  by  the  results  of  numerous 
experimental  and  theoretical  studies  done  during  'he  past  few  years. 
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The  book  does  not  pretend  to  treat  exhaustively  all  the  problems 
arising  in  connection  with  studies  of  gas  flows  in  a  turbulent 
boundary  layer  at  supersonic  velocities.  Partially  this  is  due  to 
an  insufficient  solution  of  these  problems j  this  is  especially  the 
case  for  the  problem  of  a  turbulent  boundary  layer  on  loosened  sur¬ 
faces,  and  also  in  the  case  of  ionized  and  radiating  gas,  etc.  « 

Partially,  the  personal  interests  of  the  author  have  also  played 
their  role.  In  particular,  certain  chapters  of  the  book  (III-V) 
include  only  those  divisions  of  turbulent  boundary  layer  theory  * 

to  which  the  author  contributed  to  a  lesser  or  greater  extent. 

Chapter  I  presents  the  fundamentals  of  the  molecular  theory  of 
gas  flow  and  gives  a  derivation  of  the  dynamic  equations  for  a 
multicomponent  reacting  gas  on  the  basis  of  the  fundamental  equation 
of  the  kinetic  theory  of  gases,  i.e.,  the  Boltzmann  equation. 

Chapter  II  gives  a  derivation  of  a  system  of  equations  for  a 
turbulent  flow  of  a  multicomponent  reacting  gas.  This  system  of 
equations  is  used  to  obtain  the  equations  of  a  turbulent  boundary 
layer.  The  integral  momentum  and  energy  relations  that  play  an 
important  role  in  the  semi-empirical  theory  of  turbulent  boundary 
layers  are  also  derived  therein. 

Chapter  III  discusses  the  theoretical  and  experimental  results 
obtained  when  studying  the  characteristics  of  a  turbulent  boundary 
layer  on  a  nonpermeable  surface  in  a  supersonic  gas  flow  which  is 
homogeneous  in  composition.  The  semi-empirical  and  empirical  methods 
for  analyzing  the  boundary  layer  on  a  flat  plate  are  presented. 

The  effect  of  compressibility  and  heat  transfer  on  the  laminar 
sublayer  is  investigated.  Experimental  and  theoretical  data  on  the 
parameters  characterizing  the  heat  transfer  between  the  gas  and  the  * 

wall  (Reynolds  similarity  parameter  connecting  skin  friction  and  i 

heat  transfer}  recovery  factor)  arc  given.  A  generalization  of  the 
semi-empirical  method  to  cases  involving  a  flow  over  a  oone  at  a  , 

zero  angle  of  attack,  over  a  sphere,  as  well  as  to  bodies  of  arbitrary  t 

shape  in  a  non-separated  flow  is  also  given. 
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Chapter  IV  discusses  the  flow  of  a  dissociated  gas  in  a  turbulent 
boundary  layer.  A  detailed  treatment  is  given  of  the  kinetics  of 
chemical  reactions  occurring  in  a  gas  and  on  the  surface  of  bodies, 
and  in  particular,  data  are  presented  on  the  kinetics  of  reactions 
of  dissociation  for  oxygen  and  nitrogen.  Various  models  of  a 
dissociated,  ideally  dissociated  and  partially  excited  dissociated 
gas  are  described.  The  semi-empirical  methods  of  computing  akin 
friction  and  heat  transfer  on  a  flat  plate  for  equilibrium, 
frozen,  and  nonequilibrium  states  of  the  gas  are  presented. 

Chapter  V  gives  the  results  of  experimental  and  theoretical 
studies  of  a  turbulent  boundary  layer  in  the  presence  of  mass 
transfer  between  the  gas  and  the  surface  around  which  the  flew  takes 
place.  Methods  of  computing  skin  friction  and  heat  transfer  on  a 
porous  plate  with  various  gases  injected  into  the  boundary  layer 
are  discussed. 

The  author  wishes  to  express  his  deep  gratitude  to  his  ttsehvr 
L'v  Gerasimovich  Loytsyanskiy  for  his  constant  assistance  and 
encouragement  in  writing  this  book,  and  particularly,  for  his 
extremely  valuable  discussion  of  various  questions  treated  in  the 
book. 

The  author  wishes  to  express  his  deep  appreciation  to  V,  f. 
Mugalev,  who  has  read  the  manuscript,  for  a  number  of  valuable 
comments . 
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CHAPTER  I 


EQUATIONS  OP  QAS  DYNAMICS 


SI.  Introduction 

The  development  of  aerospace  technology  during  the  past  f«w 
decades  has  aroused  great  Interest  in  the  problem  of  gas 
flow  at  supersonic  and  hypersonic  velocities.  A  study  of  these 
problems  has  shown  that  these  flow©  cannot  be  described  using  only 
classical  gas  dynasties,  which  is  concerned  with  a  flow  at 
relatively  low  velocities.  In  this  ease*  in  addition  to  gas  dynamics, 
one  must  turn  to  many  areas  of  .physics  and  chemistry. 

Any  flow  of  a  viscous  fas  is  accompanied  by  dissipation  of 
mechanical  energy ,  its  eonvi&rsion  into  heat.  However,  at  low 
velocities  viscous  dissipation  doer  not  lead  to  the  appearance  of 
any  noticeable  temperature  ltihomogeneiti.es  {temperature  gradients), 
tinder  these  conditions,  the  density  and  viscosity  of  a  gas  «*?y  be 
considered  to  be  constant  physical  parameters  which  are  independent 
of  the  character  of  the  flew. 

An  increase  of  the  velocities  of  gases  from  low  subsonic  to 
moderately  supersonic  velocities,  and  as  a  result,  the  appearance  of 


substantial  temperature  gradients  when  a  gas  passes  through  shock 
waves  and  through  boundary  layers  has  made  it  necessary  to  consider 
the  dependence  of  the  density,  viscosity,  and  heat  capacity  of  a  gas 
on  the  temperature-  Here  the  flowing  gas  may  be  considered  to  be 
homogeneous . 

A  transition  to  hypersonic  velocities  causes  such  an  enormous 
increase  of  the  gas  temperature  in  shock  waves  and  boundary  layers 
that  thermochemical  processes  begin  to  take  place  in  the  gas  that 
result  in  a  dissociation  of  gas  molecules  into  atoms,  a  dissociation 
of  the  atoms  into  ions  and  electrons  (ionization),  and  the  formation 
of  oxides  and  other  chemieal  compounds.  In  addition,  in  certain 
cases  it  is  necessary  to  consider  processes  occurring  on  the  surfaces 
of  the  bodies  around  which  the  flow  takes  place,  such  as  fusion  and 
sublimation  of  the  surface  layer  of  a  body,  chemical  reactions, 
etc.  Under  these  conditions,  the  moving  medium  must  be  regarded  as 
a  mixture  of  a  number  of  components  differing  in  their  physical  and 
chemical  properties,  A  study  of  these  complex  processes  usin^  the 
usual  methods  of  classical  v phenomenological)  gas  dynamics  in  many 
cases  turns  out  to  be  very  difficult,  especially  if  the  theraoohemi- 
e&i  processes  occur  io  a  nonequilibrium  fashion, 

w©  must  recall  that  the  phenomenological  approach  to  a  study  of 
various  gas  dynamic  phenomena  involves  postulating  certain  relation¬ 
ships  between  the  velocity  gradient  and  the  friction  stress  (Sewton'a 
law),  heat  flux  and  temperature  gradient  CPourier’s  law),  mass 
diffusion  and  concentration  gradient  Click's  law),  and  using 
equations  that  can  be  obtained  from  the  fundamental  laws  of  classical 
mechanics  and  thomadynamles .  transport  coefficients,  i,e.,  the 

coefficients  of  proportionality  In  Newton’s,  Courier's,  and  Pick's 
laws,  reflecting  certain  properties  of  gas  molecules  and  thus  ■ 
determined  by  Its  «i  crest  rue  tare,  are  included  in  the  phenc-tseno  1  oglea  1 
theory  as  constants  or  furnti i««#  of  the  state  that  are  known  before¬ 
hand  and  cannot  be  calculated  theoretically,  but  instead  .ssist  be 
found  experimentally,  it  is  quite  natural  that  the  phenomena  log!  &&  1 
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theory,  based  on  an  approximate  macroscopic  model  of  a  gas,  is 
inadequate  for  describing  the  many  complicated  processes,  whose 
study  must  take  into  account  various  microscopic  phenomena  (excita¬ 
tion  of  the  internal  degrees  of  freedom  of  molecules,  dissociation, 
ionization,  etc.)*  The  kinetic  theory  of  gases  is  a  tool  that  can 
be  used  to  describe  such  processes. 


The  kinetic  theory  enables  us  to  determine  the  transport 
coefficients  as  functions  of  the  temperature  of  a  gas  mixture,  of 
molecular  weights  of  the  mixture  components,  and  certain  parameters 
describing  the  field  of  intermolecular  forces.  It  also  makes  it 
possible  to  set  up  the  macroscopic  equations  of  motion  for  a  gas 
in  question.  The  kinetic  theory  is  valid  only  at  sufficiently  low 
gas  densities,  when  it  is  possible  to  neglect  collisions  of  more 
than  two  molecules.  If  the  mean  free  path  of  a  molecule  in  a  gas  is 
small  compared  to  the  characteristic  macroscopic  dimensions  of  a  body, 
then  the  gas  behaves  like  a  continuous  medium.  In  this  case,  the 
basic  equation  of  the  kinetic  theory,  i.e.,  the  Boltzmann  equation, 
can  be  used  to  obtain  the  gas-dynamic  transport  equations  and 
expressions  for  the  transport  coefficients.  Since  our  intention  is 
to  follow  this  path,  we  shall  briefly  present  here  some  of  the 
elements  of  the  kinetic  theory  of  gases.  A  knowledge  of  the 
fundamentals  of  the  kinetic  theory  is  necessary  if  one  wishes  to 
understand  the  relationship  between  the  micro-  and  macro-processes 
occurring  in  a  gas,  and  it  is  also  practically  useful  when  studying 
the  flow  of  multicomponent,  chemically-reacting  gas  mixtures.  Below 
we  shall  present  only  those  aspects  of  the  kinetic  gas  theory  that 
will  be  found  necessary  later.  $  detailed  and  extensive  presentation 
of  the  theory  io  given  in  the  monographs  by  llirachfelder,  Curtiss, 
Bird  and  by  Chapman  and  Cowling  [2}. 

S2.  Siomentc  of  the  Molecular  Theory  of  Qm  Plows 


The  uy;*iaic  state  of  a  system  of  particles  can  be  completely 
described  by  specifying  the  coordinates  and  velocities  (momenta)  of 
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all  particles.  The  laws  of  classical  mechanics  enable  us  to  pre¬ 
dict  the  state  of  a  system  at  any  point  in  time  from  its  initial 
dynamic  state. 

At  a  certain  time  instant,  each  of  the  particles  has  a  certain 
velocity.  Therefore  to  each  particle  we  can  assign  a  certain  point 
in  velocity  space,  characterized  by  the  vector  The  position  of 

a  particle  in  the  physical  space  is  given  by  the  vector  r. 

To  fully  describe  the  dynamic  state  of  a  system  of  particles, 
the  kinetic  theory  makes  use  of  the  concept  of  the  distribution 
function.  If  a  mixture  of  (strictly  speaking,  monoatomic)  gases  in 
a  nonequilibrium  state  is  considered,  then  the  properties  of  each 
component  of  the  mixture  can  be  described  in  terms  of  the  distribu¬ 
tion  function  f^(r,  t),  defined  as  the  number  of  particles  of 

the  species  i  which  it  time  t  are  in  an  elementary  unit  volume  of 
the  physical  space  containing  the  point  r,  whose  velocities  lie 
inside  the  elementary  unit  volume  in  the  velocity  space  containing 
the  point  v^. 

The  space  (x,  y,  z,  vix,  viy,  vlz)  is  a  phase  space,  and  for 
this  reason  the  position  and  velocity  coordinates  are  independent 
variables. 


The  total  number  of  particles  in  an  elementary  unit  volume  of 
the  physical  space  at  time  t  can  be  obtained  by  integrating  the 
distribution  function  over  all  possible  values  of  the  velocities 

vl»*  *ly  ',izi 

+,» + •»  V 

«* (»*.*)’"  \  }  $  }iiteu<tetildvu. 


By  definition,  n^  is  the  numerical  density  of  the  particles  of 
species  i.  Por  convenience,  the  triple  integx'al 


ns 
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will  be  denoted  below  by 


Knowing  the  distribution  function,  we  can  calculate  the  average 
value  of  any  quantity  i|>^,  associated  with  the  particles  of  species 
i,  and  being  a  function  of  the  velocity  components  alone.  The 
formula  for  the  average  value  of  can  obviously  be  written  as 


'i'i  (>■.*) 


jh'fidQi 

ihM 


(1.2) 


The  line  over  t|j.  symbolizes  averaging.  Thus  the  average  velocity 

—  4-  U 

Vj^  of  the  particles  of  the  i  n  component  whose  numerical  density  is 
n^  is  given  by 


*•<(**.  t)  - 3) 

The  average  mass  velocity,  which  is  a  weighted  average  since  each 
particle  makes  a  contribution  to  it  which  is  proportional  to  its 
mass  m., ,  is  defined  by  the  formula 

v  «Wj 

«*0%0“*v - (1.4) 

.  "Hni 
i 

where  =  P(**»  *)  is  the  density  of  the  medium  at  the  point  in 

question. 

The  average  mass  velocity  is  usually  termed  the  flow  velocity, 
and  possesses  the  property  that  the  momentum  of  a  unit  volume  of  the 
gas  is  equal  to  the  momentum  that  would  result  if  all  particles  of 
this  volume  were  moving  at  the  velocity  under  consideration. 

The  thermal  velocity  of  particles  of  species  i  is  defined  as 
the  velocity  of  the  particles  relative  to  a  coordinate  system  moving 
at  the  average  mass  velocity  v: 


>\  0  J*i  —  V. 


(1.5) 


!> 


« 


Vi 

The  diffusive  velocity  of  the  i1'  component  is  defined  as  the 
flow  velocity  of  particles  of  this  component  relative  to  a  coordinate 
system  moving  at  the  average  mass  velocity  of  the  gas.  In  other 
words,  the  diffusive  velocity  is  defined  as  the  average  thermal 
velocity: 

0  « ~$(»’i-  '•)//('•.  *'i.  0*i  «  vt  -  v. 

The  temperature  in  the  kinetic  theory  is  defined  in  terms  of 
the  kinetic  energy  of  thermal  motion  averaged  over  all  particles 


i 

where  ;i  »  and  k  is  the  Boltzmann  constant. 

t 


(1.7) 


Listing  the  expressions  for  all  the  macroscopic  quantities 
given  in  terms  of  the  distribution  function,  re  shall  have 

P('*.0” 2,"‘n<  *2w*W*i. 

i  i 

.  /  P  (1.8) 

v{>\  0  </<*(. 

Pt «  P(  T,  ^  P°  2  Pi- 

In  a  gas  in  a  state  of  nonequiliirium,  the  field  of  one  or 

several  quantities  character izing  the  macroscopic  properties  of  a 

system  may  be  inhomogeneous.  The  inhomogeneity  of  the  fields  — 

i.e.,  the  existence  of  the  gradients  of  macroscopic  quantities  (of 

the  average  mass  velocity  v,  temperature  T,  mass  concentration 

c,  ■  p,/p,  and  others)  —  causes  the  molecular  transport  of  the 

12 

momentum  ra^,  kinetic  energy  £  n^VJ,  and  mass  through  the  gas. 


In  order  to  characterize  the  molecular  transport  of  some 
substance,  in  the  kinetic  theory  one  introduces  the  concept  of  the 
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flux  density  vector  of  ^ 1  ^ : 

(1.9) 

v 

The  physical  interpretation  of  the  flux  density  is  that  its  component 
in  any  direction  is  the  density  of  the  flow  of  the  corresponding 
physical  quantity  through  a  surface  normal  to  this  direction. 


If  <1^  =  n^,  then  from  Equation  (1.9)  we  obtain  the  flux  density 
for  the  mass 


Ji  1,1  i 


(1.10) 


X f  =  miVi>  then 

Pi  «  * di\  -  (1.11) 

is  a  symmetric  tensor  of  second  rank  characterizing  the  partial 
pressure  of  the  ith  component  of  the  gas^.  The  sum  of  the  tensor 
partial  pressures  over  all  gas  components  forms  the  tensor  of  the 
pressures  of  the  mixture 


i  i 

The  diagonal  elements  of  the  pressure  tensor  Pxx,  Pyy,  and  Pgz  are 
equal  to  the  normal  stresses,  and  the  off-diagonal  elements  represent 
the  3hear  stresses.  For  example,  Pyx  i3  equal  to  the  force  per  unit 
area  of  a  surface  perpendicular  to  the  y  direction  in  the  x  direction. 

If  then 

'A  «  4'w‘S/‘I'‘V‘‘/r‘  “  (1.13) 

Footnotes  (1)  and  (2)  appear  on  page  38. 
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/ 

is  a  flow  vector  characterizing  the  transport  of  the  kinetic  energy 
by  the  particles  of  species  i.  The  sum  of  such  vectors  over  all 

•  components  of  the  gas  mixture  gives  the  heat  flux  density  vector 

(i.  ilj) 

•  4  4 

The  components  qv,  q  ,  q  of  the  heat  flux  vector  represent  the 
x  y  z 

fluxes  of  th  kinetic  energy  in  the  x,  y,  and  z  directions,  respec¬ 
tively. 

Equations  (1.8)  and  (1.10)  -  (l.lM)  indicate  that,  if  the 
distribution  function  f^  is  known,  then  the  problem  of  determining 
the  field  of  flow  and  the  transport  characteristics  can  be  completely 
solved. 


The  variation  of  the  distribution  function  fi  is  described  by 
the  integro-differential  Boltzmann  equation  which,  assuming  the 
absence  of  an  external  force,  becomes 


O'i 

~4i  ‘ 


,  a/, 


(1.15) 


Here 


is  the  collision  integral  accounting  for  the  change  in  the  number  of 
particles  of  a  given  group  due  to  collisions j  <?„•> 1  *•,  —  »*,}  is  the 

*  absoluto  value  of  the  relative  velocity  of  the  particles  of  species 

»  i  and  J  before  a  collision ;  b  is  the  minimum  distance  between  the 

colliding  particles  if  there  were  no  interaction  (impact  parameter)} 

.  f*j  and  f’j  are  the  distribution  functions  of  the  colliding  particles 

#  of  species  i  and  J  after  the  collision;  fj  and  fj  are  the  distribution 
functions  of  the  colliding  particles  before  the  collision. 

Equations  similar  to  Equation  (1.15)  can  bo  written  for  all 
components  of  the  gas  mixture.  In  each  of  these  equations,  the 
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integrand  on  the  right-hand  side  will  contain  the  distribution 
functions  of  all  components  of  the  mixture.  These  integrals  depend 
Implicitly  on  the  intermolecular  interaction.  The  distribution 
functions  f ' ^  and  f'j  are  functions  of  the  velocities  v'^  and  v'j 
which  can  be  found  from  the  laws  of  mechanics  assuming  Vj ,  b, 
and  the  potential  of  the  intermolecular  interaction  are  known. 

§3.  Gas  Dynamic  Transport  Equations  Expressed 
in  Terms  of  the  Flux  Density  Vectors 


The  basic  gas  dynamic  transport  equations  —  i.e.,  conservation 
equations  for  mass,  momentum,  and  energy  —  can  be  obtained  directly 
from  the  Boltzmann  equation  without  specifying  the  form  of  the 
distribution  functions.  Multiplying  the  Boltzmann  Equation  (1.15) 
by  and  integrating  the  result  over  all  values  of  the  velocity  v^, 
we  obtain 


(1.17) 


The  first  two  terms  on  the  left-hand  side  of  the  equation  can  be  put 
in  the  form 

*  -yy  "  yy  *  yy**)4^** " 

“  yy  ~  *.(*vyy)  • 

Substituting  these  equations  In  the  left-hand  side  of  Equation 
(1.17),  we  have 


(1.18) 


This  equation  is  known  as  Enskog’s  generalised  transport  equation  for 
associated  with  particles  of  species  i. 
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s 

p 


f 

I 


n 


* 


Summing  Equation  (1.18)  over  all  components,  we  can  obtain  the 
transport  equation  for  the  mixture: 


i  2 -it.  +  -b  ■  2"‘*‘”‘ -  S' “ 


(1.19) 


It  is  very  difficult  to  use  Equation  (1.19)  for  arbitrary  quantities 

^  due  to  the  presen  .e  of  very  complicated  integrals  on  the  right- 

hand  side  of  the  equation.  However,  if  is  identified  as  the  mass 

1  12 

ra^,  momentum  nijVj,  or  the  kinetic  energy  of  the  molecules  ^ 

(in  the  case  of  the  multi-atomic  molecules,  in  addition  to  the 
kinetic  energy,  one  must  also  consider  the  internal  energy),  then, 
as  one  can  verify,  the  right-hand  side  of  Equation  (1.19)  is  equal 
to  aero  and  the  equation  becomes  considerably  simplified.  In  faet, 
let  us  assume  that  the  interacting  system  consists  of  two  types  of 
particles:  one  of  type  i  with  mass  m^»  and  the  other  of  type  J  with 
mass  dj.  Let  us  assume  that  the  velocities  of  particles  before 
collisions  are  V4  and  V ^ ,  respectively,  and  that  the  corresponding 
velocities  after  the  collision  are  and  V'^.  Then,  assuming  that 
the  system  wf  colliding  particles  as  a  whole  is  not  subject  to  any 
external  forces,  and  the  collisions  are  adiabatic,  on  the  basis  of 
the  conservation  laws  for  mass,  momentum,  and  energy  we  can  write 


m 


tntodotcd  Iw* 
ti  xiilibk  to>y 


w,  4*  #•  i  “  4*  Wf. 

«,r,  «  WjV,  4- 

4*  t*,Vj *»,!*$*  4 


(1.20) 


In  the  absence  of  chemical  reactions  fej  *  tt'j* 


The  above  expressions  for  the  conservation  laws  (1.20)  for  a 
system  of  colliding  particles  can  be  written  in  the  following 
generalised  form: 


9*  +  ft  **  *  +  (1.21) 

1  2 

where  ^  Is  any  of  the  quantities  If  **1^1  *  ^ 

shown  that  any  function  of  velocities,  satisfying  the  relation  (1.215, 
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■ 


is  a  linear  combination  of  these  quantities.  The  quantities 
satisfying  Equation  (1.21),  came  to  be  called  summation  invariants. 


Now  let  us  consider  the  integral  under  the  summation  sign  on  the 
right-hand  side  of  Equation  (1.19).  This  integral 


U.fi-/Ji)siibdbdvidvi  (1.22) 


is  equal  to  the  integral 


%  Vi  UJi  -  Mte'&dViviitu 


(1.23) 


written  for  reverse  collisions. 


It  can  be  shown'-*'  that  g^  »  g1^,  b  =  b‘  and  dv^*dvi  «  dv'j* 
dv’j,.  Therefore,  the  integral  (1.23)  can  be  written  as 


•  -  M)*i**«*W»yf*V 


(1.24) 


Since  the  integrals  (1.22)  and  (1.24)  are  equal,  each  of  then  will 
be  equal  to  one  half  of  the  sum  of  both  integrals,  i.e., 

Suawing  these  integrals  over  i  and  J,  and  using  the  fact  that  i  and 
J  may  be  interchanged,  we  have 

sr  £  $  **t£  $***  *  ^  ■*'(*“  ♦*) x  d.25) 

w  u 

For  summation  invariants,  ^  -  #'j  is  equal  to  sero. 

Consequently,  also  the  right-hand  side  of  Fnsfcog's  generalised 
transport  Equation  (1.19)  vanishes  if  is  equal  to  tti#  s^V^  or 

A.  a  V2. 

2  Ti 


Footnote  (3)  appears  on  page  38. 
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* 


# 

* 


Thus  the  mass,  momentum,  or  energy  transport  in  a  gas  mixture 
are  described  by  the  following  equation: 


0  V!  *7 

i 


(1.26) 


Now  we  shall  derive  transport  equations  for  specific  molecular 
quantities.  We  set  ^  =  m.^.  In  this  case  Equation  (1.18)  becomes 

(1.S7) 

The  integral  J/;;Wr4  is  equal  to  the  rate  at  which  the  number  of 

A.  U, 

particles  of  the  i^  type  increases  due  to  collisions  with  particles 

4.  U. 

of  J  type  in  a  unit  volume  (in  the  absence  of  chemical  reactions 
the  integral  vanishes).  The  quantity 

i 

gives  the  total  increase  in  the  number  of  particles  of  the  Ith  type 
in  a  unit  volume  per  unit  time  due  to  collisions  with  all  types 
of  particles,  including  those  of  the  1th  type  (as  a  result  of  chemical 
reactions).  Substituting  in  Equation  (1.27)  the  expression  for 
v.  from  Equation  (1.6),  we  obtain  the  equation  of  continuity  for  the 
i"h  component  of  the  gas: 


A‘<. 


(1.28) 


Passing  in  Equation  (1.28)  from  n^  to  mass  concentrations 


Ci  i» 


&2L„2l 

^  ***  P 


V  SL)' 


(1.29) 


we  have 

(<**)  “*•  37  *(Pe»(*’  *r  ^  »)1  **  (1.30) 

where  Wj  «  is  the  aas3  rate  of  formation  of  the  ith  component 
in  a  unit  volume. 
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Summing  Equations  (1.30)  over  all  i,  we  obtain  an  equation 
of  continuity  for  a  mixture  of  gases 


do 

in 


—  •(<»»•)  -  0, 
or  *  ' 


(1.31) 


since  VJp.r,  =  0  by  the  definition  of  the  rate  of  diffusion,  and 
1 

u'i  “  0  by  Equations  (1.21)  and  (1.25).  The  condition 

(1.32) 

i 

o 

expresses  the  conservation  of  mass  of  a  gas  mixture  with  chemical 
conversions  taking  place. 

Using  the  equation  of  continuity  for  a  mixture  of  gases  (1.31), 

l  y» 

we  put  the  equation  of  continuity  for  the  i  n  component  in  the  form 

P  §  -r  P"*  -  7r  <^i)-  (1.33) 

It  will  be  noted  that  on  the  right-hand  side  of  Equation  (1.33)  the 
quantity  to  be  differentiated  was  defined  earlier  [see  formula  (1.10)] 
as  the  mass  flux  density  vector. 


To  obtain  the  momentum  transport  equation  we  substitute  ^  » 
m^  in  Equation  (1.26),  and  obtain 


2"H 

J 


L  oi 


-o.  < 1  < •  3* > 


or 


This  equation  can  be  simplified  by  making  use  of  the  relations  between 
velocities  (1.5)  and  (1.6)  and  the  definition  of  the  pressure  tensor 
(1.12).  When  differentiating,  it  must  only  be  kept  in  mind  that 
r,  Vj  and  t  are  independent  variables.  After  simple  transformations, 
the  equation  of  motion  for  a  mixture  of  gases  will  be  written  in  the 
following  form: 


(1.35) 


4 


I 


FTD-HC-23-723-71 


16 


The  energy  transport  equation  will  be  obtained  by  substituting 
J  miVi  in  E(?uation  (1*26): 


avt 


,  *  --Tw*  „  “'I 

T 


(1.36) 


Using  the  relations  between  the  velocities  (1,5)*  (1.6),  and  the 
definition  of  the  pressure  tensor  (1.12),  and  introducing  the 
energy  flux  density  vector  q,  defined  by  Equation  (1.14),  we  shall 
get  the  energy  balance  equation 


^■(p£)  +  -ft  •  f>vE  +  -j~ -  0. 


(1.37) 


Here 


a*38) 

i 

is  the  internal  energy  of  the  gas  per  unit  mass,  equal  to  the 
translational  motion  of  molecules  (kinetic  energy  of  the  transla¬ 
tional  motion  of  a  gas  stream  as  a  whole  is  not  Included  in  this 

energy).  In  the  last  term  on  the  left-hand  side  of  Equation  (1.37) 
a 

the  symbol  P*^  moans  that  the  tensor  P  is  multiplied  by  the  vector 

Wo  recall  that  this  operation  can  its  general  be  represented  by 

the  expression  ?*A,  and  the  result  can  be  expressed  as  a  vector  with 
component a 


♦ 


% 


# 


t 


(f-4),  ^  f  7VIS  «.  tuA,  etc. 

Equation  (1.37)  can  be  simplified  using  the  equation  of  continuity 
for  the  mixture  (1.31).  As  a  result,  we  have 


(1.39) 


Equation  (1.39)  is  also  valid  for  polyatomic  gases  whose 
molecules  possess  internal  degrees  of  freedom.  In  this  case,  E 
should  be  understood  as  the  sum  of  energies  of  translational  and 
internal  degrees  of  freedom  of  molecules. 
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wrnmim 


iS^TSS  "55'y^’s^ 


■~  'X'^SX';  ^  i  ~-T”v>^'’\J*;T‘'? 


i‘“T2xs,^‘  +  T2'He‘*  (i.4o) 

and  the  expression  for  the  energy  flux  density  (1.14)  must  be 
replaced  by  the  expression 

9  ”g~2  mi*i¥*Pt  +  ^ (1.41) 

4  t 

where  ej  is  the  energy  of  the  internal  degrees  of  freedom  of  a 
molecule  of  the  ith  type. 

The  energy  balance  Equation  (1,39)  can  be  written  in  terms  of 
the  temperature.  In  this  case,  using  the  equation  of  continuity  for 
the  ith  component  (1.30),  we  get 

*  **  §*)  *  -  £  -9  -  (*•  £)*  ~ 

(lA2> 


Here 

(1,43) 

4  4 

is  the  wean  specific  heat  of  the  mixture  per  unit  weight  at  constant 
volume. 


I 4 ,  Rate  of  Diffusion,  Plux  Density  Vectors 
and  Transport  Coefficients 

The  basic  gas  dynamic  equations  of  continuity  (1*33),  motion 
(1.3*4),  and  energy  U.39)  or  (1.42)  were  obtained  from  the  Bbltam&nn 
equation  without  specifying  the  form  of  the  distribution  function. 
However,  an  inspection  of  these  equations  makes  it  clear  that  to  use 
them  in  practice  one  must  know  the  expressions  for  the  rate  of 
diffusion  and  the  mass,  momentum,  and  energy  flux  density  vectors 
In  terms  of  the  spatial  derivatives  of  the  macroscopic  quantities  and 
transport  coefficients. 
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To  determine  these  quantities,  one  must  solve  the  Boltzmann 

equation.  A  great  deal  of  literature  is  devoted  to  the  problem  cf 

{ in 

obtaining  approximate  solutions  of  tne  Boltzmann  equation  .  It 
is  impossible  to  dwell  upon  this  problem  in  detail  in  the  present 
volume,  and  for  this  reason  we  shall  merely  briefly  present  the 
ideas  involved  in  a  widely  known  method  used  to  solve  the  Boltzmann 
equation,  i.e.,  the  Enskog-Chapraan  method  of  perturbations. 

As  we  know,  a  gas  which  is  adiabatieally  insulated  and  is  not 
subject  to  external  perturbing  influences  for  a  sufficient  length 
of  time  will  finally  achieve  a  certain  state  of  equilibrium.  For 
systems  in  equilibrium,  the  distribution  function  f^  does  not  depend 
on  the  time,  and  as  a  result  the  right-hand  side  of  the  Bolt  smarm 
Equation  (1.15)  vanishes.  The  vanishing  of  the  right-hand  side  of 
the  equation  expresses  the  state  of  equilibrium  existing  in 
collision  processes,  which  means  that  the  number  of  particles  of 

(•  U 

the  i  type  leaving  a  certain  velocity  interval  due  to  collisions 
is  exactly  equal  to  the  number  of  particles  entering  this  interval 
as  a  result  of  collisions.  The  sufficient  condition  for  equilibrium 
may  be  obtained  if  the  integrand  on  the  right-hand  side  of  the 
Boltzmann  equation  is  assumed  to  vanish,  i.e., 

However,  it  is  net.  clear  whether  this  condition  is  necessary,  since 
for  the  right-hand  tide  of  the  Bolts»ann  equation  to  vanish,  it  is 
only  necessary  that  t«e  integrand  assume  positive  and  negative 
values  in  the  region  of  integration,  to  that  the  definite  integral 
will  add  up  to  aero.  The  necessity  of  the  condition  {1.^1  is 
proved  osin$  Solta«sann*s  H-hbeorett,  whose  proof  can  be  found  in  the 
monograph  by  Hirscnf elder,  Curtiss,  and  Bird. 

Equation  {l.a*0  can  be  wrstten  as 


Footnote  (it)  appears  on  ps^e  38. 
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vw  igw^gsapggisgiy 


In  fi  +'  In  fj  —  In/,  [-  In  f. 


<1.-45) 


Consequently,  logarithms  of  the  distribution  functions  are  summation 
invariants  for  molecular  collisions.  But  according  to  the  conserva¬ 
tion  laws  (1.20),  the  only  quantities  that  can  qualify  as  summation 

invariants  for  collisions  are  the  mass  m . ,  momentum  m.v, ,  and  kinetic 

12  1  11 
energy  2  mivi*  Therefore,  in  general  In  fi  must  be  a  linear 

combination  of  these  quantities,  i.e.. 


In  A 


aj/n,  -f  -f-  c 


(1.46) 


where  a.,  b  and  c  are  constants  which  depend  (through  initial 

1  i.U 

distribution  functions)  on  the  tc  _1  number  of  molecules  of  the  i 
type,  total  momentum,  and  tota’  energy  of  the  system.  Upon  deter¬ 
mining  these  constants  from  the  conditions 

S^vJi-dv^pv,  (1>47) 

~  2  »*»$(»«  -  »)*/»  dv ,  =  nkT, 

i  *  ' 

< 

we  arrive  at  the  well-known  Maxwell  distribution  function  for  a 
system  in  equilibrium 

exP  [—  5^  <v*  —  (1‘48) 

where  Vj  -  v  «  V.^  is  the  thermal  velocity. 


In  the  case  when  the  gas  mixture  is  not  in  equilibrium,  the 
distribution  function  can  be  found  using  the  Enskog-Chapman  method 
by  introducing  a  perturbation  parameter  e  in  the  Boltzmann  equation 
(1/e  is  a  measure  of  the  collision  frequency).  For  small  e, 
collisions  occur  very  frequently,  so  that  the  gas  may  be  considered 
as  a  continuous  medium  at  each  point  of  which  a  local  equilibrium  is 
established.  The  distribution  function  for  this  case  can  be  expanded 
into  a  series  in  the  parameter  e: 


;iwl,w»>7(srws? i 


/i  =  /i°'  +  e/P  +  eVi‘,+  . 


(1.49) 


I  I 

& 


I 


«■ 

b 


P 
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Substituting  this  series  into  a  rearranged  Boltzmann  equation 

(1.50) 


dll  i  d)i  i  r 

_  +  Vl.  _ — r2Aj 
i 


and  equating  coefficients  of  identical  powers  of  a,  we  obtain  a  system 
of  equations  for  the  function  f^,  f  ^ ,  etc.: 

0=2A,(/i0)./j0)). 

i 

aft)  aft) 

at  v<‘  ar 


»  2 (Aj(/i0). /I0).-! Ai (A1'. /f)l  etc. 

i 


(1.5D 


The  solution  of  the  first  equation  in  the  system  (1.51)  is,  as 
is  easy  to  see,  in  the  form  of  the  Maxwell  distribution  (1.48).  The 
quantities 

»,  -  (>\  i ),  v  r  (r,  i )  and  T  T  (r, 


in  the  expression  (1.48)  are  arbitrary  functions  of  position  and 

time.  In  order  that  these  quantities  may  correspond  to  their  local 

values,  it  is  necessary  that  the  solutions  of  the  remaining  equations 

of  the  system  (1.51)  satisfy  the  conditions  (1.47).  In  other  words, 

the  distribution  functions,  in  an  approximation  of  order  higher  than 
(k) 

zero  ,  k  =>  1,  2,  j,  must  satisfy  the  conditions 
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(1.52) 
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Using  the  conditions  (1.52)  one  can  obtain  solutions  of  the 
second  equation  in  the  system  (1.51),  etc.  The  Enskog-Chapman 
method  which  is  essentially  a  method  of  successive  approximations 
can  in  principle  be  extended  to  systems  with  larger  gradients  of 
thermodynamic  and  gas-dynamic  quantities.  However,  in  order  to  solve 
a  majority  of  gas-dynamic  problems,  it  is  sufficient  to  solve  the 
Boltzmann  equation  to  a  first  approximation.  In  this  case,  the  law 
describing  the  variation  of  the  distribution  function  differs  very 
little  from  the  Maxwell  law  (1.48),  and  the  gradients  of  quantities 
characterizing  the  macroscopic  properties  of  a  gas  turn  out  to  be 
small  in  the  sense  that  these  quantities  do  not  vary  appreciably  over 
a  distance  on  the  order  of  the  mean  free  path  of  molecules. 

Referring  the  reader  who  is  interested  in  the  details  of  the 
mathematical  solution  of  the  system  (1.51)  to  the  already  cited 
monograph  by  Hlrschf elder  et  al.,  we  shall  indicate  some  of  the 
results  obtained  when  solving  the  Boltzmann  equation  to  a  first 
approximation. 

The  expression  for  the  rate  of  diffusion  has  the  form 


where  and  & }  are  the  diffusion  and  thermal  diffusion  coefficients 
for  a  multicomponent  mixture,  respectively j  p  is  the  pressure. 

Formula  (1.53)  shows  that  in  the  absence  of  mass  forces,  diffusion 
may  occur  for  three  reasons:  (1)  under  the  influence  of  a  concen¬ 
tration  gradient  (mass  diffusion),  (2)  under  the  influence  of  a 
pressure  gradient  (pressure  diffusion),  and  (3)  under  the  influence 
of  a  temperature  gradient  (thermal  diffusion). 

4. 

It  must  be  emphasized  that  in  the  zero  approximation  [for  the 
Maxwell  velocity  distribution  (1,48)],  the  rate  of  diffusion  V,,  and 
consequently,  the  masi  f’.'X  density  vector  for  the  itn  component, 
will  be  equal  to  zej.o. 
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The  expression  for  the  rate  of  diffusion  of  the  i^h  component 
of  the  mixture  (1.53)  is  usually  difficult  to  use  in  practical 
calculations,  since  it  involves  a  diffusion  coefficient  for  a  multi- 
component  mixture,  D. , ,  which  to  a  first  approximation  can  be 

1J  4-U 

expressed  in  the  form  of  determinants  of  N  order  (N  is  the  number 
of  components  in  the  mixture)  in  terms  of  the  diffusion  coefficients 
for  the  binary  mixture  2)«,  and  of  concentrations  and  molecular  weights 
of  the  components. 


It  is  much  more  convenient,  instead  of  N  formulas  (1.53),  to 
use  N  -  1  independent  relations 


V  V‘j 

j«t  ■  *i 
j*f 


(Vi-Vt) 


a 

or 


din  T 


dr 


j—i 


(h.. 

nimi  \ 

S  In  p 

V  « 

P  / 

dr 

*1 

3>l 

) 

nimi 

nimi 

r 

(1.5^) 


A  derivation  of  these  relations,  sometimes  called  the  Stefan-Maxwel 1 
relations,  can  be  found  in  the  monograph  by  Hirschf elder,  Curtiss, 
and  Bird^ . 


If  one  neglects  thermal  diffusion  and  pressure  diffusion  as 
compared  to  mass  diffusion,  then  Equations  (1.54)  simplify  to  the 
form 


(1.55) 


Using  the  expression  for  the  mass  concentration  (1.29),  we  put  (1.55) 
in  the  form  [31 


IF 


Ml  )*l 


(1.56) 


Making  use  of  Equation  (1.56),  we  can  introduce  the  so-called 
effective  diffusion  coefficient®* 


Si 


1 71 


Footnotes  (5)  and  (6)  appear  on  page  38. 


(1.57) 


&»&**** 
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where  2t  can  be  found  using  one  of  the  following  formulas: 


(1.58) 


Prom  the  definition  of  the  effective  diffusion  coefficient 

(1.58),  it  is  clear  that  generally  speaking  this  coefficient  depends 

not  only  on  the  composition  of  a  mixture  of  gases,  but  also  on  the 

ratios  of  the  diffusive  flows  of  components,  i.e.,  essentially  on 

the  defining  parameters  of  a  concrete  problem.  This  circumstance, 

although  in  certain  cases  creating  inconveniences  in  the  computation 

process,  is  not  important  in  boundary  layer  calculations  for  multi- 

(7) 

component  mixtures  of  gases'  ,  since  in  many  cases  the  most  conven¬ 
ient  method  of  calculations  is  the  method  of  successive  approximations. 


The  diffusion  coefficient  for  a  binary  mixture, ,  is  given  by 
the  expression 


3J„  =  0,0026280 


CM' 

sec  ' 


(1.59) 


t  h 

cHere  p  is  the  pressure,  in  atm;  is  the  molecular  weight  of  the  i 
component;  Q'W’  (7^)  is  the  collision  term  for  mass  transfer  measuring 
the  deviation  from  the  model  in  which  gas  molecules  are  considered 
as  hard  spheres  for  which  QV* ;  T  is  the  temperature,  in  °K; 

T'u=  kT/ttj  is  the  characteristic  temperature,  in  °K;  e^A  is  a 
parameter  related  to  the  potential  energy  of  molecules  that  charac- 

1.  U  LU 

terizes  the  interaction  between  molecules  of  the  i  and  j  type, 

°K;  is  the  effective  collision  diameter  for  molecules  (in 
angstroms) . 


The  values  of  the  function  Qn$*(ry)  for  0.3  <  T|j  <  400  are 
listed  in  the  monograph  by  Hirsohfelder,  Curtiss,  and  Bird. 


Footnote  (7)  appears  on  page  38. 
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Formula  (1.59)  shows  that  the  diffusion  coefficients  for  a 
binary  mixture,  are  relatively  insensitive  to  moderate  changes 
in  the  molecular  weights  of  the  components.  -Therefore,  if  any  gas 
mixture  consists  of  two  types  of  components,  each  of  which  has 
approximately  identical  atomic  or  molecular  weight  and  approximately 
identical  collision  cross-sections,  then  the  mixture  may  be  considered 
to  be  "effectively"  binary  in  that  each  group  acts  as  a  single 
component.  One  must,  however,  keep  in  mind  that  in  calculating  the 
energy  transfer,  one  must  strictly  differentiate  between  the 
enthalpies  of  the  individual  components. 


For  a  binary  mixture,  from  Equation  (1.53)  one  can  easily 
obtain  the  following  expression  for  the  diffusive  flux  of  the  i 
component : 

ji  =  (if)  -t 
4- 


th 


»t">t  \  d\np 

krdlnT} 

(1.60) 

lx' 

P  /  Sr 

1,1  dr  J* 

Here 


kv r— 


P 

n'mM. 


(1.61) 


is  the  ratio  of  the  thermal  diffusion  coefficient  to  the  binary 
diffusion  coefficient,  known  as  the  thermal  diffusion  ratio.  This 
ratio  characterizes  the  relative  significance  of  the  thermal 
diffusion  versus  the  mass  diffusion. 


Using  Expression  (1.29),  we  shall  change  in  Equation  (1.60)  to 
the  mass  concentration,  and  we  obtain  the  result 


[■ 


"fllne,  m.  ■ 


1  dr  , 


V  1  '1 


<?lnr' 
'  Sr 


(1.62) 


In  boundary  layer  type  flows,  the  contribution  of  the  pressure 
diffusion  to  mass  transfer  is  always  negligibly  small  as  compared 
to  the  contribution  of  the  mass  diffusion,  since  with  an  accuracy 
on  the  order  of  1/Re,  the  pressure  is  constant  across  a  boundary 
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layer.  The  term  characterizing  the  thermal  diffusion  is  also 

usually  small  as  compared  to  the  term  describing  mass  diffusion. 

In  a  turbulent  boundary  layer,  where  the  molecular  diffusion  needs 

to  be  considered  only  in  the  laminar  sublayer,  usually  occupying 

less  than  one  half  of  the  entire  boundary  layer  (although  in  certain 

cases  the  thickness  of  the  sublayer  may  amount  to  more  than  50?  of 

the  thickness  of  the  entire  layer),  only  the  mass  diffusion  must  be 
(ft) 

considered'0  .  In  this  case  Equation  (1.62)  assumes  the  form  known 
as  Fick's  law 

(1.63) 


Continuing  the  discussion  of  the  first-order  approximations 
to  the  solution  of  the  Boltzmann  equation,  we  shall  write  an  expres¬ 
sion  for  the  pressure  tensor 


P  =  pi  -  2|iA, 


(1.64) 


where 


p  <=*  nkT  (1*65) 

is  the  equilibrium  static  pressure  for  a  local  temperature  and 
density  of  particles. 


/10<^ 
’=0  1  0 
\oo  1  i 


(1.66) 


is  the  unit  tensor,  S  is  the  rate  of  strain  (displacement)  tensor, 
defined  by  the  expression 


Jaa 


K 

da 


4(4«). 

*»P  =  1.2.3. 


(1.67) 


u  is  the  dynamic  viscosity  coefficient. 


Footnote  (8)  appears  on  page  39. 
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The  diagonal  and  off-diagonal  elements  of  the  pressure  tensor 


are 


/$*•  9v \ 

f*  \"55”  *^"  )  •  ®»  ?  *“  1 «  2,  3, 


(1.68) 


Equation  (1.68)  shows  that  the  pressure  tensor  differs  only  as 
to  its  sign  from  the  stress  tensor,  as  usually  defined  in  the 
mechanics  of  continuous  media  [i|]. 


The  dynamic  viscosity  coefficient  introduced  above  for  the  case 
of  an  N-component  gas  mixture  is  defined  by  the  expression^ ^ 
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Mr*!]' 


"A 

f‘i  g, 


(1.79) 


x.  ■  n,/n  is  the  molar  concentration  of  the  1th  component;  u,  is 

1  *  *4.  1 


the  viscosity  coefficient  of  the  itJ*  component,  equal  to 


266,03- 10*’ 


\rwr 


tM 


’  tec 


(x.n) 


dj  is  the  collision  diameter;  T*j  «  kT/Cj  is*  the  characteristic 
temperature;  Ej/k  is  the  parameter  related  to  the  potential  function 
of  the  intermolecular  interaction  ia  the  collision  term  for 
momentum  transport,  measuring  the  deviation  from  the  model  in  which 
the  molecules  of  the  gas  are  considered  as  hard  spheres,  for  which 


Footnote  (9)  appears  on  page  39. 
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=  i  .  The  values  of  the  function  (F ])  for  a  wide  range  of 

T*1  are  listed  in  the  monograph  by  Hirschfelder,  Curtiss,  and  Bird; 
»u  15  a  coefficient  defined  by  the  expression 


p* 2C6,93  iO-» 


l/IW 

V  K+k'i  e 


(1.72) 


where  is  the  collision  term  for  the  i*^  and  component  for 

the  case  of  momentum  transport.  The  values  of  this  term  are  also 
given  in  the  monograph  by  Hirschfelder  et  al.  The  quantity  A*ij  * 
appearing  in  Equations  (1.70),  is  equal  to  Q^yu0^. 


In  Equation  (1.69)  the  off-diagonal  elements  of  Hjj  are  usually 
small  as  compared  to  the  diagonal  elements  Hjj.  In  order  to  make 
the  off-diagonal  elements  exactly  equal  to  aero,  one  must  set  A*^  » 
S/3.  If  the  same  assumption  is  used  for  diagonal  elements,  then 
expression  (1.69)  becomes 


*  ,» 
v 

-  2tir ** 


.V 


5.  A  *  5*  !**i 
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(1.73) 


However,  formula  (1.73)  is  not  in  good  agreement  with  experiment. 
To  bring  it  in  agreement  with  experimental  data,  it  la  sufficient 
to  replace  the  factor  3  in  the  denominator  with  the  empirical 
coefficient  1.38$,  i.e.,  to  write  it  in  the  form 


ft 

1 
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1  n»  "r*! 
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(1.7<!) 


A  computation  of  the  viscosity  of  mixtures  according  to  these 
formulae  turns  out  to  be  quite  laborious.  For  this  reason,  in  many 
cases  It  is  advisable  to  use  less  exact  but  simpler  relations.  In 
particular,  the  dynamic  viscosity  of  a  pure  gas  can  be  computed  from 
the  well-known  Sutherland  formula 


K» 


A» 


r*c 


(1.75) 
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The  values  of  the  coefficients  K'  and  C*  for  certain  cases,  as  well 
as  numerous  data  on  the  viscosity  of  pure  gases  and  mixtures,  are 
given  in  the  monographs  [53. 


The  energy  flux  density  vector  q  for  a  multicomponent  mixture 
of  mono-atomic  gases,  obtained  as  the  first  approximation  to  the 
solution  of  the  Boltzmann  equation,  has  the  form 

N  NS 


,  =  -l§  +  2>,i’A+ 


(1.76) 


Here  A  is  the  heat  conductivity  coefficient,  and  h.  is  the  enthalpy 

th  1 

of  the  i  component  per  unit  weight,  equal  to 


(1.77) 


Expression  (1.76)  shows  that  in  multicomponent  mixtures  the 
energy  transport  takes  place  by  means  of  three  mechanisms.  The 
first  term  on  the  right-hand  side  of  (1.76)  characterizes  the 
energy  transport  due  to  heat  conductivity}  the  second  term  —  due 
to  mass  transport  by  means  of  all  types  of  diffusion  (mass  diffusion, 
pressure  diffusion,  and  thermal  diffusion).  The  third  term  charac¬ 
terises  the  additional  energy  flux  due  to  the  diffusive  thermal 
effect  (Dufour's  effect  ). 


Per  a  mixture  of  polyatomic  gases,  the  energy  rlux  density  has 
the  same  form  as  for  a  mixture  of  monatomic  gases  (1.76),  with  the 
exception  that  the  enthalpy  hj  is  understood  to  be  equal  to  the  sue 

(1.78) 

where  e^  is  the  energy  of  the  internal  degrees  of  freedom  of  molecules. 


^Translator's  Note:  When  concentration  gradients  produce  ncn- 
uniformity  of  temperature,  this  is  called  the  Du four  effect. 
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In  boundary-layer  type  flows,  the  contribution  of  the  diffusive 
thermal  effect  to  the  energy  transport  is  usually  small,  and  thus 
with  accuracy  sufficient  in  practice  we  can  write  the  following 
expression  for  the  energy  flux  density  vector  in  a  multicomponent 
mixture 

N 

0~-x£.  +  2(>elr{hi.  ;  (1.79) 

If  expression  (1.53)  is  used  for  the  mass  flux  density  vector 
of  the  i  component,  and  if  it  is  assumed  that  thermal  diffusion 
and  pressure  diffusion  are  negligibly  small,  then  Equation  (1.79) 
can  be  written  in  the  form 

q  »  -  (1.80) 

The  quantity  in  parentheses  may  be  considered  to  be  a  certain 
effective  thermal  conductivity  coefficient,  consisting  of  two  parts: 
X,  which  is  the  heat  conductivity  of  a  gas  mixture,  due  to  molecular 
collisions,  and 

X*  *•  (1.81) 

which  is  the  heat  conductivity  due  to  mass  transport,  i.e., 


Kt+  *»  1  + 1#. 


(1.82) 


If  mass  transport  makes  chemical  reactions  such  as  dissociation, 
ionisation,  etc.,  possible,  then  the  heat  conductivity  coefficient 
1  Is  called  the  heat  conductivity  coefficient  of  a  gas  in  a  "frozen" 
state  (i.e.,  in  the  absence  of  chemical  reactions),  and  is  the 
heat  conductivity  coefficient  accounting  for  chemical  reactions. 


f'br  a  gas  consisting  of  molecules  of  one  type  which  do  not 
possess  any  Internal  degrees  of  freedom  (the  internal  degrees  of 
freedom  are  "frosen"),  the  heat  conductivity  coefficient  can  be 
expressed  in  the  following  fashion  (XR  *  0): 
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(1.63) 


i  5 
X  =  -j-JXC,, 

where  cy  is  the  heat  capacity  per  unit  weight  at  constant  volume. 

A  gas  consisting  of  molecules  of  one  type  that  do  possess 
internal  degrees  of  freedom  and  are  in  various  excited  quantum 
states  may  be  considered  as  a  gas  which  is  a  chemically  reacting 
mixtui'e  with  a  large  number  of  components,  none  of  which  possesses 
any  internal  degrees  of  freedom.  If  we  assume  that  the  rate  of 
energy  transport  from  translational  degrees  of  freedom  to  internal 
degrees  is  small  —  or,  in  other  words,  the  distribution  of  molecules 
over  various  states  is  an  equilibrium  distribution,  corresponding 
to  the  local  temperature  —  then  for  polyatomic  molecules  (of  one 
type),  we  can  obtain  the  following  expression  for  the  effective  heat 
conductivity  coefficient^-01 

W*  f[f15TsT')T-'(,s“10T')]<y‘*  a*8i° 

where  y  *  cp/cy,  31  the  self-diffusion  coefficient  defined  as  the 
limiting  form  of  the  diffusion  coefficient  for  a  binary  mixture. 

The  expression  for  the  self-diffusion  coefficient  can  be  obtained 
from  Equation  (1.59)  by  setting  i  •  J.  The  dimensionless  quantity 
p*l‘V  is  a  function  of  temperature,  and  its  value  is  on  the  order  of 
unity.  By  setting  this  value  to  unity,  we  obtain  the  following 
formula  for  the  hoat  conductivity  coefficient  for  a  polyatomic  gas 

***  (a.  $5) 

The  factor  (9y  -  5)/1*  id  called  Aitken's  corrective  factor.  Equations 
(1.8<0  and  (1.85)  are  not  in  good  agreement  with  experiment  at 
ordinary  temperatures,  since  the  energy  transport  from  the  transla¬ 
tional  to  the  Internal  degrees  of  freedom  at  such  temperatures  is 
difficult.  However,  at  high  temperatures.  Equation  (1.8b)  is 
sufficiently  accurate. 

Footnote  (10)  appears  on  page  39. 
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Today  the  heat  conductivity  coefficients  for  mixtures  of  mono- 
atomic  gases  can  be  computed  with  great  accuracy  using  the  Chapman- 
Enskog  theory.  The  existing  methods  of  computation,  which  are  a 
further  development  of  the  Chapman-Enskog  methods,  make  it  possible 
in  principle  to  compute  heat  conductivities  of  mixtures  of  poly¬ 
atomic  gases  at  high  temperatures.  To  carry  out  calculations  using 
these  methods,  one  must  know  the  potential  specifying  the  interaction 
between  molecules.  However,  in  many  practical  important  cases, 
these  potentials  are  not  as  yet  sufficiently  known.  Our  knowledge 
is  particularly  limited  when  it  comes  to  potentials  describing 
interactions  of  electrons  with  atoms,  ions,  and  molecules.  When 
calculating  viscosity  coefficients*  we  are  permitted  to  neglect 
collisions  of  electrons  with  other  particles  since  the  electrons 
carry  only  a  small  fraction  of  the  total  momentum  due  to  their 
small  mass.  However,  when  calculating  heat  conductivities,  the 
collisions  of  electrons  with  other  particles  cannot  be  neglected, 
since  electrons, -having  a  great  speed,  carry  a  significant  fraction 
of  the  kinetic  energy.  A  detailed  discussion  of  the  problem  of 
determining  transport  coefficients  in  tne  air  at  high  temperatures 
can  be  found  in  a  paper  by  Hansen  [6].  Practical  methods  of  calcula¬ 
tion  of  heat  conductivities  in  pure  gases  and  mixtures  can  be  found 
in  the  monograph  by  Bretshnayder  which  was  quoted  above^11^. 


Equations  of  the  Dynamics  of  a  Multicomponent 


Reacting  Oas 


The  expressions  for  the  mass  flux  density  vector  (rate  of 
diffusion)  of  the  itf>  component  (1.53),  pressure  tensor  (1,6ft),  and 
the  energy  flux  density  vector  (1.76)  given  in  the  preceding  section 
enable  us  to  write  the  gas  dynamic  transport  equations  (Section  3) 
in  macroscopic  form.  However,  before  we  do  this,  we  shall  first 
collect  all  transport  equations,  MeepUig  fche  vector-tensor  notation. 
The  equation  of  continuity  for  a  mixture  of  gases  is 


Footnote  (11)  appears  on  page  39. 


FTD-HC-23-723-71 


32 


(1.31) 


3  >  3 


E 


the  equation  of  continuity  for  the  1th  component  is 


p-ar  +  p**  -* 


(1.33) 


the  equation  of  motion  is 


a»  ,  (  a  \ 

nr  +  [v'*)v 


-JLtJL.A 

(*  U r  r)' 


(1.35) 
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the  energy  equation  is 


an  .  as  a  a  \ 


(1.39) 
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f; 

It 
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In  order  to  complete  the  system  of  equations  (1,31),  (i.33)» 
(1.35)*  and  (1.39),  that  relate  the  five  unknown  quantities  v,  a* 
p,  ei,  and  E  (or  T),  we  must  add  to  this  system  the  equation  of 
state  for  a  mixture  of  gases 


(1.8( 


Substituting  the  expression  (1.6$)  for  the  pressure  tenser  In 
the  equation  of  motion  Cl. 35) »  we  obtain  the  following  fundamental 
form  of  this  equation; 


4- 


|j£  41  2 


(1.B7) 


here  and  below 


4  *  ,  a 

*ar &  «* 4'  * 


u. 


##  * 


In  the  energy  equation  (!.39)»  we  pass  from  the  internal  energy 
£  to  the  enthalpy  h,  related  to  the  former  by 


k  ^  £  +  “jr. 


(1*39) 
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simultaneously  replacing  the  pressure  tensor  by  its  expression  in 
(1,6*0,  Then  we  have 


P 


dh_ 

it 


_  ip^  j3_ 

dl  dr 


*0  +  2p(<5 


i) 


V. 


Keeping  in  mind  that 


dr 


■)•«  =  S\ 


(1.90) 


(1.9D 


we  change  Equation  (1.90)  to  the  form 

P  HT^ii—dF  +  (1.92) 

We  shall  give  still  another  form  of  the  energy  equation  that  can  be 
easily  derived  from  Equation  (1.39)  by  using  Equations  (1.35)>  (1.6*1), 
(1.88),  and  (1.89): 

(1.93) 


The  quantity 


H 

will  be  called  below  the  total  enthalpy  of  a  gas. 


(1.94) 


Now  we  substitute  the  expression  for  the  mass  flux  density 

1  u 

vector  (1.10)  in  the  equation  of  continuity  for  the  i  n  component, 
also  using  Equation  (1.53)  for  the  rate  of  diffusion  and  replacing 
the  molar  concentration  with  the  mass  concentration  c ^  according 
to  Equation  (1.29).  This  gives 


(1.95) 
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?  tW&Xi-'i&i-'lt. 


If  we  neglect  the  pressure  diffusion  and  thermal  diffusion  as 
compared  to  the  mass  diffusion  and  replace  the  diffusion  coefficient 
for  a  multicomponent  mixture,  j ,  with  the  so-called  effective 
diffusion  coefficient  ,  defined  by  Equation  (I.58),  then  Equation 
(1.95)  will  become 


Sc.  !*<?<•. 


(1.96) 


In  the  case  of  a  binary  mixture,  the  coefficient  3>i  equals  the 
diffusion  coefficient  for  a  binary  mixture,  3>u  ,  and  Equation  (1.96) 
will  then  be  given  by 


P IT  +  Pv ’  +  7F  •  (P®ti  Tf)  ■ 


(1.97) 


Now  we  consider  the  energy  equation  in  the  form  (1.93). 
Substituting  in  this  equation  the  expressions  for  the  energy  and 
mass  flux  density  vectors,  (1.76)  and  (1.10),  (1.53)>  respectively, 
we  have 

my )^r)~ 

-  ^r1]  hi}+7r'  {«’  2  +  (1.98) 


As  noted  above  In  boundary- layer  type  flows,  the  contribution 
of  the  pressure  diffusion  to  mass  and  energy  transport  is  very 
insignificant.  The  oontribution  of  thermal  diffusion  to  mass  and 
energy  transport  (diffusive  thermal  effect)  is  in  many  cases  also 
small.  Neglecting  these  effects  and  using  the  effective  diffusion 
coefficient  instead  of  the  diffusion  coefficient  for  a  multicomponent 
mixture,  we  obtain  the  following  form  of  the  energy  equation: 


+  W'  (A-Tr  +  SpSMdr)* 


(1.99) 
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Taking  the  fact  into  account  that 

h  =  J!  c,/»u  hi  =  5  c''‘d7' +  ^ 

i  0  . 

and,  consequently, 


we  write  Equation  (1.99)  in  the  form 


(1.100) 


(1.101) 


+  W'{ft"[Jr+i!(L“i-i)<i!-sr]}' 


(1.102) 


Here  h®  is  the  heat  of  formation  of  the  ith  component  under  standard 
conditions. 


Equation  (1.102)  involves  the  parameters:  the  effective  Lewis 
number  and  the  Prandtl  number 


p*><cp 

~T~' 


(1.103) 


A  parameter  that  can  be  derived  from  these  two  is  the  effective 
Schmidt  number,  defined  as  the  ratio  of  the  Prandtl  and  Lewis 
numbers : 


Sc*~TS-~Pir-  (1.104) 

The  effective  Lewis  and  Schmidt  numbers  introduced  in  this  manner 
cannot  generally  be  considered,  just  as  the  Prandtl  number,  to  be 
similarity  parameters,  since  the  effective  diffusion  coefficient 
depends  by  definition  on  the  diffusion  flows  of  the  individual 
components  and  thus  on  the  defining  parameters  of  a  specific 
problem.  However,  in  the  particular  case  of  a  binary  mixture, 
becomes  equal  to  the  diffusion  coefficient  for  a  binary  mixture,^, 
which,  as  can  be  seen  from  Equation  (1.59)»  does  not  depend  on  the 
defining  parameters  of  a  flow.  In  this  case,  the  Lewis  and  Schmidt 
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numbers,  formed  in  terms  of  the  diffusion  coefficient  for  a  binary 
mixture 


u-HrL.  *-5^*  d-105) 

may  indeed  be  considered  to  be  similarity  parameters. 

An  inspection  of  Equation  (1.102)  shows  that,  if  the  Lewis 
number  is  equal  to  unity  (Le^  =  1),  then  the  energy  equation  has  the 
same  form  as  the  ordinary  energy  equation  for  a  gas  with  homogeneous 
composition. 
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FOOTNOTES 


.......  ^.v  {***>««?  t»-» , 


Footnote  (1)  on  page  10. 


Footnote  (2)  on  page  10. 


Footnote  (3)  on  page  l*i. 
Footnote  (t)  on  page  19. 


Footnote  (5)  on  page  23. 


It  3hould  be  noted  that,  when  comput¬ 
ing  averages,  the  integration  over  V. 
is  equivalent  to  integration  over  v. , 
since  these  velocities  differ  by  a 
constant  and  the  integration  is  per¬ 
formed  over  all  velocity  values. 

In  Equation  (1.11),  the  tensor  P.^  is 

regarded  as  the  result  of  the  dyad 
multiplication  of  two  vectors  V^V^, 

where  —  in  contrast  with  the  scalar 
product  Vi*Vi  and  the  vector  product 

Vi  x  Vi  °**  these  vectors  —  the 

multiplication  sign  is  not  included 
in  the  dyad  product. 

See  [1]  on  page  39a. 

See,  for  example,  the  monographs 
written  by  J.  Hirschfelder,  C.  Curtiss, 
and  R.  Bird,  and  by  Chapman  and  Cowling, 
mentioned  before,  that  contain  results 
of  early  work.  The  results  of  more 
recent  work  can  be  found  in  a  monograph 
by  Kogan,  M.  N.,  "Dinamika  razreehennogo 
gasa"  (Dynamics  of  Rarefied  Gas), 

"Nauka*  Publishing  House,  Moscow,  1967. 

See  [13  and  [2]  on  page  39a. 


Footnote  (6)  on  page  23.  The  concept  of  the  effective  diffusion 

coefficient  was  applied  to  practical 
boundary  layer  calculations  by  G.  A. 
Tirskiy.  See,  for  example,  Tirskiy, 

G.  A.,  Determination  of  the  Effective 
Diffusion  Coefficients  in  a  Laminar 
Boundary  Layer,  Doklady  Akademii  Hauk 
SSSR,  Vol.  195.  Ho.  6,  1963,  pp,  1278- 
1282,  as  well  as  the  above  paper  by 
the  same  author. 

Footnote  (7)  on  page  2A,  A  detailed  knowledge  of  molecular 

diffusion,  Just  as  the  knowledge  of 
molecular  heat  conductivities  and 
viscosities,  is  very  necessary  when 
studying  turbulent  boundary  layers  In 
hypersonic  flows,  due  to  the  major  role 
played  by  the  laminar  sublayer  in 
processes  involving  heat  and  mass 
transfer. 
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Footnote  (8)  on  page  26. 


One  exception  may  be  flow  of  a  multi- 
component  gas  mixture  containing 
components  differing  greatly  in  their 
molecular  weight  —  such  as,  for 
example,  hydrogen  and  air,  helium  and 
air. 

Footnote  (9)  on  page  27.  Hirschfe ider,  J.  et  al.,  see 

[1]  on  page  39a. 

Footnote  (10)  on  page  31.  Hirschfelder,  J.  et  al.,  see  [1]  on 

page  39a. 

Footnote  (11)  on  page  32.  See  [5]  on  page  39a. 
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CHAPTER  II 


TURBULENCE  IN  GASDYNAMIC  FLOWS 


§6.  Equations  of  Turbulent  Motion 

In  turbulent  motion  the  velocity,  pressure,  temperature,  con¬ 
centration  fields  and  those  of  other  gasdynamic  quantities  have  a 
very  complicated  structure.  The  complex  structure  of  these  fields 
is  due  to  the  extremely  irregular  and  random  character  of  their  varia¬ 
tion  in  space  and  time.  If  the  space  and  time  scale  of  turbulence 
(i.e.,  the  minimum  size  of  a  turbulent  inhomogeneity  and  the  charac¬ 
teristic  period  of  turbulent  fluctuations)  is  much  greater  than  the 
space  and  time  scale  of  molecular  motion  (i.e.,  the  mean  free  path 
of  molecules  and  the  mean  time  between  two  molecular  collisions), 
the  transport  equations  obtained  in  the  preceding  sections  may  in 
principle  be  used  to  describe  turbulent  motion. 

Experiment  shows  that  the  space  and  time  scale  of  turbulence  is 
always  greater  by  several  orders  of  magnitude  than  the  space  and 
time  scale  of  molecular  motion,  and  thus  a  description  of  turbulent 
f lows  by  means  of  differential  transport  equations  is  fully  justified. 
However,  direct  use  of  these  equations  is  in  practice  impossible. 
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since  the  fields  of  gasdynamic  quantities  in  a  turbulent  flow,  which 
are  always  nonsteady,  depend  very  strongly  on  the  initial  conditions 
which  are  usually  far  from  being  completely  known.  This  means  that 
a  complete  detailed  description  of  turbulent  motion  is  impossible. 
However,  in  practice  such  a  detailed  knowledge  of  the  fields  of  gas- 
dynamic  quantities  is  not  even  necessary  in  a  majority  of  cases,  since 
we  are  merely  interested  in  the  average  (statistical)  characteristics 
of  these  fields.  The  fact  that  turbulent  motion  is  described  by  dif¬ 
ferential  transport  equations  becomes  extremely  important  in  this 
case.  Due  to  this  fact,  it  becomes  nearly  possible  to  establish  re¬ 
lationships  among  the  average  characteristics  of  the  fields  of 
gasdynamic  quantities. 

The  techniques  that  make  it  possible  to  establish  such  relations 
in  the  case  of  incompressible  isothermic  fluids  were  first  proposed 
by  Reynolds  [1].  By  now  these  techniques  have  been  described  in  great 
detail  in  the  literature  [2],  and  for  this  reason  we  shall  only  briefly 
describe  their  main  features.  As  we  know,  Reynolds  proposed  that  the 
values  of  all  gasdynamic  quantities  in  a  turbulent  f'ow  be  represen¬ 
ted  as  sums  of  the  average  and  fluctuating  components,  and  proposed 
that  only  the  average  quantities  which  vary  relatively  smoothly  with 
position  and  time  be  investigated.  Reynolds  suggested  that,  in  order 
to  determine  the  average  value  of  a  given  quantity,  one  should  apply 
ordinary  averaging  over  a  certain  time  interval  (time  averaging). 

It  should  be  noted  that,  along  with  this  method  of  averaging,  other 
methods  are  also  possible,  including  averaging  over  a  certain  region 
at  a  given  time  instant  (space  averaging)  or  averaging  for  a  large 
number  of  fields  that  vary  both  from  point  to  point  and  from  one  time 
instant  to  another  (statistical  averaging  over  ensembles).  Without 
discussing  here  the  respective  merits  and  drawbacks  of  various  methods 
of  averaging,  we  shall  only  note  that  procedures  most  commonly  used 
in  practice  enable  us  to  measure  time  averages  of  various  quantities, 
and  thus  time  averaging  turns  out  to  be  most  advisable'  . 


Footnote  (1)  appears  on  page  69. 
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Following  Reynolds,  we  shall  now  write  the  instantaneous  value 
of  each  of  the  unknown  quantities  or  their  arbitrary  combinations  as 
suras  of  the  average  (f)  and  fluctuating  (f'j  components: 


/  -  /  +  f  * 


(2.1) 


By  averaging,  we  mean  time  averaging 


/ 


BT  J  i<U' 


(2.2) 


where  the  averaging  interval  At  is  assumed  to  be  sufficiently  long 
as  compared  to  the  characteristic  period  of  the  fluctuating  field  and 
significantly  smaller  than  the  period  of  the  average  field.  If  the 
average  field  is  steady,  i.e.,  its  period  is  infinitely  long,  then 
the  average  value  of  f  will  be  given  by 

*-£*[ ST  |  /<*»]•  (2.3) 

As  shown  by  Reynolds,  in  the  process  involving  any  type  of 
averaging  (not  only  time  averaging)  the  following  relations  must  be 
satisfied,  which  came  to  be  called  the  Reynolds  relations: 

1)7Ti  *»?**: 

2  )*?»«?.  if  ft  £3  con*l; 

3)  i«a,  if  a ** eottii , 

where  a  is  x,y,s  or  t; 

$)/*“?#•  I  (2.4) 

Setting  g  •  1,  g  *  H,  and  g«h*  ■  h  -  ft  in  succession  in 
Equations  (2.4)  (the  prime  will  signify  from  now  on  that  fluctuating 
components  of  quantities  are  meant),  we  shall  obtain  the  following 
important  consequences  of  the  Reynolds  conditions: 

•  Z1** M - )l  (2*5) 
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Making  use  of  these  equations,  we  shall  establish  the  rules  of 
averaging  for  products  of  two  and  three  variables  that  will  be  found 
very  useful  below 


/•>'  "  (/  -r-  /')(i'  -f  s')  -rJY. 


/o'*  -  /o  ,l  ~  ho'1*'  i'/'/f  -r  /i /'$'  *f  /'i'Vi*. 


(2.6) 

(2.7) 


The  fluctuating  component  of  a  product  of  two  variables  is  obviously 
equal  to 


UsY  »  is  -  'Is  -  </  +  n  Q  ~  s') 

=  /i'  -f  /V  -r  7?'  ~  /Y  - 

=  r£  /ff' 

Now  we  proceed  to  derive  the  averaged  equations  of  turbulent 

(?) 

motion  for  a  multicomponent  reacting  gas  mixture'1  ,  For  convenience 
we  shall  write  the  equations  of  continuity  for  a  mixture  and  for  the 
ith  component,  as  well  as  the  equations  of  momentum  and  energy  transfer 
in  tensor  notation:  subscripts  repeated  twice  will  signify  summation 
over  1,  2,  3  corresponding  to  vector  and  tensor  components  along  the 
x,  y,  and  z  axes  (this  rule  does  not  apply  to  the  subscript  i). 

The  equation  of  continuity  for  a  mixture  of  gases  (1.31)  in 
this  notation  will  become 


—  is 

-75- /r- 

-i/y-  i‘s‘- 


(2.8) 


0*i 

VT 


0. 


(2.9) 


The  equation  of  continuity  for  the  ith  component  (1.33)  will  be 
transformed  using  Equation  (2.9)  to  the  form 


<#» 


(l*t)  *r  -57-  ■ 


tUt 


(pe.Pq). 


(2.10) 


To  write  the  equations  of  momentum  transport,  we  shall  make  use 
of  Equation  (2.9)  and  the  expression  for  the  pressure  tensor  (1.6*0. 


Footnote  (2)  appears  on  page  59. 
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As  a  result  we  get 


T- (i>V.Vk)  M  _  |£.  . 


(2.11) 


We  shall  use  the  form  (1.93)  of  the  equation  of  energy  transport. 
Making  use  of  the  expression  for  the  heat  flux  (1.79),  as  well  as 
Equation  (2.9),  we  obtain 


*t)  +  ST  +  4*  P*’^)  “>* 

4- 


(2.12) 


In  these  equations,  the  subscript  i  signifies  the  component  number, 
and  the  subscripts  j  and  k  may  assume  values  1,  2,  3. 


Applying  the  averaging  process  (2.2)  to  the  equation  of  contin¬ 
uity  (2.9)  and  assuming  that  this  operation  may  be  interchanged  with 
differentiation  with  respect  to  position  and  time  [fourth  of  the 
Reynolds  conditions  (2.4)],  we  obtain 


ST 


(2.13) 


Expanding  the  term  pv^  in  accordance  with  the  rule  (2.6),  we  get 


i>»,  -w  -I  pV 


(2.14) 


Thus  the  equation  of  continuity  for  a  compressible  gas  becomes 


$r(p*>A+  °* 


(2.15) 


In  contrast  with  the  equation  of  continuity  for  an  incompressible 
fluid,  Equation  (2.15)  Involves  space  derivatives  of  the  average 
fluxes  of  fluctuating  motion.  The  incompleteness  of  our  knowledge  on 
the  general  nature  of  turbulence  does  not  permit  us  at  the  present 
to  give  a  numerical  estimate  of  the  contribution  made  by  the  term 
(^5)  equation  of  continuity.  Proa  physical  considerations 

it  is  clear  that 
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However,  the  question  of  under  what  conditions  it  is  permissible  to 
neglect  p'v^  as  compared  to  pvj  remains  open.  These  factors  give  the 
derivation  of  the  equations  of  the  average  turbulent  motion  for  a 
compressible  gas  (if  density  fluctuations  are  not  neglected)  an  essen¬ 
tially  formal  character. 


Now  we  take  the  average  of  the  equation  of  continuity  for  the 
component  (2.10),  and  obtain 


at—  , 
IT  ■** 


;,~'(P*\K*  “  u*.  ~ 


(2.16) 


Applying  to  this  equation  relation  (2.6)  and  performing  differentia¬ 
tion  on  the  left-hand  side  of  the  equation,  we  find 


-  A-*  -A?i  .  >>  -VT  .  --  iV,  ,  ”i— , 

-jr  •**  ?  ~  77  * c*  ~  ‘,w>»  jr  .n  v'  jr  * 


H 


*«pfodu<*<j  from 
vtit  iyjtilthit  <opv, 


* 


(2.1?) 


Noting  that  the  ..urn  of  the  first  and  sixth  terms  on  the  left-hand 
aide  of  Equation  (2.1?)  la  sore  by  virtue  of  the  equation  of  contin¬ 
uity  (2.15?,  and  dropping  the  last  term  on  the  right,  since  it  is 
negligible  compared  to  the  second  term  on  the  same  side 

i  [  <  i (pt'd'i j.  (2.18) 

we  flnd^ 


i 


(2,195 


Footnote  (3)  appears  on  page  6?. 
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Inequality  (2.18)  holds  because  in  turbulent  motion,  as  we  know, 
the  molecular  properties  of  a  medium  play  an  important  role  only  in 
the  region  immediately  adjacent  t ^  the  wall  (laminar  sublayer),  where 
turbulent  pulsations  disappear.  Since  is  the  rate  of  molecular 
diffusion,  it  is  clear  that  the  fluctuating  components  of  the  diffu¬ 
sive  flow  in  this  region  will  be  small  as  compared  to  the  average 
components. 


Equation  (2.19)  shows  that  in  turbulent  motion,  in  addition  to 
the  transport  of  mass  due  to  molecular  diffusion,  there  is  also  trans¬ 
port  of  mass  due  to  the  mixing  produced  by  fluctuations  of  the  density, 
velocity,  and  concentration  (pv^)1  ci.  The  process  of  mass  transport 
in  a  turbulent  flow,  due  to  fluctuations  of  the  density,  velocity, 
and  concentration,  will  be  called  turbulent  diffusion  in  analogy  with 
molecular  diffusion. 


A  derivation  of  the  average  equation  of  motion  [Equations  (2.11) 
are  the  equations  we  start  with)  does  not  involve  any  new  features 
as  compared  to  the  derivation  of  the  averaged  equation  of  continuity 
(2.19),  and  is  fully  analogous  to  it.  Therefore,  omitting  the  inter¬ 
mediate  steps,  we  shall  only  give  these  equations  in  their  final 
farts; 
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(2.20) 


It  should  be  noted  that.  In  deriving  these  equations,  the  terns  con¬ 
taining;  viscosity  fluctuations  were  neglected  as  eotspared  to  the  terns 
containing  their  average  values  [for  a  reason  explained  in  the  remark 
concerning  the  inequality  (2.18)].  Equations  (2.20)  will  be  called 
the  Reynolds  equations  for  a  compressible  gas.  In  these  equations, 
the  quantities  (pvj) '  v^,  are  understood  to  be  the  components  of  the 
tensor  of  additional  stresses  arising  frets  the  presence  of  turbulent 
fluctuations  In  the  teas*  flow  and  velocity.  These  additional  stresses 
are  usually  called  the  Reynolds  stresses. 
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In  obtaining  the  equations  of  energy  transport  in  an  averaged 
turbulent  motion  of  a  multicomponent  reacting  mixture,  we  shall 
neglect  the  fluctuations  of  the  viscosity,  heat  conductivity,  diffusion, 
and  specific  heat  capacity  as  compared  with  their  average  values. 

Averaging  Equation  (2.12)  and,  as  before,  interchanging  the 
order  of  averaging  and  differentiation  with  respect  to  position  and 
time,  we  obtain 


(2.21) 


We  shall  transform  separately  each  of  the  four  terms  on  the 
left-hand  side  of  this  equation,  using  Equations  (2.6)  -  (2.8).  We 
thus  obtain 

•i.  «  4- (s>7<  TO  P  ~r  +  & -r  +  4-pVA 

ut  •  y.'  '•  •  *  '  '  Jl  '  ut  '  yi  *  1 

1  5 - —  t  y  ,  — 5  ,  *  -.5  ,  A - 7"  .  'J, 

-y  y  -  —  y  +  pf  t  --  2r,{>  ft  -r  P » t  J  « 


Ot 

Wt  ■ 

■  0. 

vp 

.  o 

[fl? 

ut  Os . 

i 

l’*i. 

a-  — 1  -  '1 .4.  ui>  —So — LJ-oef  — ■ — —  pVd, 

~  P^7‘  -  (pep  “  “  Ip^  -r  (pyJjTfJ « 

"  +  <,v;yr  +  *  yr  ( w  -  TO  + 

V  1  i 

^  5“  Z  cdwffi  tt^-4  jVci  -*•  (ptf;)'c!/<‘i. 

•  »  ;  i  iT 

i  <>  i  i  d  ;  r-* 

“yP^'k^y— (p^K-  - — ■ — — - 

J  i  _ _  Reproduced  from 

="  y  5T  !-  (Pfi/f?)  -  best.aVa^e  co^ 


=-•  4-y- lpo;(<>k  •!*  v\ •)  -r  +  (P»j)‘»t)  *» 

•“T'E-toh+Wii+t  h»i  557  +  P'v>  »t  y  + 

+  T  5T  +  JTT^  0»»j)'»t  t  y-  (p»j)'»t . 

J  >  v  i 

We  substitute  these  expressions  in  the  initial  Equation  (2.21)  and 
obtain 
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(2.22) 


In  the  equation  thus  obtained,  the  sum  of  the  second,  fourth, 
eleventh,  and  fifteenth  terms  on  the  left-hand  side  is  equal  to  zero 
according  to  the  equation  of  continuity  (2.15).  The  eighth,  four¬ 
teenth,  and  twelfth  terms  on  the  left-hand  side  may  be  dropped  due  to 
their  smallness,  inasmuch  as  they  involve  a  third  power  of  fluctuations . 
It  is  not  hard  to  see  that  the  sixth  and  the  eighteenth  terms  on  the 
left-hand  side  may  also  be  neglected,  since  The  fourth  and 

the  sixth  terms,  on  the  right-hand  side  of  the  equation  may  be  omitted 
for  the  same  reason  as  the  last  term  in  Equation  (2.17).  To  further 
simplify  Equation  (2.22),  we  shall  group  together  the  fifth,  seventh, 
sixteenth,  and  seventeenth  terms  on  the  left,  obtaining  the  expression 
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which  as  can  be  easily  seen  from  Equation  (2.20)  is  equivalent  to 
the  expression 
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Keeping  this  in  mind  and  making  simple  rearrangements,  we  shall 
change  the  energy  Equation  (2.22)  to  the  following  form: 
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In  Equation  (2.23),  the  quantity  ( pv, 5  *  h|  expresses  the  energy 
th  J  1 

transport  of  the  i  component  that  Is  caused  by  turbulent  fluctuations. 
The  term  ^L(Py;)'cA  expresses  the  energy  transport  due  to  turbulent 

i  — ■ »  1 1  i 

mass  transnort  (turbulent  diffusion).  The  term  (pojj'tv-r*  gives  the 
conversion  rate  of  the  energy  of  average  motion  into  the  energy  of 
turbulence  as  a  result  of  the  Reynolds  stresses.  The  term  T:  ^(pu,V/i; 

i 

expresses  the  total  amount  of  energy  transported  by  all  components  of 
the  mixture  due  to  turbulent  fluctuations. 


The  process  of  energy  transport  in  a  turbulent  flow,  which  is 
due  to  the  density,  velocity,  and  enthalpy  fluctuations,  will  be 
called  turbulent  heat  conductivity  in  analogy  with  molecular  heat 
conductivity. 

Now  we  shall  perform  the  averaging  process  on  the  equation  of 
state  (1.86).  Using  the  rule  (2.7)  and  neglecting  third  powers  of 
fluctuations,  we  obtain 
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(2.24) 


Equations  (2.15),  (2.19),  (2.20),  (2.23)  and  (2.24)  constitute 
a  system  of  equations  of  the  average  turbulent  motion  for  a  multi~ 
component  reacting  mixture  of  gases.  It  must,  however,  be  noted  at 
once  that  the  use  of  this  system  at  the  present  time,  even  within 


4? 
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the  framework  of  the  semiempirical  theory  of  the  boundary  layer,  is 
not  possible  without  a  number  of  assumptions  whose  validity  is  in 
many  cases  far  from  obvious.  As  already  noted  above,  our  knowledge 
of  the  nature  of  turbulence  does  not  permit  us  to  estimate  the  con¬ 
tribution  made  to  the  transport  process  by  terms  involving  density 
fluctuations.  Therefore,  in  all  existing  theories  that  make  use  of 
the  indicated  system  of  equations  or  its  modifications,  the  terms 
involving  density  fluctuations  are  neglected.  This  does  not  mean, 
of  course,  that  the  density  is  considered  constant.  The  average 
density  p*  is  considered  to  be  a  variable  quantity  where  it  is 
necessary . 


Neglecting  in  the  equations  of  the  average  turbulent  motion  for 
multicomponent  reacting  mixture  of  gases  the  terms  involving  fluctua¬ 
tions  of  the  density,  and  in  the  equation  of  state  neglecting  all 
fluctuating  terras^,  and  considering  below  only  the  "steady"  turbu¬ 
lent  flows  in  which  the  average  velocity,  enthalpy,  density,  etc.  do 
not  depend  on  time,  we  obtain  the  following  system  of  equations: 
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Below  we  formally  set 
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Footnote  (4)  appears  on  page  69 


where  e,  and  XT  are  the  turbulent  viscosity,  turbulent  diffusion, 
and  turbulent  heat  conductivity  coefficients,  respectively.  In 
contrast  with  the  molecular  viscosity,  diffusion,  and  heat  conductivity 
coefficients,  the  turbulent  viscosity,  diffusion,  and  heat  conductivity 
coefficients  do  not  describe  the  physical  properties  of  a  gas,  but 
instead  the  statistical  properties  of  fluctuating  motion.  Therefore, 
these  coefficients  are  functions  of  position  and  time.  It  is  impor¬ 
tant  to  note  that  far  away  from  a  solid  surface  the  turbulent  trans¬ 
port  coefficients  are  much  greater  than  the  molecular  transport 
coefficients . 

By  analogy  with  the  molecular  Prandtl,  Lewis,  and  Schmidt 
numbers  (1.103)  and  (1.105),  we  shall  introduce  their  turbulent 
analogs 


PrT  = 

(2.33) 

u,  -  • 

'•  T 

(2.34) 

«  PfT 

(2.35) 

"  ?2>7  ~  L«r* 

Although  the  turbulent  transport  coefficients  e,  i£T ,  and  XT  are  in 
general  functions  of  position  and  time,  their  dimensionless  combi¬ 
nations  PrT,  LeT  and  ScT  usually  are  slowly  varying  quantities  which  in 
many  practically  important  cases  permits  us  to  consider  them  constant. 
The  numerical  values  of  Prr,i.erand  ScT  have  not  as  yet  been  accurately 
determined.  The  few  experimental  data  concerning  the  values  of  these 
numbers  are  extremely  inconsistent.  Nevertheless,  it  can  be  stated 
that  in  boundary-layer  type  flows  near  a  solid  surface  PfT  and  ScT 
are  close  to  unity;  in  turbulent  jet  flows  they  are  close  to  0.5  - 
0.7(5). 

Using  Equations  (2.30)  -  (2.32),  and  for  simplicity  omitting 
below  the  averaging  symbols,  we  shall  write  the  system  of  Equations 
(2.25)  -  (2.29)  in  the  form 


Footnote  (5)  appears  on  page  6 9. 


FTD-HC-2 3-7 23-71 


51 


(2.36) 

(2.37) 

(2.38) 


(2.39) 

(2. *10) 


Making  use  of  Equation  (1.101),  which  in  tensor  notation  has 
the  form. 


or  i  /  <)'.  v  0c{  \ 

"%‘^i  i  (2.  Hi) 


and  also  taking  into  account  Equations  (2.33)  -  (2.35) »  we  shall 
bring  the  energy  Equation  (2.39)  to  the  form 


(2.42) 


Passing  in  Equation  (2.42)  from  the  enthalpy  h  to  the  total  enthalpy 
H,  defined  by  Equation  (1.94),  and  using  Equation  (2.38),  we  shall 
obtain 


w,* 


(2.43) 


The  system  (2.36)  -  (2.40),  containing  5  +  N  +  J  equations  (out  of 
N  equations  for  concentrations,  only  N  -  1  equations  are  independent 
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since  —  1),  generally  speaking,  does  not  completely  determine  the 
turbulent  flow  of  an  N-component  reacting  mixture  since  it  involves 
5  +  N  +  j  unknown  functions  v^  ,  p,  p,  h,  (i  =  1,  2,  . ..,  N)  and 
the  undetermined  turbulent  viscosity,  diffusion,  and  heat  conductivity 
coefficients  e,  and  respectively.  In  other  words,  the  system 
of  Equations  (2.36)  -  (2.40)  is  open.  The  fact  that  the  system  of 
equations  describing  the  process  of  turbulent  transport  is  open  up  to 
the  present  time  has  made  it  impossible  to  create  a  theory  by  means 
of  which  one  could  make  turbulent  flow  calculations,  even  in  the 
simplest  case  involving  flew  of  a  homogeneous  incompressible  isother¬ 
mal  fluid,  using  a  purely  theoretical  method.  All  the  existing 
theories  of  turbulence  in  an  incompressible  homogeneous  fluid  are 
semiempirical ,  since  —  in  addition  to  certain  justified  assumptions 
—  they  are  also  based  on  a  number  of  empirical  formulas.  The  solu- 
tior  of  the  turbulent  flow  problem  for  the  more  complicated  cases 
involving  compressible  heat-conducting  reacting  gases  is  usually 
based  on  a  generalisation  of  the  semiempirical  theories,  developed 
for  an  incompressible  fluid,  to  the  indicated  more  complicated  cases. 
However,  even  in  this  type  of  a  semi-empirical  approach,  it  is  diffi¬ 
cult  to  use  the  system  of  Equations  (2.36)  -  (2,40)  in  view  of  their 
mathematical  complexity.  Therefore,  in  many  important  cases  it  is 
extremely  useful  to  deal  with  simplifications  of  this  system  provided 
by  boundary  layer  theory. 

I  1 ■  Equations  of  the  Turbulent  Bovmdary  Layer  in  a 
hhtHlsmsppnent  Reacting,  das 

Application  of  the  system  of  Equations  (2.56)  -  (2.40)  to  flows 
in  thin  boundary  layers  forming  on  the  walls  of  channels  or  on  the 
surface  of  bodies  during  motion  through  a  gas  medium  leads  to  a 
considerable  simplification  of  the  system.  The  set  of  assumptions 
(first  formulated  by  L.  Prandti)  that  form  the  basis  of  the  present- 
day  boundary  layer  theory  is  well-known. 

Let  us  consider  a  steady  two-dimensional  average  flow  with 
average  velocities  •  u  and  Vj  •  v,  corresponding  to  the  direction 


FTD-HC-23-723-71 


53 


•  V 

■i 

;| 


s^  *  x  along  the  surface  of  the 
body  with  the  flow  and  s2  =  y 
along  the  normal  to  the  surface 
of  the  body  (Figure  1). 


—  ‘  f  Following  the  basic  idea 

\ advanced  by  Prandtl,  we  shall 

divide  the  entire  flow  field  into 
two  regions:  a  thin  region  of 
turbulent  motion,  adjacent  to  the 
•  surface  of  the  body,  in  which  the 
Figure  1  parameters  of  the  flow  deviate 

sharply  from  their  values  on  the 
surface  to  the  values  in  the 

external  flow  (boundary  layer),  and  the  region  of  potential  (vortex- 
free)  flow  (external  flow).  The  thickness  of  the  boundary  layer  6 
will  be  assumed  to  be  small  as  compared  to  the  distance  x.  The 
order  of  x  and  u  will  be  taken  to  be  unity,  i.e.. 


Figure  1 


x  —  0  (l)  and  u  —  0  (l); 


y—  0(6)  and  v- 0(6) 


and,  consequently, 


— 0(1)  and  -£-• 

aj 

-asr-tfO)  and  *77  “ ' 


°(f) 


The  pressure,  density,  concentration,  and  enthalpy  will  be  assumed 
to  be  on  the  order  of  unity: 

P  -0(1),  p  —0(1),  c,  —0(1),  h  —0(1). 
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Assuming  that  the  terms  in  Equations  (2.36)  -  (2.39)  which 
involve  u.  i,  e,  5%,  and  f,  do  not  exceed  the  order  of  the  remaining 
terms,  it  is  not  difficult  to  arrive  at  the  conclusion  that  /.,  p,  e,  £ET 
and  /.T  are  no  greater  than  ~  6*  and  r,  are  no  greater  than  6 . 


Using  the  preceding  estimates  and  retaining  in  Equations  (2.36) 
-  (2.39)  terms  of  the  same  order,  we  shall  reduce  the  system  to  the 
following  form: 
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Equations  (2.42)  and  (2.43)  will  then  become 
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(2.50) 


In  Equations  (2.45)  and  (2.48)  -  (2.50),  the  diffusion  rate  is 
generally  given  by  Equation  (1.53).  However,  as  noted  in  Section  3, 
the  effect  of  pressure  and  thermal  diffusion  in  the  boundary  layer 
is  usually  small.  This  is  even  more  true  for  a  turbulent  boundary 
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layer  in  which  a  region  with  significant  molecular  transport  processes 
occupies  only  a  portion  of  the  entire  boundary  layer,  and  a  portion 
at  that  which  is  in  many  cases  insignificant.  Neglecting  the  effect 
of  pressure  and  thermal  diffusion  on  mass  transport  as  compared  with 
mass  diffusion,  the  rate  of  diffusion  will  be  given  here  by  an  expres¬ 
sion  that  can  be  derived  from  Equation  (1.57).  Its  y-component  will 
have  the  form 


m  _  Jl 

1  Oy 


(2.51) 


Here  $,  is  the  effective  diffusion  coefficient  given  by  Equation 
(1.58).  In  the  case  of  a  binary  mixture,  Pi  becomes  the  diffusion 
coefficient  for  a  binary  mixtu-e,  2)u  . 


Substituting  Equation  (2.51)  in  the  equation  of  continuity  for 
the  1  n  component  (2.45)  and  in  the  energy  Equation  (2.48),  and  omit¬ 
ting  the  ratio  (2.47),  the  system  of  equations  for  a  turbulent  boun¬ 
dary  layer  in  a  multicomponent  reacting  gas  will  have  the  form 
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The  energy  equation  in  the  form  (2.50),  upon  substitution  of 
Equation  (2.51),  will  become 
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It  should  be  noted  that  in  a  turbulent  boundary  layer  there  is 
a  "transition"  (buffer)  zone  at  a  certain  distance  from  the  wall  in 
which  the  molecular  and  turbulent  transport  coefficients  are  of  the 
same  order.  In  this  region,  the  above  boundary  layer  equations  are 
inaccurate,  since,  in  deriving  the  general  equations  of  turbulent 
motion  which  in  turn  were  used  to  deduce  the  boundary  layer  equations, 
we  neglected  quantities  (fluctuations  of  molecular  terms)  which  in 
the  buffer  zone  play  an  important  role.  Therefore,  the  equations  of 
motion  (2.52),  energy  (2.54),  (2.55),  and  continuity  for  the  1th  com¬ 
ponent  (2.53)  in  the  form  in  which  they  are  written  assume  that  the 
boundary  layer  is  divided  in  two  regions  with  different  types  of 
flow:  the  turbulent  core  in  which  ll **«  >•**,  1...  Xr>  and  the  laminar 

sublayer  in  which  n5'>  e,  X  '•>  >.r  and  3'1 


The  equations  of  continuity  for  the  ith  component  (2.53), 
written  for  the  mass  concentrations  of  the  individual  components  of 
the  mixture,  are  inhomogeneous  when  homogeneous  chemical  reactions 
occur  in  the  flow  (w^  0).  In  certain  cases,  it  is  raox'a  convenient 

not  to  write  these  equations  for  the  mass  concentrations  of  the  com¬ 
ponents,  but  Instead  for  the  mass  concentrations  of  Individual 
chemical  elements,  regardless  of  the  type  of  a  chemieal  compound  in 
which  a  given  element  Is  bound.  In  this  case,  in  the  absence  of 
nuclear  reactions,  the  diffusion  equations  become  homogeneous.  In 
fact,  If 


« .vt 


(2.56) 


•*  >- 

signifies  the  concentration  of  the  k  element  in  the  i  component 

of  the  mixture,  where  Is  the  number  of  atoms  of  the  element 
th  K 

In  the  1  component,  then  WjC^  will  represent  the  mass  rate  of 
transition  of  the  element  k  into  the  component  1.  Since  in  chemical 
reactions,  the  mass  of  an  element  is  conserved,  we  have 


V  a#-,**  0. 


(2. 57) 


The  concentration  of  the  element  k  in  a  mixture  will  obviously 

Vt 

equal  to  s  a.V..  Consequently,  multiplying  the  diffusion  Equation 
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(2.53)  by  c.  .  and  summing  over  all  components  of  the  mixture,  we 

Ki  x. . 

obtain  the  equation  of  continuity  for  the  k6  element  in  the  form 


P" 


tex>0y 

j't  -  2  ^ vfii  • 


(2.58) 


The  equations  of  the  turbulent  boundary  layer  are  sometimes 
conveniently  written  in  terms  of  variables  that  were  named  after 
L.  Crocco.  Crocco  suggested  that  the  longitudinal  velocity  component 
„u  be  used  as  one  of  the  variables.  The  formulas  describing  a  trans¬ 
formation  from  the  variables  x,  y  to  the  Crocco  variables  £  »  x,  u 


vv 


lit 


As  »>  r_  0 

UV  *  (hi  * 

<)  1 f  4 

'  y<*  * 


(2(59) 


Upon  making  the  indicated  change  of  variables  in  the  equation 
of  continuity  (2.*»4)  and  multiplying  the  latter  by  ,  we  obtain 


(Ht  $ 

m-  va»  «■(■.  (■ 


(;«)•)  -g-  (pt>)  “  0. 


(2.60) 


Transforming  to  the  variables  C,  «  and  dividing  through  by 
t/(y  ♦  t),  the  equation  of  motion  (2.52)  will  become 


^  ^  ft  *  ‘ 

— —  -r 


(2.61) 


Differentiating  both  sides  of  Equation  (2.61)  with  respect  to  u,  we 
get 


o 

k 


i -*r 


-i-— 1  -*■ 


S’ 


<?>  _ji_ 
Hi 


U*>)** 

*  gt  a  i  •» 


H*"1 


Subtracting  term  by  term  both  sides  or  this  equation  from  Equation 
(2.6o)  and  using  «  {p  t)/t*  we  eliminate  v  and  find 


Footnote  (6)  appears  on  page  69. 
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<2-62> 

We  shall  similarly  transform  the  equation  of  continuity  for  the 
i  component  (2.53)*  Rewriting  it  first  in  terms  of  the  new  variables 

\  -  3e. 


•  t  <5y  ,  \  x 

sc  ~  r ^  ~  n  = 

^  L  ii  ~ e  uj  J 


and  then  eliminating  with  the  help  of  (2.61)  the  expression  on  the 
left  in  parentheses,  and  taking  into  account  Equations  (1.104)  and 
(2.35),  we  obtain  after  simple  rearrangements 


.  ’  Ot  itn  ;.i  ■■•- 

•  !  !>u  t 

_e_\  ~.L 

)  uu 

u-f*  .  a  r. 

r  t 

x)' 

~[j 

i  ***  ‘ 

(2.63) 


Applying  the  transformation  (2.69)  tc  the  energy  Equation  (2.55) » 
and  perform ’.ng,  as  before,  straightforward  simplifications,  we  obtain 


!*_-*  >if  -  (i*  <»  !»  +  €.  ait 

*u  ~-;r  ~  •  *r  -  sr  -*r M 


•produce*  from 
•it  »v«il«bU  copy. 


v*  4  r/  t  .  t  \  (>.*/  v>  m  . 

“*i‘  l(>7  v  *7)  *  1  \>t  <u‘  -  *>+ 

*f  \i'"“  (t#t  v*  »)-**,  4-  ft  — *  vj-.  — .  «  t..\  a  il 

« 'i  k  <**  \  t*r  ./  j,  * 


(2.64) 


The  energy  equation  in  the  Croce©  variables  written  in  terms  of 
the  enthalpy  h  can  be  easily  obtained  from  Equation  (2.64)  by  substi¬ 
tuting  the  equality  (1.94)  for  H  and  keeping  in  mind  that  $>»>»"*  6 » 
Thus  we  obtain  .  „  ^ 

\“  *)  ‘-‘c  —  IP  —  t),«  •** 

r  »4  *  'ft  »  f  *-* 


fc  f s  _  J-  -  J-,v  -  tt  f  i  ~  ±(±  ^  *  1  - 

l  *  *,7  i  £V»  *J*J 
-  •“s>*  4;^Uf  *-  i*lk*  vr 


(2.6$) 


Squat  Ions  (2.62),  (2.63),  (2.64)  (or  (2.65)3,  together  with  the 
equation  of  state  (2.40)  constitute  a  system  of  equations  of  toe 
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turbulent  boundary  layer  in  Crocco  variables.  This  system,  similar 
tc  the  system  of  Equations  (2.M),  (2.52),  (2.53),  (2.5*0  [or  (2.55)], 
assumes  that  the  boundary  layer  has  been  divided  into  two  parts  — 
namely,  the  turbulent  core  and  the  laminar  sublayer.  When  applying 
these  equations  to  the  laminar  sublayer,  one  omits  terms  involving 
the  turbulent  transport  coefficients  and  their  dimensionless  combina¬ 
tions^,  /...  ;/Tl  Pr,.  Le„  Scr).  In  the  case  of  the  turbulent  core,  one  simi¬ 
larly  omits  terms  involving  the  molecular  transport  coefficients  and 
their  dimensionless  combinations  (u. *Y,  U4,  Sc,). 

For  flows  in  the  boundary  layer  over  axially  symmetric  bodies 
of  revolution,  the  equation  of  continuity  is  written  as 

(2.66) 


and  to  the  left-hand  side  of  the  equation  of  motion  in  the  Crocco 
variables  (2.62)  one  must  add  the  term  thus  obtaining 


..  C  ffe  M)»1  .  tf'* 


q.  e2i«Lt»L  JL  „  0. 

*  ^  $ 


(2.67) 


Here  r  »  rw(x)  *  rw(£)  is  the  radius  of  the  lateral  curvature  of 
the  body.  Equations  (2.66)  and  (2.67)  are  valid  only  if  the  thickness 
of  the  boundary  layer  4  is  much  smaller  than  rw,  i.e.,  6  «  rw.  This 
condition  no  longer  holds  for  the  rear  portion  of  long,  axially  sym¬ 
metric  bodies  or  fo»*  long  channels.  All  the  other  equations  of  the 
turbulent  boundary  layer  on  axially  symmetric  bodies  are  completely 
identical  with  the  equations  of  a  flat  boundary  layer. 


i  8.  gemi -empirical  Theories?  of  Turbulence . 
Reynolds  Similitude 


The  system  of  equations  for  a  turbulent  boundary  layer  which 
was  obtained  in  the  preceding  section  is  oper.  Just  like  the  initial 
syetes*  -  (2.40),  since  the  number  of  unknowns  exceeds  the 
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number  of  equations.  As  we  know,  in  the  study  of  the  turbulent 
motion  of  an  incompressible  homogeneous  isothermal  fluid,  we  must 
resort  to  semi-empirical  theories  of  turbulence  in  order  to  close  the 
system  of  equations.  All  present-day  semi-empirical  theories  of 
turbulence  of  an  incompressible  fluid  are  based  on  a  set  of  assumptions 
constituting  a  hypothesis  which  came  to  be  called  "the  hypothesis  of 
the  local  mechanism  of  turbulent  transport"  [ 3 J .  The  most  important 
of  these  assumptions  is  the  one  stating  that  the  mechanism  of  turbu¬ 
lent  momentum  transport  cm  be  completely  specified  by  giving  the 
local  values  of  the  derivatives  of  the  average  velocities  along  the 
coordinate  normal  tc  the  direction  of  the  flow  and  by  specifying  the 
physical  properties  of  the  fluid.  The  effect  of  processes  far  from 
the  indicated  point  in  ^he  turbulent  flow  is  not  taken  into  account 
by  the  localization  hypothesis.  On  the  basis  of  the  localization 
hypothesis  and  dimensional  considerations,  one  can  obtain  formulas 

comprising  the  semi-empirical  tneories  as  proposed  by  Prandtl  and 
(7) 

Karman  . 

In  Prandtl' s  theory,  it  is  assumed  that  a  local  variation  of 
the  average  velocity  is  determined  only  by  the  first  derivative  of 
the  velocity,  du/dy.  For  this  reason,  dimensional  considerations 
make  it  necessary  for  us  to  introduce  the  additional  concept  of  the 
length  of  "the  mixing  path"  without  which  it  would  be  impossible  to 
set  up  a  formula  for  the  friction  stress.  Using  dimensional  consider¬ 
ations,  it  can  he  established  that  the  only  possible  combination  of 
the  fluid  density  p,  "mixing  path"  l,  and  derivative  of  the  velocity 
du/dy  that  can  yi^ld  the  friction  stress  t  Is 


The  quantitative  expression  for  l  (y)  must  be  determined  on  the  basis 
of  additional  considerations. 


Footnote  (7)  appears  on  page  70. 
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In  Harman's  theory,  the  variation  of  the  average  velocity  is 

determined  by  the  first  two  derivatives  of  the  velocities  du/dy  and 
2  2 

d  u/dy  .  Similar  dimensional  considerations  lead  to  a  conclusion 
about  the  existence  and  uniqueness  of  Harman's  formula  for  the 
friction  stress 


x  —  pvr 


(2.69) 


Application  of  the  semi-empirical  theory  to  processes  involving 
turbulent  heat  and  mass  transfer  is  based  on  so-called  "Reynolds 
similitude".  According  to  this  concept,  it  is  assumed  that  the  turbu¬ 
lent  momentum,  enthalpy,  and  mass  transport  coefficients  have  identical 
values.  This  assumption  presupposes  the  absence  of  the  effect  of 
changes  in  the  enthalpy  and  concentration  of  mass  in  a  flow  on  the 
mechanism  of  turbulent  mixing,  and  is  probably  valid  for  not  too  large 
enthalpy  and  concen  ration  gradients.  The  assumption  stating  that 
the  turbulent  momentum,  enthalpy,  and  mass  transport  coefficients  are 
identical  is  apparently  equivalent  to  an  assumption  stating  that  the 
turbulent  analogs  of  the  Prandtl  and  Schmidt  numbers  are  equal  to 
unity: 


Pr.  —  Scj  =  1. 


(2.70) 


In  quantitative  terms,  Reynolds  similitude  can  be  expressed  as 


or 


>ir  =  ew 


(2.71) 


2_  __  dh  f  jT  ^  dc. 

r  ~~£t*  T  “  ~d~  ’  (2.72) 


When  studying  turbulent  flows,  in  which  one  must  take  into 
account  the  effects  of  compressibility,  heat  and  mass  transfer,  chemi¬ 
cal  reactions,  etc.  (all  at  the  same  time  or  some  of  them),  the  only 
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possible  method  involves  an  extension  of  the  semi-empirical  theories 
of  turbulence  in  incompressible  fluids  to  these  more  complicated 
cases.  The  extension  in  question  usually  reduces  to  direct  use  of 
the  semi-empirical  formulas  of  Prandtl  (2.68)  and  Harman  (2.69).  Here 
Prandtl's  and  Harman's  formulas  retain  their  previous  form,  with  the 
only  exception  that  the  density  p  is  considered  to  be  variable. 
Regarding  the  value  of  the  turbulence  constant  k  (v;e  recall  that  the 
mixing  path  is  usually  given  by  l  =  icy),  it  should  be  noted  that, 
even  though  there  is  some  experimental  evidence  that  the  value  in 
question  is  affected  by  compressibility  and  heat  transfer,  at  the  same 
time  the  evidence  we  have  does  not  permit  us  to  make  any  numerical 
estimates  of  this  effect For  this  reason,  the  constant  <  is 
usually  given  the  value  it  assumes  in  an  incompressible  fluid, 

(k  =  0.39  -  0.41). 


Integral  Momentum  and  Energy  Relations 


In  the  theory  of  the  boundary  layer  when  constructing  the  so- 
called  (approximate)  integral  techniques  of  friction  and  heat  transfer 
calculations,  one  uses  the  integral  form  of  the  momentum  and  energy 
conservation  conditions.  In  order  to  obtain  these  conditions,  we 
shall  set  up  the  boundary  conditions  at  the  surface  of  the  body  and 
at  the  external  boundary  of  the  boundary  layer  for  the  velocities, 
total  enthalpy,  and  concentrations  of  components.  To  make  the  argu¬ 


ments  more  general,  we  shall  assume  that  the  surface  of  the  body  is 
permeable.  These  conditions  are 

u  w  0,  v  !*,,  //  -i  h,,  e%  c„»  ivr  y  -  0;  ] 

//-*//„  ei  — * Cj,  fop  y I 


fop  ‘j  j 


(2.73) 


The  second  condition  at  the  wall,  v  «  vw,  describes  its  permeability. 
If  the  wall  is  not  permeable,  then  vw  *  0.  The  last  three  conditions 
provide  for  the  smooth  transition  of  the  velocity,  total  enthalpy, 
and  concentration  profiles  at  the  boundary  of  the  boundary  layer  with 

the  external  flow. _ 

Footnote  (8)  appears  on  page  70. 
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The  external  flow  will  be  assumed  to  be  isentropic,  and  thus 
the  velocity  at  the  outer  boundary  Ue  will  be  related  to  pressure  on 
the  surface  of  the  body  by  the  Bernoulli  equation 


dx 


(2.74) 


In  deriving  the  integral  relations,  we  make  use  of  the  boundary 
layer  equations  expressed  in  terms  of  x,  y.  Here  the  equation  of 
continuity  (2.66)  will  be 

^(pa)  +  ^(p»)-fp«^^  =  0,  (2.75) 


where  v  0  for  a  plane  flow  and  v  *  1  for  an  axially  symmetric  flow 
In  the  boundary  layer. 


Integral  momentum  relation.  Using  Equations  (2.74)  and  (2.75) » 
we  rewrite  the  equation  of  motion  (2.52)  as 


i 

■  »w.  ■  m 

i-;  « 


Multiplying  both  sides  of  Equation  (2.75)  by  UG,  we  obtain 

d 


Subtracting  both  sides  of  the  preceding  equation  from  this  equation, 
we  arrive  at  the  expression 

-4*  (pM,  —  p«)  *4* 


+  1 ^ 


&<»*«•£]• 


Integrating  this  expression  across  the  boundary  layer  along  y 
between  0  and  infinity,  and  introducing  the  integral  thicknesses: 


6$ 
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(2.76) 


<r 


-  \  \  » \ ». 
-•  \  v ~t/~ { i  —  rr-<‘y 


which  is  the  momentum  loss  thickness,  and 


(2.77) 


which  is  the  displacement  thickness,  and  also  using  the  boundary 
conditions  for  the  velocity  (2.73),  we  obtain 


-rP/ft' 


t  K 

r'  tlx 


(2.78) 


where 


is  the  friction  stress  at  the  wall. 


Performing  differentiation  in  (2.78),  and  noting  that 


* 

p« 


(2.79) 


p 

upon  dividing  both  sides  of  Equation  (2.78)  by  peUe  we  obtain  the 
integral  momentum  relation 


Here 


<!V 


£<2-r/r. 


cv  dx 


(2.80) 


//• 


(2.81) 


is  the  form  parameter  of  the  boundary  layer,  Ms  «  UJa ,  is  the  Mach 
number,  a0  is  the  velocity  of  sound  at  the  outer  boundary  of  the 
boundary  layer.  The  prime  indicates  a  derivative  with  respect  to  the 


6*5 
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x  coordinate.  It  will  be  noted  that  Equation  (2.79)  can  be  easily 
derived  from  the  Bernoulli  Equation  (2.74),  upon  writing  the  latter 
in  the  form 


(it 

>  d;i  ]t  (lx 


pJJ 


dUt 

•  dx  - 


Now  recalling  the  definition  of  the  velocity  of  sound 


we  arrive  at  once  at  (2.79)* 


The  integral  momentum  relation  may  also  be  written  in 
different  form  considering  that 

a*  -  T,  (i  +  const 


and,  consequently. 


W 


K 


(r — l)  m* 


'±  +  1 


J1 

2  T . 


M. 


As  a  result  we  obtain 


d&"  ,  K  2  +  //*  —  M*  ,  6-  K  _  *,  ,  .. 
*  +  ^1+.L=±Ms  *  —  T  **"  Cm* 


Here 


is  the  local  friction  coefficient,  and 

,,  Wu 


is  the  relative  mass  flow  across  the  surface. 


(2.82) 


somewhat 


(2.83) 


(2.84) 


(2.85) 


(2.86) 
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Integral  energy  relation.  The  energy  Equation  (2.56)  will  be 
transformed  with  the  help  of  Equation  (2.75)  into 


Noting  that  Hg  =  const ,  we  shall  write  the  equation  of  continuity 
as 


-(pullt) 


j. 


~(pi>ll')  +  pul!,-- 
*  rv> 


K 

dz 


Subtracting  the  preceding  equation  from  the  last  one  and  integrating 
across  the  boundary  layer  with  respect  to  y  between  zero  and  infinity, 
in  view  of  the  boundary  conditions  (2.73),  we  obtain 


d_ 

dz 


no 


W  0 


where 


"  (>r  Oy  +  ep  2  (Lo‘  1 ) hi  Oy  )w 

is  the  heat  flux  from  the  gas  to  the  wall. 


(2.87) 


(2.88) 


Introducing  the  integral  thickness  of  the  energy  loss 


6 


it 


(2.89) 


in  view  of  Equation  (2.79),  we  obtain  the  integral  energy  relation 
in  the  following  form: 


%-+£<»-  «!)»;; + c « itiK/ftba 


v. 


O 


(2.90) 


hM 
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Introducing  the  dimensionless  heat  transfer  coefficient  (Stanton 
number) ,  we  have 


«/. 


(2.9D 


where 


»r- 


(2.92) 


is  the  equilibrium  enthalpy  of  the  surface  over  which  the  flow  occurs 
without  heat  transfer,  and  r  is  the  recovery  factor  characterising 
the  nonadiabaticity  of  motion  in  the  boundary  layer.  Using  Equations 
(2.83)  and  (2.86),  we  bring  the  integral  energy  relation  (2.90)  to 
the  following  form: 


dx 


M. 


t-M* 


(2.93) 
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FOOTNOTES 


Footnote  (1)  on  page  ill.  A  detailed  discussion  of  the  methods  of 

computing  various  averages  in  the 
theory  of  turbulence  can  be  found  in 
the  monograph  by  A.  S.  Monin  and 
A.  M.  Yaglom  that  was  quoted  above. 

Footnote  (2)  on  page  113.  A  derivation  of  the  average  equations 

of  turbulent  motion  for  a  compressible 
homogeneous  gas  was  first  given  in  the 
paper:  Van  Driest,  E.R.  Turbulent 
Boundary  Layer  in  Compressible  Fluids. 
Journ.  Aero.  Sci.,  Vol.  18,  No.  3, 

1951,  PP-  145-160. 


Footnote  (3)  on  page  45.  It  should  be  noted  that  the  operation 

involving  averaging  the  mass  rate  of 
formation  of  the  l^h  component  Wj^  is 

not  written  explicitly  in  this  case, 
since  today,  when  using  the  averaged 
equation  of  continuity  of  the  ith 
component  in  turbulent  flow,  wide  use 
is  made  of  an  approximation  in  which 
wA  is  understood  to  mean  the  expression 

for  (wj^)  in  which  all  variables  are 

time  averages.  The  attempts  to  take 
into  account  the  fluctuating  terms  in 
the  expression  for  lead  to  difficulties 

that  have  not  as  yet  been  overcome. 

Footnote  (4)  on  page  50.  For  the  equation  of  state  we  use  the 

same  approximation  as  for  the  mass  rate 
of  formation  of  the  ifch  component  w^^ 

(see  footnote  3  above). 

Footnote  (5)  on  page  51*  Concerning  the  turbulent  Prandtl 

number,  see  Section  15. 

Footnote  (6)  on  page  58.  For  a  derivation  of  trie  transformation 

formulas,  see  the  monograph  by 
L.  0.  Loytsyanskiy  "Laminarnyy  pogran- 
iohnyy  sloy"  (Laminar  Boundary  Layer), 
"Fizmatgiz",  Moscow,  1962,  p.  335. 
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Footnote  (7)  on  page  61. 


For  a  detailed  exposition  of  Prandtl's 
and  Harman' s  theories  see  the  monograph 
by  Q.  Schlichting,  '’Boundary  Layer 
Theory",  "Nauka"  Publishing  House, 
Moscow,  1969. 

Footnote  (8)  on  page  63.  This  question  will  be  considered  in 

detail  in  Chapter  III. 
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CHAPTER  III 

TURBULENT  BOUNDARY  LAYER  IN  A  HOMOGENEOUS  GAS  FLOW 
AT  SUPERSONIC  VELOCITIES 


$  IQ .  INTRODUCTION 

In  this  chapter  we  are  going  to  discuss  the  theoretical  and 
experimental  results  of  the  studies  dealing  with  characteristics  of 
the  turt'-.lent  boundary  layer  on  a  non  pc  rateable  surface  in  a  homogeneous 
gas  flaw  at  superior, la  velocities.  The  homogeneity  of  the  gas  flow 
signifies  essentially  that  no  chemical  reactions  occur  in  the  flow. 

A  majority  of  the  results  presented  here  refer  t@  flews  in  which  the 
specific  heat  capacity  of  the  gas  may  be  considered  to  be  constant. 

The  problem  of  turbulent  boundary  layer  calculations  for  super¬ 
sonic  velocities  and  bodies  ©f  arbitrary  shape  is  at  the  present  time 
still  far  from  completely  being  solved.  As  we  fcnow,  the  problem  of 
the  separation  of  the  turbulent  boundary  layer,  arising  in  a  study  of 
flews  with  large  positive  pressure  gradients,  does  net  have  a  satis- 
factory  solution  even  for  the  case  ©f  an  incompressible  fluid.  The re - 
fvre,  existing  methods  of  turbulent  boundary  layer  calcnlatiens  for 
supers  chic  velocities  enable  us  t©  determine  the  shin  friction  and 


heat  transfer  coefficients  only  for  bodies  <>f  relatively  simple  chape 
(plates,  cones,  neighborhood  of  the  critical  point  of  a  blunt-nosed 
body,  etc.).  The  most  significant  results  (experimental  and  theoreti¬ 
cal)  were  obtained  when  studying  the  flow  near  a  smooth  flat  plate 
positioned  along  the  flow. 

The  literature  devoted  to  a  computation  of  the  drag  coefficient 
for  a  smooth  fiat  plate  contains  a  large  number  (several  dozen)  of 
approaches.  In  accordance  with  the  basic  assumptions  used  by  various 
authors,  we  ean  distinguish  three  directions  of  research  that  coexist 
at  the  present  time. 

The  first  of  these  is  baaed  on  a  generalisation  of  the  form las 
sf  the  secs i -e tape rieai  theories  of  turbulence  (2.&$)  Cfrandtl)  and 
U.$9)  (Kansan),  obtained  for  an  Incompressible  fluid  to  the  ease  of 
a  gas  roving  at  a  largo  velocity.  Methods  used  in  this  approach  can 
also  be  characterised  as  rot  hod#  using  the  logarithmic  velocity  ptrw- 

m§. 

*W  rot bed#  comprising  the  seeond  approach  obaract*rist iealiy 
«#*■  a  power-law  velocity  profile.  S**th  the  first  and  Approach 

*♦-*  •*  Wanii  extension  *f  the  traditional  SMKhods  the  thrpi-y  ef 
turhuVe-ht  boundary  t»  ioeojspreosifeie  fluids. 


finally,  thfc  third  approach  nay 
be  sailed  .  Its  vasi e 

feature  is  the  fa* i  that  it  miss  8  f@r- 
»«!&*  «d»lar  are  fwpe&aiiy  ; 
with  the  reran*  la#  for  an  1  n  spares - 
sihSe  fluid  and  inv&lve  para^tgr^ 
wits?  values  correspond i ng  to  the 
se-cal led  "defining1"  ted^erM-or*, 
selected  in  a  certain  faehi©«. 

there  aisa  are  ©etheds  which  «5»ecMp>y  ah  InterMltt#  position  atfjnd 
the  Indicated  disectioh#  «f  research. 


r? 


A  majority  of  papers  belonging  to  the  first  approach  make  use  of 
the  assumption  that  the  tangential  friction  stress  t  is  constant  across 
the  boundary  layer  and  equal  to  its  value  at  the  wall,  i.e.. 


t  •-  coast  tb  ? 


(3.1) 


In  reality,  as  shown  by  experiments  done  by  Klebanoff  [1],  in 
an  incompressible  turbulent  boundary  layer  on  a  flat  plate  (Figure  2, 
circles  signify  the  experimental  points  obtained  by  Klebanoff),  the 
dependence  of  the  turbulent  friction  stress  on  the  lateral  cooz*dinate 
is  nearly  linear  (straight  line  in  Figure  2),  and  can  be  approximately 
described  by  the  expression 


1 


u 

%' 


(3.2) 


where  d  is  the  thickness  of  the  boundary  layer. 


nevertheless,  the  assumption  (3.1)  does  not  introduce  a  signifi¬ 
cant  error,  as  compared  with  (3<2),  into  the  calculation  of  the  inte¬ 
gral  characteristics  of  the  boundary  layer  (friction,  displacement 
thickness,  momentum  loss  thickness,  etc.).  This  becomes  easy  to  see 
if  we  consider  the  saarventum  loss  thickness  &**  given  hy  Equation  (2. 
Writing  this  equation  in  the  form 


f;r(‘ 

I  ■ *  t  \ 


*  v?  ifr  , 


(3.3) 


we  note  that  it  is  the  derivative  du/dy  that  depends  en  the  distribution 
of  the  tangential  stresses  across  the  boundary  layer  (this  can  be  seen 
hrandtl*s  and  Rarewtn’a  formulas  and  The 

error  introduced  in  it  by  assumption  C|.i)  will  obviously  occur  near 
the  external  boundary  of  the  boundary  layer,  where  according  Vs  (*.11 
m  t  ,  whereas  in  fact  ?  •*  0  or  y  =*  *.  hut  In  this  case  the  dsriva- 
tive  Idu/dy)"**  is  multiplied  by  a  small  quantity  (1  -  «/5l  )  (The  quan- 
tlty  is  small  since  u  *»  U  for  y  -  *■)  which  in  :>«?  final  analysis 
results  in  a  small  error  In  A**'»  vn  the  ©tm  as  will  be  shewn 


below,  the  friction  coefficient  at  the  wall  is  cf  v  (In  «**).  This 
also  contributes  to  a  reduction  of  the  er~or  made  in  the  calculation 
because  of  the  assumption  (3*1). 


To  justify  the  assumption  (3-D,  we  can  also  use  the  following 
simple  arguments.  Making  use  of  the  usual  logarithmic  velocity 
profile  [2] 


(3.4) 


it  .is  easy  to  obtain  from  Equation  (3*?)  the  following  relationship 
between  the  friction  stress  in  the  boundary  layer  and  the  velocity: 


;  i 
0.8  > 


r\¥i 


4-1- . P 


i- .  [  —  •••*>) 


to  -  -r  •  1  /  r~ 


(3.5) 


:•  |  > 


m- — r 


o.2\  j  -}  |  The  results  of  th.-  computation  based 

I  j  i  i  I  on  Equation  (3.5)  for  three  values 

^  0,4  0,6  0,8 u/ve  of  the  friction  parameters  =  20, 

Figure  3  30,  40  are  given  in  Figure  3.  As 

we  can  see  from  Figure  3j  for  example, 

7 

for  =  30  (this  means  that  the  Reynolds  number  is  vlO  )  in  the  veloc¬ 
ity  interval  0  <  u  <  0.8  the  friction  stress  varies  within  the  range 
0.9  <  t/t  <  .1  which  justifies  the  use  of  (3.1)  in  practical  calcula- 
tions . 


32  04  0,6  08  ’ 

u/Ve 

Figure  3 


When  using  (3.1)  from  Prandtl's  and  Karman's  formulas,  (2.68)  and 
(2.69),  we  can  obtain  the  following  expressions  for  the  velocity 
profiles : 


,1  =  ^TexP  *\(i;Tda' 


1  Cf 


JWH(vT''“ 


(3.6) 

(3.7) 
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Here 


(3.8) 


C^,  C^,  are  constants  of  integration;  x  is  an  empirical  constant 
of  turbulence  whose  value  is  usually  set  equal  to  its  value  for  an 
incompressible  fluid,  i.e.,  k  =  0.39  -  0.41. 


Equations  (3.6)  and  (3.7)  lead,  respectively,  to  the  following 
expressions  for  the  momentum  loss  thicknesses  (2.76): 

*•  -  4<*  *1* 


(3.9) 

(3.10) 


The  differences  among  studies  using  the  first  approach  are 
usually  contained  in  the  assumptions  regarding  the  constants  of  inte¬ 
gration  C^,  C2 ,  or  regarding  the  expression  for  p/pw>  or  finally 
regarding  the  methods  used  to  evaluate  the  integrals  in  the  expres¬ 
sions  for  the  momentum  loss  thicknesses  (3.9)  and  (3.10)  H 


The  paper  that  started  a  wide  use  of  the  semi-empirical  methods 
in  the  first  approach  was  written  by  P.  I.  Frankl'  and  V.  V.  Voyshel' 
[3.].  In  this  paper,  the  authors  decided  to  follow  the  approach  of  a 
direct  generalization  of  Karman's  method  v  .  Unfortunately,  the 
degree  of  approximation  used  by  Frankl'  and  Voyshel'  [4]  enabled  them 
only  to  perform  calculations  for  Mach  numbers  not  much  larger  than 
unity . 

The  transition  to  large  Mach  numbers,  apparently,  would  have 
required  even  more  complicated  computational  techniques  than  those 
already  used  by  the  authors,  or  it  might  have  required  a  direct  use 
of  numerical  methods. 


Footnote  (1)  appears  on  page  178, 
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After  almost  25  years,  the  same  approach  to  a  generalization  of 

*  Harman' s  formula  (2.69)  to  the  case  of  supersonic  velocities  was  taken 
by  Wilson  [5],  who  had  analyzed  a  flow  over  a  thermally  insulated 
plate . 

* 

A  more  general  problem  of  the  drag  of  a  plate  in  a  gas  flow  in 
the  presence  of  heat  transfer  but  using  Prandtl's  formula  (2.68)  was 
considered  by  Van  Driest  [6]  almost  simultaneously  with  Wilson.  Later 
Van  Driest  [7]  obtained  the  formula  for  friction  on  the  basis  of 
Harman' s  formula  (2.69). 

A  method  developed  by  V.  M.  Ievlev  has  become  widely  used  in 
practice  [8], 

The  semi-empirical  methods  have  been  further  developed  by  I.  P. 
Ginzburg  and  A.  A.  Shemets  [93,  L.  Ye.  Kalikhman  [10],  S.  S. 

•  Kutateladze  and  A.  I.  Leont'ev  [11],  L.  G.  Loytsyanskiy  and  Yu.  V. 

Lapin  [12],  L.  M.  Zysina-Molozhen  and  I.  N.  Soskova  [13],  and  other 
authors . 

Now  we  shall  briefly  characterize  the  methods  of  the  turbulent 
boundary  layer  calculations  which  belong  to  the  second  approach.  It 
must  be  noted  that  the  theory  of  the  isothermic  turbulent  boundary 
layer  in  an  incompressible  fluid,  using  a  power-law  velocity  profile, 
is  based  on  a  well-known  experimental  fact  first  discovered  by  Blasius. 
In  a  turbulent  flow  in  a  straight  circular  tube,  the  variation  of  the 
velocity  across  the  tube  as  a  function  of  the  distance  from  the  wall 
and  the  friction  stress  at  the  wall  as  a  function  of  the  Reynolds 
number,  calculated  from  the  velocity  on  the  axis  U  and  the  tube 
radius  Tq,  obey  a  power  law 

ii  (  r  \liii  /I 

(Uaray  (j.ll) 

A  use  of  the  power-law  velocity  profile  for  the  case  of  external 
flow  by  an  incompressible  fluid  made  It  possible  to  obtain  a  power- 
law  dependence  of  the  friction  coefficient  on  the  Reynolds  number, 
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calculated  in  terms  of  the  velocity  of  the  oncoming  flow  and  the 
length  of  the  plate.  The  value  of  the  exponent  in  the  expression  for 
the  velocity  profile 


where  6  is  the  thickness  of  the  boundary  layer,  is  usually  selected 
by  demanding  that  the  result  agree  with  the  experimental  data.  It  is 
then  explained  that  the  exponent  varies  depending  on  the  Reynolds  num¬ 
ber  within  a  fairly  wide  range:  ^  <  n  <  13*  This  fact,  however,  is 
of  no  essential  importance  since  —  if  other  parameters  do  not  affect 
the  value  >f  the  exponent  —  it  is  always  possible  to  choose  the 
most  satisfactory  value  of  the  exponent  within  the  required  range  of 
the  Reynolds  numoer. 

The  situation  is  different  for  a  compressible  gas.  In  this 
case,  the  exponent  is  affected  not  only  by  the  Reynolds  number,  but 
also  by  the  Mach  number  and  a  temperature  factor,  which  greatly  compli¬ 
cates  the  selection  of  the  correct  value  for  the  exponent.  This  means 
that  some  of  the  theories  of  turbulent  boundary  layer  in  a  compressible 
gas,  based  on  the  power-law  velocity  profile  [1*0,  are  satisfactory 
only  within  a  relatively  limited  range  of  any  given  parameter 

<RV  V  w- 

Among  methods  that  belong  in  the  se  .ond  approach,  we  shall 
mention,  in  particular,  the  method  of  the  "effective  length"  proposed 
by  V.  3.  Avdeyevskiy  [153.  The  method  is  baaed  on  power-law  velocity 
and  enthalpy  distributions  in  a  boundary  layer  written  in  terms  of 
the  Dorodnltsyn  variables,  and  on  experimentally  established  formulas 
for  the  drag  and  heat  transfer  on  a  flat  plate.  A  computation  of  the 
drag  and  heat  transfer  in  a  turbulent  boundary  layer  of  a  compressible 
gas  for  moderate  longitudinal  pressure  gradients  reduces  in  the  final 
analysis  to  a  calculation  using  the  formulas  for  a  flat  plate.  Instead 
of  the  actual  coordinate  giving  the  position  of  a  point  on  the  surface 
of  the  body,  they  use  a  certain  "effective  length"  which  can  be 
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calculated  from  integral  conditions. 


The  third,  so-called  empirical,  approach  to  the  problem  of  a 
turbulent  boundary  layer  in  a  compressible  gas  is  essentially  an 
attempt  at  extending  the  well-known  relationships,  obtained  for 
incompressible  fluids,  to  the  case  of  a  compressible  gas  by  referring 
the  physical  parameters  of  a  gas  to  a  certain  temperature,  selected 
in  some  fashion.  Thus,  as  early  as  in  1935*  at  the  Volta  Congress 
in  Rome,  Karman  [16]  proposed  a  formula  for  skin  friction  in  a  com¬ 
pressible  gas  flowing  over  a  thermally  insulated  plate.  The  formula 
was  set  up  without  any  theoretical  justification  by  starting  with  a 
simplified  assumption  stating  that  it  is  possible  to  use  the  same 
formula  for  both  large  and  small  velocities,  as  long  as  the  physical 
parameters  are  determined  at  the  temperature  of  the  wall.  This  for¬ 
mula  for  the  mean  friction  coefficient  has  the  form 

y^[i+  +  2^-K) .  (3.13) 

A  comparison  of  Karman* s  formula  with  experiment  has  shown  that  the 
use  of  the  wall  temperature  as  the  defining  temperature  in  a  boundary 
layer  results  in  an  exaggerated  effect  of  compressibility. 

By  now,  many  authors  have  proposed  a  large  number  of  empirical 
formulas  for  the  "defining"  temperature.  Some  of  them  are  given  below: 


0.42  +  0.032MJ+  0,58^  for  M,<5,5 »); 

*  « 


^  0,70  -|-  0,023 M*  +  0,58  i  for  M,>  5,5  *). 

r* 

It  should  be  noted  that  the  last  two  formulas  for  the  defining 
temperature  were  obtained  from  an  analysis  of  the  numerical  solutions 
of  the  equations  of  a  laminar  boundary  layer.  Even  though  these 
expressions  are  used  when  calculating  friction  in  a  turbulent  boundary 
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layer,  one  should  nevertheless  keep  this  circumstance  in  mind.  A 
computation  using  these  formulas  gives  understated  values  of  the 
friction  coefficient. 

A  method  which  is  different  from  others,  but  still  essentially 

(2) 

empirical,  was  developed  by  Spalding  and  Chi  .  A  comparison  of 
various  methods  of  calculating  friction  in  a  turbulent  boundary  layer 
on  a  flat  plate  with  the  existing  experimental  data,  done  by  Spalding 
and  Chi  in  their  paper,  has  shown  that  the  most  accurate  methods  are 
those  proposed  by  Wilson,  Van  Driest  (method  based  on  Harman’s 
formula),  Kutateladze  and  Leont’yev  ^ ,  Spalding  and  Chi. 

Taking  this  into  account.  Section  12  will  describe  the  semi- 
empirical  method  of  calculation,  leading  in  the  case  of  a  thermally 
insulated  plate  to  Wilson’s  results  and  in  the  case  of  a  flow  with 
heat  transfer,  to  Van  Driest* s  results.  At  the  same  time,  we  shall 
briefly  present  Spalding  and  Chi*s  method  (Section  13)  which  to  a  cer¬ 
tain  extent  uses  the  results  of  the  semi-empirical  method.  The 
simplicity  and  high  accuracy  of  this  method  make  it  very  convenient 
for  engineering  calculations. 

§11.  Experimental  Studies  of  a  Turbulent  Boundary 

Layer  in  Supersonic  Flows  (Friction  and  Velocity  Profiles) 

Among  the  numerous  problems  of  experimental  aerodynamics,  the 
problem  of  determining  the  turbulent  skin  friction  has  been  for  many 
years  one  of  the  most  urgent  and  widely  studied  problems.  Without 
presenting  the  experimental  results  regarding  the  characteristics  of 
the  turbulent  boundary  layer  in  an  incompressible  fluid,  we  shall 
limit  ourselves  here  to  the  most  important  and  interesting  experimental 
results  concerning  the  velocity  profiles  and  skin  friction  in  a 


Footnote  (2)  appears  on  page  178. 
Footnote  (3)  appears  on  page  178, 
Footnote  (5)  appears  on  page  178, 
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\  turbulent  boundary  layer  of  a  compressible  gas,  both  on  thermally 

■;  insulated  surfaces  and  on  surfaces  that  can  exchange  heat  with  the 

;■  ;  flowing  gas.  A  majority  of  the  results  described  below  were  obtained 

£  from  1950  on.  It  should  be  noted  that  the  experimental  results  avail- 

I  able  today  are  far  from  complete.  This  is  particularly  true  regarding 

•  o  data  on  the  velocity  profiles  in  a  boundary  layer. 

i  Among  papers  dealing  with  the  characteristics  of  the  boundary 

;  layer  on  thermally  insulated  surfaces,  we  shall  consider  those  by 

;  Wilson,  Chapman  and  Kester,  Coles,  Korkegi,  Matting  et  al..  Moor  and 

Harkness.  Among  papers  dealing  with  surfaces  with  heat  exchange,  we 
shall  consider  those  by  Lobb  et  al..  Hill,  Sommer  and  Short,  Winkler, 
Koslov.  The  results  obtained  by  other  authors  will  be  included  in 
the  resultant  plots. 


{ 

\ 
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Experimental  Studies  Using  Thermally  Insulated  Surfaces 

(5) 

Wilson's  experiments  At  certain  sections  of  the  boundary 

later  on  a  thermally  insulated  flat  plate,  Wilson  measured  the  velocity 


'’not.  not  »>  (r))  appear.*  on  par*'  178. 


profiles  using  the  Pitot  tube.  The  numbers  Mg  and  Re^  were  varied  in 
the  experiments  within  the  following  ranges : 

1,579  <2,186; 

2,2  <  Re*  •  10-*  <  19. 

As  an  example.  Figure  4  shows  the  velocity  profile  for  Mg  =  1.999 
(circles  signify  experimental  points;  the  solid  line  will  be  explained 
below  in  Section  12).  Using  the  velocity  profiles,  Wilson  determined 
the  momentum  loss  thickness  6**,  ana  then  computed  the  mean  friction 
coefficient  [see  Equations  (2.76)  and  (3-64)].  The  values  of  the  mean 
friction  coefficients  thus  found  are  plotted  in  Figure  5. 

Chapman  and  Kester's  experiments  [20].  The  measurements  of  the 
mean  friction  coefficient  were  made  on  the  surface  of  a  long  cylin¬ 
drical  body  of  revolution  at  subsonic  and  supersonic  flow  velocities 
for  the  following  range  of  M  and  Re  :  0.S1  <  M  <  3.60;  4  <  Re  . 

-  e  X  —  P—  —  X 

Id  «_  l.?.  The  skin  friction  force  was  determined  directly  by  means 
of  tests  on  two  model?  (models  are  sketched  in  Figure  6).  The  ex¬ 
periments  measured  the  difference  between  the  total  drag  and  wake 
'P’ag,  respectively,  for  each  model  of  the  cone-clindor  and  the  cone: 

Tim  difference  between  these  two 
values  gives  the  friction  force 
acting  on  the  surface  of  the  cylinder 

f  «  (Qi  -  Qbt)  —  ((?#  —  CW- 

The  results  are  shown  in  Table  1 
The  value  of  the  mean  friction  co¬ 
efficient  in  an  incompressible  fluid 
(Cj>>fJ)exp  by  which  friction  coefficients,  measured  for  various  values  of 
Ng,  were  divided  was  determined  experimentally.  In  the  lower  row  of 
the  table,  the  same  coefficients  were  divided  by  the  mean  friction 


'  "  !  “  'HI  ^  an'*  ^ ^ ;>  ”  , 

Transition  wire 

First  model  Ht,u#tng 

Second  model 
Figure  6 


$2 
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coefficient  c^q  calculated  using  Kantian' s  formula  (3*59)  • 


TABLE  1 


Me 

0.51 

0.81 

1.99 

2.49 

2.95 

l 

3 .  '36 

3.60 

cp/(cpo)exp 

0.985 

0.929 

0.746 

0.671 

0.623 

0.578 

0.551 

cF/cF0 

0.994 

! 

0.924 

i 

0.757 

0.672 

0.630 

0.571 

0.552 

Experimental  values  of  the  friction  coefficient  are  plotted  in 


Figure  7  as  functions  of  the  he  number  for  various  values  of  M  , 

X  c 


The 


TO 


for  Mg  =  0  were  found  using 


values  of  the  friction  coefficient 
CI 

Kantian' s  formula  (3*59).  As  can  be 
seen  in  Figure  7,  the  plots  corres¬ 
ponding  to  various  values  of  Mg  are 
parallel  to  the  curve  for  Mo  =  0, 
which  means  that  the  ratio  CpA'pQ 


of  Re  Investigated. 

A 


The  layer 

structure  of  the  experimental  data 

for  the  same  value  of  M  Is  due  to 

e 

the  use  of  cylinders  of  various  lengths  (the  experiments  used  cylin¬ 


ders  for  which  the  ratio  of  the  length  to  the  diameter  was  Z/d 
13*  and  23). 


8, 


Coles'  experiments  [211.  Coles  experimentally  determined  the 
values  of  the  local  and  mean  skin  friction.  Local  friction  was 
measured  directly  by  means  of  a  "floating"  element  built  into  the 
surface  of  a  plate  placed  in  the  test  section  of  a  supersonic  aero¬ 
dynamic  tunnel.  Mean  friction  was  determined  from  the  momentum  loss 
thickness  6**  [Equation  (2.76)].  M„  in  the  experiments  ranged  from 
M,  =  2  to  Nl  =  U . 5 »  and  the  Reynolds  number  —  from  3*10°  to  9*10  . 
The  experimental  results  are  listed  in  Table  2. 
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TABLE  2 


M 

e 

I*  ,57 

2,58 

3.W 

3,7U 

4,SI 

4,55 

4, 5-» 

4.54 

ltr8 

vs 

4.84 

8,32 

3,54 

7,25 

3,52 

6,83 

3,37 

6,91 

cr10s 

1,81 

1,66 

1,62 

1,38 

1,48 

1,22 

1,55 

1,26 

c,;ch 

0,705 

0,700 

0,595 

0,570 

0,530 

0,500 

0,533 

0,495 

cf/cF, 

0,715 

0,710 

0,635 

0,610 

0,590 

0,560 

0.600 

0,500 

ijorkegi's  experiments  [221.  The  local  friction  on  a  flat  plate 
was  measured  by  means  of  a  "floating'*  element,  similar  to  Coles' 
studies.  Mg  was  held  constant  during  the  experiment  (M  =  5.8),  and 
the  Reynolds  number,  calculated  from  the  parameters  on  the  outer 
boundary  of  the  boundary  layer  and  the  distance  from  the  "floating" 
element  to  the  front  edge  of  the  plate,  was  varied  from  106  to  4  x  106. 
Along  with  friction,  Korkegi  also  measured  the  velocity  and  tempera¬ 
ture  profiles  which  were  then  used  to  calculate  the  integral  boundary 
layer  thicknesses  <$*  and  <$#*,  and  the  parameter  H*  =  The 

experimental  results  are  listed  in  Table  3. 

TABLE  3 


*•** 

«* 

•7 

<'/ '  jo 

’R> 

5,787 

2177 

0,0375 

0.520 

14,10 

t,3i6 

0,103 

0,407 

5,770 

2780 

0,0301 

0,5111 

11,38 

1,275 

0,400 

0,103 

5,792 

3129 

0,0357 

0,501 

15. 

1,223 

0,100 

0,103 

5.803 

•lot 

0,0385 

0,501 

15,7.1 

1,170 

0,317 

0,102 

In  Table  3  in  the  next  to  the  last  column,  the  ratio  cf/cf0  was  cal¬ 
culated  for  a  constant  value  of  Re*»,  i.e.,  Cf(J  was  determined  for 

the  same  value  of  Re»»  as  cp.  The  ratio  of/cf0  in  the  last  column  of 
Table  3  was  computed  for 

Re,<  const  (5  <  Re*  •  10*  <  (»)• 
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The  Matting,  Chapman,  Nyholm,  and  Thomas  experiments  [231 «  These 
four  authors  have  performed  an  extensive  and  thorough  experimental 
investigation  of  the  turbulent  boundary  layer  on  a  thermally  insulated 
surface  in  the  absence  of  a  longitudinal  pressure  gradient.  The 
experiments  yielded  data  on  the  local  friction  and  velocity  profiles 
for  Mach  numbers  ranging  from  0.2  to  9.9  and  Reynolds  numbers  ranging 
from  2  *10°  to  100*  10  .  The  working  substance  for  0.2  ^  M  <  4.2  was 
the  air,  and  for  4.2  <  <  9.9  —  helium.  Since  the  adiabatic 

exponents  (ratio  of  the  specific  heat  capacities  at  constant  pressure 
and  volume)  y  =  c  /c  for  the  air  and  helium  differ  significantly  from 


each  other  (y 


air 


1.4,  Tne  *  1*66) ,  the  similitude  parameter  was  of 


the  form  (y  -  1)  M~.  In  this  case,  the  exoerimental  results  obtained 
in  a  helium  stream  for  (Mg)He  will  be  equivalent  to  the  results  obtained 
in  an  air  stream  for 


(Mf (M,)lk  t/ 

r  **•«“' * 


The  validity  of  this  relation  was  con filmed  by  experiments.  In 

particular,  Figure  8  shows  the  velocity  profile  in  the  air  (fl  «  4.2)^ 

and  in  helium  (M„  11  3.25)  for  the  same  Reynolds  number  Re  ®  6.2  x  10" 
9  6  x 

in  the  upper  drawing  and  Re„  E  35*10  In  the  lower  one.  The  velocity 

X 

profiles  determined  for  various  gases  arc  in  very  good  agreement. 


The  results  of  the  velocity  measurements  in  the  boundary  layer 
for  various  values  of  (M(i ) ^ are  presented  in  Figure  9.  The  axes 
measure  the  universal  coordinates  $  and  n  [see  liquations  (5.8)  J.  as 
we  can  see  from  Figure  9,  in  the  turbulent  core,  the  Mach  numier  has 
uardly  any  effect  on  the  form  of  the  universal  profile,  which  as  before 
is  described  well  by  a  logarithmic  formula.  As  we  approach  the  wall 
(in  the  laminar  sublayer),  we  observe  a  large  scatter  of  the  experi¬ 
mental  points  and  their  displacement  upward  from  the  curve  ■}  •»  a.  Ir. 
the  author's  opinion,  measurements  near  the  wail  are  not  re*  table. 

An  estimate  c.f  the  laminar  sublayer  thickness  using  the  cxpi-rir.eu*. a! 
data  shows  that  the  thickness  increases  with  M  .  r,:r  (M 1  e  *•.  *, 
it  amounts  to  10£  of  the  thickness  of  the  entire  boundary  «ay»s*. 
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Along  with  the  measurements  of  the  velocity  profiles,  the  authors 
also  measured  the  local  skin  frlctior  with  the  aid  of  a  floating  ele¬ 
ment.  The  results  of  these  measurements  are  shown  in  Figures  10  and 
11.  As  e„n  be  seen  from  Figure  11,  the  Reynolds  number  does  not  affect 


Cf  r'  f  T  rTT- 
1  uj 

Turbulent  'flow" 


-w-i-ir  ~~  t  -  —  '  •'•Air  ’  ' 

■  !Vr~  r  *■  :  r 

laiainar  v  I  I  !  i  *i  tur  **  t  *  w.  *.  «  - 

flMffl  — _ L  flow  M  (.Mill  — -  — 


J  <i  $■# 


to, ‘ST* 


Figure  10 


r  t  T‘$r*'  j$~"w  =&  w 

»  AtttiV  * 

Figure  il 


the  ratio  cf/ef0  in  the  range  investigated.  In  Figures  10  and  H 
"flags"  Indicate  th#  experimental  points  obtained  ter  small  8vy»r4d.- 
numbers  f ( Re^/Re,  )  <  0.6)  (L  ia  the  length  of  the  plate).  The  ay?*-e;v- 
encountered  difficulties  when  attempting  to  measure  accurately  ?»•* 
friction  at  these  points,  rue  difficulties  were  <jy«*  to  insufficient- 
development  of  turbulent  flow  for  (He  /He.)  <  o.b. 

X  is 


?j.ye.>'oope  and  HarKnasp  experiments  £gfeijh  The  paper  contain*  ?<,* 
results  of  measurement*  of  local  friction  and  velocity  profit*  *r.  a 
thermally  insulated  surface  for  Np  •  /.?.  «he  distinguishing  feature 
these  measurements  is  the  ract  that  they  encompass  a  region  of  very 
large  Reynolds  number*,  up  to  He  «  i.*l  x  10'.  The  1-^-aI  frlrt*,  :>n 
was  measured  by  means  of  a  floating  element,  the  results  <*r  measuring 
friction  on  the  wail  of  a  supersonic  diffuser  section  of  a  wind  t  .;c«u-  \ 
are  given  in  Table  4 . 
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TABLE  H 


T/.  *K 

.... 

M  K 

1*.  .«.u 

5,  mm 

****-K>-* 

u 

2.831 

298 

5,80 

22,7 

105,0 

5,25 

8,27 

0,000  J00 

2,8.3 

2')2 

5,01 

21/. 

110,9 

3,26 

6,11 

0.000933 

2,885 

2)5 

s.ot 

25,0 

108,9 

2,12 

3,76 

0,000958 

2,827 

289 

5,82 

28,1 

115,0 

1,82 

3,18 

0,001020 

2, 7*7 

316 

0,79 

30,8 

139,2 

5,57 

11.2 

0,000359 

2.80) 

3’ 7 

6,76 

3l.t 

155.2 

4,56 

8,73 

0,000875 

2,83* 

3t 

7,0* 

32,5 

140,5 

2,79 

5,12 

0.000356 

2.6J9 

305 

SJ1 

31,7 

153.5 

7,02 

14.1 

0,000862 

2,633 

300 

8.31 

30,0 

159,5 

_ 

5,85 

11,8 

0,000891 

Experimental  Investigations  with  Heat  Exchange 
Between  a  Gas  and  a  Surface  of  Bodies 


Lobb,  Winkler,  and  Berseh  experiments  The  papers  discussed 

in  the  preceding  portion  of  this  section  were  devoted  mainly  to  the 
investigation  of  skin  friction  on  theroally  insulated  surfaces,  and 
yielded  relatively  little  information  about  characteristics  of  the 
turbulent  boundary  layer  such  as  velocity  and  temperature  profiles, 
laminar  sublayer  thickness,  etc. 

The  paper  written  by  these  three  authors  is  one  of  those  rare 
papers  in  which  a  determination  is  made  not  only  of  friction,  but  also 
of  the  indicated  characteristics  of  the  turbulent  boundary  layer.  The 
investigations  of  the  boundary  layer  were  made  on  the  wall  of  a  fiat 
nestle  in  a  supersonic  wind  tunnel,  with  a  su&ail  pressure  gradient  in 
the  section  under  investigation.  Local  friction  was  determined  from 
the  velocity  gradient  near  the  wall,  as  well  as  through  the  Reynolds 
similitude  from  the  measurements  of  thermal  fluxes  In  the  section 
investigated . 

The  results  of  measurements  of  local  frlctlsn  and  a  characteristic 
of  flow  regimes  in  which  the  measurements  wore  made  are  given  in 
Table  5* 


rrj-Hc-tn-izs-n 


*» 


TABLE  5 


;  *V,  |  ;  f.,«l  I  l,ii»  ti.M  fi.7»  r,,si  K.TS  |  7,-;7  ! 

! _ 1 _ !_ _ ! _ 1  ! _ 1  I 

\Tr  -  VJ/rj  fl  j  t  .2.1  2.07  2,3f.  2,03  '',.05  1,03  5,e55  | 

Ro*»  ,:,3.-.0  !  (W  7950  7370  SK >0  S40»  it2M079fi0  8130 
jO, 37210, 3-.25  0,33i7 0,232 0.212.0,233 0,250  -  : 

UV>  i.ll  1,10  [o,907  0,930  :0  ,G4GjO ,  OSfijo , 500 0 , COo!  -  i 


The  value  of  c^q  was  found  for  the  same  values  of  Re**  for*  which 


Cp  were  measured ,  using  Karman's  formula 


0,02032 


lg  t2.Ro—)  (--  1s\2  Ro**)  +  O.VUi 


(3.1ft) 


The  Re**  number,  calculated  from  the  momentum  loss  thickness, 
was  chosen  a3  the  characteristic  Reynolds  number*  due  to  difficulties 
that  were  involved  in  determining  the  beginning  of  the  boundary  layer 
on  the  wall  of  the  tunnel,  and  due  to  the  fact  that  it  was  impossible 
to  use  the  Re^  number  calculated  in  terms  of  the  length.  The  depen¬ 
dence  of  (G(*/cfo^Re**  on  thc  temperature  factor  (T^  -  T^/Y^  (T  is  the 
recovery  temperature)  is  also  shown  in  (Figure  12),  As  can  be  seam 
from  the  plot,  the  ratio  (Cp/cf0)Ret#  depends  slightly  on  heat  exchange 


K" 

j"—i 


Of  greatest  interest  In  the 
puper  under  consideration  are  measure 
roente  of  the  velocity  profiles  in 
the  boundary  layer. 


Figure  13  shows  the  velocity 

Figure  12  profile  for  H  *  u.B  and  two  values 

of  the  heat  exchange  factor  (the 

largest  and  the  smallest  for  the  given  Mach  number  K^).  In  order  to 
show  the  difference  between  the  velocity  profiles,  the  distance  in 
millimeters  was  plotted  in  the  figure  on  the  horizontal  axis.  An  can 
be  3oen  from  Figure  1 j,  the  velocity  profiles  in  the  turbulent  core 
change  very  little  with  the  heat  exchange  factor,  whereas  the  curvature 
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A 


oi  the  curve  in  the  laminar  sub¬ 
layer  increases  with  an  increase 
in  heat  exchange, 

1'he  same  velocity  pro¬ 
files  as  well  as  profiles  for 
=  5»  represented  in  terms  of 
the  universal  variables  $  and 
n  in  Figures  1H  and  15,  exhibit 
a  considerable  displacement 
upward  of  the  curves  in  the 
turbulent  core  of  the  layer 
when  the  heat  exchange  factor 
increases . 


Figure  1*1 


Figure  15 


?T0-HC-23-7i3,7i 


90 


■f&f  jm  y-  y-<f  •  vp-t ftrvsr 


The  velocity  profile  in  the  laminar  sublayer  for  all  values  of 
the  heat  exchange  factor  is  well  described  by  the  equality  $  *  n. 
However,  the  thickness  of  the  sublayer,  as  seen  in  Figure  14  and  Figure 
15%  increases  with  an  increase  of  the  heat  exchange  factor.  The  value 
of  the  parameters  which  determines  the  thickness  of  the  laminar 
sublayer  and  plays  an  important  role  in  the  turbulent  boundary  layer 
theory,  turns  out  to  be  equal  to  its  corresponding  value  for  incom¬ 
pressible  fluids  (n^  =  11.9  -  a)  only  if  there  is  no  heat  exchange 
[see  in  Figure  15  the  curve  for  M  =  5;  (T.,  -  T  )/T  *=  0]. 


o  MsbS,0 
*M,H8 
»Mt=Z7. 


The  results  of  the  measurement 


PM _ » Mf=77  of  the  laminar  sublayer  thickness 

0  0  0  0  *  and  the  velocity  on  its  boundary  are 

- - -  given  in  Figure  16  .  Although  the 

s3^S\  "  1  T1  scatter  of  points  is  quite  signifi- 

T  ,o 

m, - « _  cant  (partly  this  is  due  to  the 

®  ®  p 

difference  in  the  Reynolds  numbers), 
^  *  Ttf-j*  nevertheless  it  is  permissible  to 

&  draw  the  conclusion  that,  with  an 

increase  in  the  heat  exchange,  the 
Figure  16  relative  velocities  on  the  boundary 

of  the  laminar  sublayer  and  the  sub¬ 
layer  thickness  decrease.  The  same  figure  shows  that,  when  the  Mg 
number  increases  from  5  to  6.8,  the  thickness  of  the  laminar  sublayer 
in  the  boundary  layer  increases  approximately  by  a  factor  of  2. 


Hill ♦ 3  experiments  [26].  The  experiments  were  made  with  a  conical 
nozzle  with  the  Me  number  at  the  exit  equal  to  9-1.  At  several  sec¬ 
tions  of  the  nozzle,  the  Pitot  tube  and  a  thermocouple  were  used  to 
measure  the  velocity  and  temperature  profiles  in  the  boundary  layer. 

The  conditions  in  the  nozzle  differed  somewhat  from  the  conditions  of 
flow  on  a  flat  plate,  since  the  walla  of  the  nozzle  were  tilted  to  its 
axis  at  the  angle  of  6°,  and  there  was  a  small  negative  longitudinal 
pressure  gradient . 
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The  magnitude  of  local  friction  was  determined  from  the  slope  of 
the  velocity  profiles  near  the  wall  by  means  of  the  formula 
The  overall  data  on  skin  friction  are  listed  in  Table  6  (where  c^.  is 
the  coefficient  of  friction  calculated  in  terms  of  the  parameters  of 
the  oncoming  flow). 


TABLE  6 


T«/r. 

1  /  '*o* 

ey>>  #••• 

8,09 

7,68 

1245 

7,899 

0,197 

9,04 

7,97 

1607 

8,910 

0,235 

9,07 

8,28 

1908 

8,505 

0,234 

9,10 

8,69 

2287 

8,000 

0,227 

8,22 

7,17 

2081 

9,240 

0,257 

8,25 

7,26 

2408 

0,102 

0,265 

8,27 

7,34 

2885 

8,695 

0,259 

8,29 

7,37 

8202 

8,202 

0,247 

8,29 

7,41 

3451 

7,709 

0,239 

In  the  last  column  of  Table  6,  the  friction  coefficient  cf  was 
divided  by  the  friction  coefficient  cfQ  calculated  according  to 
Karman's  formula  (3.1*0  for  the  values  of  the  Reynolds  numbers  Re** 
given  in  the  Table. 


When  comparing  the  experimental  data  on  friction  with  theoretical 
calculations,  one  must  keep  in  mind  that,  according  to  an  estimate 
given  by  Hill,  the  experimental  values  of  the  friction  coefficient 
may  exceed  by  20%  the  friction  coefficient  on  a  flat  plate  due  to  the 
effect  of  the  negative  pressure  gradient. 

The  results  of  measurements  of  the  velocity  profiles  in  various 
sections  of  the  boundary  layer  in  the  nozzle  are  given  in  Figure  17, 
where  the  universal  coordinate  $  and  n  were  plotted  on  the  axes.  As 
oan  be  seen  from  the  figure,  in  the  laminar  sublayer  (lg  n  <  1.1),  the 
experimental  points'  are  distributed  near  the  curve  $  »  n  (solid  line). 
In  the  turbulent  core,  the  experimental  points  are  located  practically 


o? 


FT D-HC-2 3-7 23-71 


a 

l 


i 

I 


« 


> 


tr 

I 


along  a  straight  line,  which  is 
displaced  upward  from  the  dotted 
line  constructed  according  to  Equa¬ 
tion  (3.^)  for  the  velocity  profile 
in  an  incompressible  fluid  (the 
solid  line  in  the  turbulent  core 
will  be  explained  in  Section  12). 
Among  the  given  velocity  profiles, 
the  profile  for  Me  =  8.99  differs 
considerably  from  the  profiles  for 
other  values  of  the  Mach  number. 

The  reason,  as  noted  by  Hill,  is  that 
the  section  in  question  was  located 
in  a  region  of  an  insufficiently 
developed  turbulence.  Among  other 
peculiarities  of  the  velocity  pro¬ 
files,  we  should  note  the  thickening 
of  the  laminar  sublayer.  According 
to  Hill's  data,  the  laminar  sublayer 

for  M_  =  9  occupies  about  15%  of  the 
s 

thickness  of  the  boundary  layer. 


The  Sommer  and  Short  experiments  [27].  Free-flight  determination 
of  friction  was  made  measuring  drag  on  hollow  cylindrical  models  shot 
through  a  supersonic  wind  tunnel.  Here  the  numbers  Me*  2.8  and  3*9 
were  obtained  when  shooting  through  stationary  air,  and  the  number 
=  7,2  was  achieved  when  shooting  against  an  air  stream  moving  at 
the  velocity  M  ■  2.  The  number  M  »  5.6  was  obtained  using  models 

C  C. 

with  a  faired  leading  edge  which  lowered  the  Mach  number  from  Mg  88  7 
to  5.6  on  the  outer  boundary  of  the  boundary  layer.  The  drag  was  cal¬ 
culated  from  the  deceleration  of  the  models,  which  was  in  turn  deter¬ 
mined  on  the  basis  of  chronograph  readings  and  shadow  photographs. 


A  turbulent  boundary  layer  was  produced  using  vortex  generators 
in  the  form  of  threaded  outs  on  the  outer  and  inner  surfaces  of  the 


FTD-HC-2 3-72 3-71 


93 


model.  To  account  for  the  thickening  of  the  boundary  layer  and  the 
additional  drag  caused  by  the  turbulence-producing  threading,  the  so- 
called  "effective"  Reynolds  number  was  calculated  (in  Table  7,  Reeff)> 
from  which  the  friction  coefficient  for  an  incompressible  fluid,  c^q, 
was  determined.  Without  going  into  details  of  how  Re^^  was  calculated, 
we  will  only  mention  that  this  Reynolds  number  was  constructed  from 
the  length  of  the  turbulent  boundary  layer  necessary  for  the  formation 
of  the  momentum  loss  thickness  which  would  be  obtained  if  the  additional 
drag,  caused  by  the  vortex  generator,  were  attributed  only  to  the 
friction  in  the  boundary  layer. 

The  results  of  the  measurements  of  the  friction  coefficient  are 
given  in  Table  7.  The  values  of  the  friction  coefficients  for  incom¬ 
pressible  fluids  were  determined  using  Karman's  formula  (3.59). 


TABLE  7(1) 


T  IT 
we 

r*.ii|uD*  I**"* 

*Vlsr' 

*7 

i  2.81 

1,03 

62,3 

3,00 

0,00284 

0,867 

3,82 

1,05 

81,0 

1,07 

0,00287 

0,730 

5,83 

1,20 

72,0 

1.71 

0,00170 

0,562 

U.liO 

1,00 

82,0 

1,08-0,0) 

0,00125 

0,401-0,451 

7,00 

1,75 

123,5 

0,00-0,02 

0,00115 

0,305-0,440 

3,78 

1,05 

81,0 

1,92 

0,00201 

0,001 

3,87 

1,05 

78,5 

3,73 

0,00210 

0,72' 

1 

^In  this  table,  ReQ  is  the  Reynolds  number  constructed  from  the 
parameters  of  the  oncoming  flow  and  the  length  measured  from  the 
beginning  of  the  formation  of  the  turbulent  boundary  layer. 


Winkler's  experiments  [28].  An  investigation  was  made  of  the 
characteristics  of  the  turbulent  boundary  layer  on  a  cooled  flat  plate 
for  MQ  ■  5.2  and  three  values  of  the  temperature  factor.  Measurements 
in  the  boundary  layer  were  made  using  full-pressure  nozzles  (Pitot 
tubas)  and  thermocouples.  The  friction  stress  on  the  walls  tw  was 
determined  in  parallel  using  two  methods:  from  the  slope  of  the 
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velocity  profile  at  the  wall  tw  =  ww(3u/3y)w  and  from  the  measured 

values  of  the  thermal  flux  from  the  gas  to  the  wall  using  the  rela- 

4  tionship,  proposed  by  Kol’bern,  between  friction  and  heat  transfer 

*  2 

cf  =  2chPr  *  where  ch  is  the  heat  loss  coefficient  (so-called 
generalized  Reynolds  similitude). 

The  results  of  the  friction  measurements  using  the  two  methods 
.  .  » 

are  given  in  Table  8  (here  T^  is  the  deceleration  temperatures;  cf  is 
the  friction  coefficient  constructed  from  the  parameters  of  the  on¬ 
coming  flow;  Rex  is  the  Reynolds  number  constructed  from  the  parameters 
of  the  oncoming  flow).  As  seen  in  the  table,  the  values  obtained  using 
the  two  different  methods  coincide  in  a  majority  of  cases  to  within 
+4$.  At  the  same  time  it  should  be  noted  that  Winkler's  data  on  the 


TABLE  8 


Ti*  V:>  I 

<U  *->  1 

— 

*« 

f  T  • 

*  * 

»•*» 

MM 

4*.  *IM 

v* 

m 

«l  tv* 

13) 

0,  ,4,  0, 

-5,21 

0.N0I 

2,72 

20*0 

0,100 

1,88 

11,85 

11,87 

o,  t-*',  . . 

a,  1 

0,373 

3,30 

2338 

0,l.« 

1  ,57 

13. SI 

».« 

0,50<;ti,  17.x  | 

.■>,20 

0,410 

4.07 

3173 

0,2)8 

2, *8 

*1.32 

13,  r 

o,m;o.v.ej 

5 ,  2(1 

0,M3 

3,01 

3*M> 

0.2*1 

13.18 

13,13’ 

0,<li2  0,  >40 

•Vi' 

O.K15 

5, fit 

4300 

0,332 

1,00 

13,0' 

12,78: 

0,132  O.tJlUi 

t,!K* 

0,737 

2.2U 

101)0 

0.170 

»,ua 

13.35 

13,14; 

0.530  -•  | 

3,U> 

0,711 

2, S'* 

17*2 

O.ltu 

1.33 

10. 00 

u.l  37, 0,407 

3.20 

0,738 

3, -it 

2030 

0.227 

2.31 

12.  I* 

11,8.5 

o.uijO.mi 1 

3.21 

0,773 

1.33 

3UVi 

u,2s0 

3,23 

11,51 

It,  Tv' 

-  jo.sv.j 

3,21 

0,7il3 

3, It 

37  0 

0.330 

3,iei 

- 

10.0.7 

1  o.UTjO.au ; 

3,17 

0,0 13 

2.01 

toss 

u,m 

1,22 

11,07 

15,17 

i  o.  m*.!  o,37a : 

3,  lil 

0,5*8 

2,37 

1832 

»‘,|44 

2,03 

13,23 

13,33 

1  o  uu  -  ! 

v»  *  i 

3, 10 

0,67* 

2,78 

1733 

0,1*1 

(.*>» 

13,36 

I  0,432  0.433 

3.  U 

0,303 

3,37 

at** 

0,2'* 

2,81 

12,38 

12,  Tv 

10.730;  ... 

3,2v 

0.5*‘> 

3,7,7 

2,42 

0,230 

3.74 

13,03 

1  0,3'3.0,30: 

I  i 

3.U 

o.aos 

1,32 

3230 

0,313 

3,71  | 

10.31 

10,7.5 

effect  of  the  temperature  factor  on  friction  are  in  disagreement  with 
the  results  of  the  calculations  and  the  experimental  data  provided 
by  other  authors.  The  results  of  the  velocity  profile  measurements  In 
the  boundary  layer  for  •  5*2  and  three  values  of  the  temperature 
factor  are  given  in  Figure  IB,  An  approximate  calculation  of  the 
laminar  sublayer  thickness  using  the  data  of  the  figure  shows  that  the 
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laminar  sublayer  occupies  about  9* 
of  the  thickness  of  the  entire 
boundary  layer. 

L.  Y.  Kozlov's  experiments  [293. 

A  technique  involving  a  floating, 
element  was  used  to  measure  local 
friction  on  a  flat  plate  Jr»  a  super¬ 
sonic  flow  with  intensive  heat  trans¬ 
fer  between  the  flow  and  the  wall. 

The  mach  number  of  the  oncoming  flow 
in  the  experiments  was  equal  to  2.9. 
The  Reynolds  number  varied  within 
the  intervals  1.5  <  Rex"10~^  <2.5. 

On  the  basis  of  the  analysis  of 
experimental  data,  the  author 

recommends  the  following  empirical  formula  for  the  friction  coefficient: 


(3.15) 


where 


The  author  notes  that  the  mean  square  deviation  of  the  experi¬ 
mental  points  from  the  curve  calculated  using  formula  3.15  was  ♦  5$ 
within  the  experimental  range  of  the  Reynolds  number  and  the  tempera¬ 
ture  factor. 

Some  cotamenta  regarding  the  results  of  the  experimental  investi¬ 
gation  a  of  the  turbulent  boundary  layer  at  supersonic  velocities.  The 
results  of  the  velocity  profile  measurements  for  various  values  of  the 
Mach  number  of  the  oncoming  flow  and  the  temperature  factor,  given  in 
the  present  section  in  figures  8,  13-15,  17,  indicate  that  in  a  lam¬ 
inar  sublayer  the  velocity  profiles  can  be  satisfactorily  described  by 
the  linear  relationship  a  *  a. 


06 


PTtMIC-2  3-72  3-71 


Figure  1$  Figure  <20 

In  the  turbulent  core,  the  velocity  profile  is  logarithmic 
(Figure®  9.  17),  In  the  case  of  a  thermally  insulated  surface,  the 
profile  slope  (Figure  9)  turns  out  to  be  the  same  as  fer  an  incompres¬ 
sible  fluid.  In  the  presence  of  heat  transfer  (Figure  17),  the  slope 
of  the  velocity  profile  in  this  region  turns  out  to  be  greater  than 
for  an  Ineospressible  fluid  Cone  must ,  however,  keep  in  mind  tnat  in 
Hill's  experiments  in  figure  17,  the  increase  in  the  slope  ©f  the  pro¬ 
file  ear,  be  explained  partially  as  being  due  to  the  effect  of  the 
negative  pressure  gradient).  An  increase  in  the  intensity  of  heat 
transfer  between  a  gas  and  the  wall  may  lead,  as  can  be  seen  in  Figures 
i«i  and  II,  to  a  change  in  tin?  slope  of  the  velocity  profile  (the 
deformation  of  the  'profile  at  the  Junction  of  the  laminar  sublayer 
and  the  turbulent . ©ore  may  be  explained  as  being  caused  by  the  pres¬ 
sure  .gradient*  since  the  experiments  were  made  on  the  surface  or  a 
flat  nosale). 

A  comparison  of  the  velocity  profiles  for  large  Wash  numbers 
(Figure  17)  and,  for  an  Incompressible  fluid  (figure  1#.,  dots  signify 
the  experiments)  data  obtained  by  Oikuradse  (JU))  snows  that  for  large 
Mach  numbers*  the  transitional  (buffer)  sane  between  the  laminar 
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sublayer  and  the  turbulent  core  is  considerably  reduced.  If  for  an 
incompressible  fluid,  the  buffer  2one  begins  at  n  3  5  and  ends  at 
n  *  30  -  50,  then  for  large  Mach  numbers  (for  example.  Hill’s  experi¬ 
ments)  the  buffer  zone  almost  completely  disintegrates  and  the  trans¬ 
ition  from  the  laminar  sublayer  to  the  turbulent  core  is  a  sharp  one. 
This  Justifies  the  use  of  the  double  layer  Prandtl  scheme  in  the 
theory  of  the  turbulent  boundary  layer  for  large  supersonic  velocities. 


Another  important  feature  of  the  velocity  profiles  in  supersonic 
flows  is  the  increase  in  thickness  of  the  laminar  sublayer  with  an 
increase  in  the  Mach  number.  The  change  of  the  relative  thickness  of 
the  laminar  sublayer  with  an  increase  in  the  Mach  number  for  various 
Reynolds  numbers  may  be  Judged  using  Figure  20  (this  figure  contains 
the  experimental  data  obtained  by  Hill,  Lobb,  Winkler,  and  Persch,  as 
well  as  by  Ye.  U.  Repik).  As  can  be  seen  from  the  figure,  for  an 
incompressible  fluid,  the  thickness  of  the  laminar  sublayer  does  not 
exceed  3 S  of  the  thickness  of  tne  entire  layer  6.  For  •  9  it 
may  occupy  30*  and  more  of  the  total  layer  thickness,  where  the  rate 
©f  Increase  of  the  relative  thickness  of  the  laminar  sublayer  increases 
with  increase  in  tne  Mach  number.  A  decrease  in  the  Reynolds  number 
Re**  also  leads  to  an  increase  in 

Figure  21  shows  the  data 
obtained  by  Lobb  et  al.,  Hill, 
Monaghan  [313  on  the  universal  coor¬ 
dinate  *  on  the  boundary  of  the 
laminar  sublayer,  denoted  by 
As  can  be  seen  In  Figure  21,  the 
experimental  evidence  available  today 
is  insufficient  to  provide  a  numer¬ 
ical  estimate  of  the  effect  of  a 
certain  factor  on  the  value  of  this 
parameter. 
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Figure  21 
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This  fact  explains  why,  in  a  majority  of  the  existing  theories 
of  the  turbulent  boundary  layer  in  a  compressible  gas,  the  value  of 
is  set  equal  to  its  value  in  an  incompressible  fluid,  i.e., 

=  a  »  10.8  -  12.5(6) 


S 12 .  Semiempirlcal  Method  of  Calculation  of  Friction 
on  a  Flat  Plate  [3?] 

bet  us  consider  flow  over  a  smooth  impermeable  plate  of  a  super¬ 
sonic  gas  stream  (Figure  22).  If  the  plate  is  oriented  at  sero  angle 
of  attack  (Figure  22,  a),  then  the  velocity  on  the  outer  boundary  of 

the  boundary  layer  will  be  constant  and  equal  to  the  velocity  of  the 

(7) 

oncoming  flow  at  infinity;  U  *  U»  When  the  flow  is  over  a  plate 

Q  * 

at  the  angle  of  attack  (or  i  wedge)  with  an  associated  discontinuity 
on  the  lower  surface  and  a  fan  of  rarefaction  waves  on  the  upper  sur¬ 
face  (Figure  22,  b),  the  velocity  on  the  outer  boundary  of  the  boundary 
layer  will  also  be  constant  and  equal  to  the  velocity  behind  the  dis¬ 
continuity  or  the  fan  of  rarefaction,  respectively.  The  magnitude  of 
the  velocity  behind  the  associated  oblique  shock  wave  and  the  fan  of 
the  rarefaction  waves  can  be  determined  using  well  known  gasdynamic 
relations  [333* 


Figure  22 

In  the  cast*  under  consideration  involving  a  plane  flow  with 
constant  velocity  (U  <*  const,  dUw/dx  **  0)  over  a  nonpemeafcie  wail 
(uy  *  0),  the  integral  momentum  relation  will  become 


Feotnot*  (6)  appears  on  pa^e 
Footnote  (?)  appears  on  page  i?g. 
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Here  is  the  momentum  loss  thickness  given  by  Equation  (2.76). 

The  parameters  referred  to  the  outer  boundary  of  the  boundary  layer 
will,  as  before,  be  denoted  with  a  subscript  e,  keeping  in  mind  that 
only  it;  the  particular  case  involving  flow  over  a  flat  plate  at  the 
zero  angle  of  attack  are  these  parameters  equal  to  the  parameters  of 
the  oncoming  flow  at  infinity. 

Introducing  the  Reynolds  numbers,  constructed  using  the  momentum 
loss  thickness 


(U*» 


Mr 


and  the  running  coordinate  of  a  point  on  the  plate 

ke,  -  . 

w©  shall  write  Equation  (3*16)  in  the  form 

die,  *  (h  i £*dte**. 

•f*v  4 


(3*17) 


(3*16) 


(3*19) 


where  s  Is  tne  frietiw  parameter  given  by  Equation  (3*8).  Rewriting 
Equation  (3-19)  In  integral  form,  we  obtain 


)  (**«•»*. 


<3.20) 


As  implied  by  Equation  (j.2d)»  in  order  to  solve  the  problem  thus 
fomulated,  one  must  find  a  relationship  between  $  and  !!©*•,  i.©,, 
one  oust  establish  a  “drag  law".  To  establish  this  law,  we  turn  to 
the  expression  for  the  momentum  loss  thickness  (2.76),  writing  it  in 


te*taa  of  the  universal  coordinates 
(3.8) t  in  the  form 


A  and  u,  introduced  by  Equations 


•— *)**(* -*)*(*) 


(j.si: 
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In  view  of  Equations  (3-17)  and  (3.8),  we  put  (3.21)  in  the  form 


Re..„E. 


(3.22) 


We  use  the  two-layer  model  of  the  turbulent  boundary  layer: 
laminar-turbulent  core  (for  a  justification  of  this  model  for  super¬ 
sonic  flows  see  Section  11). 

To  determine  the  function  (u)  in  the  turbulent  core,  we  shall 
make  use  of  Formula  (2.69)  in  Karmen’ s  semiempirical  theory.  As  far 
as  the  turbulence  constant  k  in  this  formula  is  concerned,  we  shall 
assume  that  it  does  not  depend  on  compressibility  (on  the  Mg  number) 
or  on  heat  transfer  (on  the  temperature  factor  Tw/T  ) ,  and  has  the 
same  numerical  value  as  for  an  incompressible  fluid,  i.e.,  k  =  0.4. 
Passing  to  the  universal  coordinates  (3.8)  in  Karman's  Formula  (2.69) > 
we  bring  it  to  the  form 


—  ita  Pu> 
v*  *  r 


(3.23) 


where  the  prime  denotes  a  derivative  with  respect  to  n. 


Taking  the  root  of  both  sides  of  the  question  thus  obtained,  we 


m  — xT 


(3.24) 


where 


)/  g 


(3.25) 


The  minus  sign  on  the  right-hand  side  of  Equation  (3.24)  was  chosen 
since  on  the  plate  <|>"  <  0  (the  condition  of  the  convexity  of  the 
velocity  profile). 
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Interchanging  in  (3.24)  the  argument  and  the  function,  we  obtain 


the  equation 


whose  first  integral  i; 


(3.26) 


jk^expOctSYdS). 


(3.27) 


To  determine  the  constant  of  integration  the  value  of  the  deriva¬ 
tive  d$/dn  at  the  boundary  of  the  laminar  sublayer  on  the  side  of  the 
turbulent  core  must  be  given.  The  simplest  assumption  here  is  a 
requirement  that  ^1>/dn  have  the  same  value  as  for  an  incompressible 
fluid,  i.e., 

l«P'Ol)k,+o= 

In  other  words,  it  is  assumed  that  «j>*  °)  does  not  depend  on  the 

compressibility  and  heat  transfer  (a  is  an  empirical  constant  for  the 
laminar  sublayer,  n.  is  a  coordinate  specifying  the  boundary  of  the 
laminar  sublayer).  This  assumption  leads  to  the  following  result: 


u 

g-  =  Texp  (xsj  Vtfs) 


(3.28) 


Here  n^=UjJUe  is  the  dimensionless  velocity  at  the  boundary  of  the 
laminar  sublayer  (a  definition  of  this  quantity  will  be  given  later). 

Upon  performing  integration  in  (3.28)  and  determining  the 
constant  of  integration  from  the  condition  at  the  boundary  of  the 
laminar  sublayer  (u  ®  u  at  n  =  n7 ) ,  we  obtain  an  expression  for  the 
velocity  profile  in  the  turbulent  core 


u  u 

n  =  +-y-$  ®*p(xC$  Vda'jda. 


(3.29) 
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Here  9  is  given  by  Equation  (3.25).  In  the  laminar  sublayer  we  assume 
a  linear  relation  for  the  velocity  profile 


from  which  follows  an  expression  for  the  velocity  at  the  boundary 

/  Q  \ 

of  the  laminar  sublayer' 


a  *!i- 

■'  T  ’ 


Thus,  the  derivative  (u)which  is  necessary  to  determine  the 
Reynolds  number  Re**  (3.22)  is  given  for  the  turhulent  core  by 
Equation  (3.22),  and  for  the  laminar  sublayer,  according  to  (3.30), 
by  the  equality 


9 


(3.30) 


% 

T 


(3.31) 


_ » 

w~  • 


(3.32) 


Turning  now  to  the  expression  for  Re**  (3.22),  we  note  that, 
when  evaluating  the  integral  on  the  right-hand  side  of  the  equation, 
the  integration  interval  must,  strictly  speaking,  be  divided  into 
two  segments:  laminar  sublayer  (0  <  u  <  u  )  and  turbulent  core 
(u  <  u  <  1).  A  proper  value  of  dn/d<t>  should  be  substituted  in  each 
of  these  segments,  using  the  Expression  (3.32)  in  the  first  segment, 
and  (3.28)  in  the  second.  However,  such  calculations  result  in  a 
fairly  complicated  expression  for  Re**  and  are  not  necessary  in  those 
cases  when  the  relative  thickness  of  the  laminar  sublayer  is  not  very 
large  [(d^/6)  <  0.10  -  0.15].  In  this  case,  one  may  omit  the  first 
segment  and  continue  the  second  all  the  way  to  the  wall.  Calculations 
3how  that,  for  large  values  of  the  friction  parameter  C,  the  error 
involved  in  such  an  approximation  is  insignificant.  Following  this 
reasoning,  we  shall  substitute  the  expression  for  dn/d9  (3.28)  in 
(3.22).  As  a  result  we  obtain  the  following  expression  for  the  Reynolds 
number  Re**: 


Footnote  (8)  appears  on  page  173, 
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Here  we  introduce  the  notation 


1  u 

Re**  =■  ^--^5<D(a)expfxs5  'V(a)du'jdu. 

0  Uji 

(9) 


(3.33) 


<D(u)  =  -£-u(l  —  a). 

rtf 


For  later  use  it  is  convenient  to  write  (3.33)  in  the  form 


(3.34) 


Re**  =  t*p  { -  x?  /  («a)]  J  <I>(o)  exp  £«C  /  («))  du,  (3.35) 


w^.ere 


/(«)-  J'F(S)du  =  ij  j/f/bs.  <&, 


(3.36a) 

(3.36b) 


/(«»'-$  ¥(«*)<*<»  ==$ 

0  0  *  * 

Regarding  the  friction  stress  t  in  the  boundary  layer,  we  shall 
make  the  assumption  (3.1)  (a  justification  of  this  assumption  was 
given  in  Section  10).  In  this  case,  we  have 


/(d)  * 

i  r  h> 


(3.37) 


When  determining  I  (Uj),  we  shall  approximately  set  the  density  in 
the  laminar  sublayer  equal  to  a  constant  —  •  namely,  its  value  at  the 
wall  pw.  In  this  case,  in  view  of  (3.31),  we  find 


I  (ti.,)  w  dji  »  -p 


(3.38) 


In  order  to  evaluate  the  integral  in  the  Expression  (3*35),  we 
use  the  fact  that  c  is  much  greater  than  unity  U  >‘  1).  In  this 
case,  the  integral  may  be  represented  by  an  asymptotic  series  obtained 
as  a  result  of  integration  by  parts: 


Footnote  (9)  appears  on  page  179. 
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J U» (») exp  [xt  /(«*)]  da  -  (<1>  -  §  +  -$■+...)  ■ 


(3.39) 


p  _  1  w+wr  .  iioT'- \ 

F'  -t5-((I)  -  — V - +  -q*-J , 

I<\  -  <tL („^ _  BOT+y+g  +  1 

tr.ai'r-  + 10  oy'  v  is  <i>'F'3  \ 


(3.40) 


Here  primes  denote  derivatives  with  respect  to  u. 


We  determine  the  values  of  the  functions  $  (u)  and  V  (il)  and 


their  derivatives  for  u  =  1: 

<!)(!)-"  0; 


.no,  [*.p Mu&r- 1 


(3.41) 


It  is  not  necessary  to  calculate  the  values  of  the  functions  $  and 
H1  and  their  derivatives  at  u  =  0 ,  since  it  is  obvious  beforehand 
that  the  contribution  of  the  series  (3-39)  for  u  =  0  to  the  value  of 
the  Integral  is  immeasurably  smaller  than  the  contribution  of  the 
same  series  for  u  *  1,  due  to  the  presence  in  the  latter  of  a  large 
exponential  factor.  In  view  of  Equations  (3.37) »  (3.38),  (3*40)  and 
(3.41),  we  shall  evaluate  the  definite  integral  occurring  on  the 
right-hand  side  of  (3.35)  with  the  aid  of  (3.39).  Retaining  only  the 

7.  q 

terms  up  to  <”£  in  the  denominator,  we  obtain  the  following 
expression  for  Re**: 


x 

J, 

r  (sr* 


(3.42) 
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•  ?  wxtyEpwrfSf*?-  .^t^v^-i- ?f-.^.~.~.tv.  .,., 


Now  let  us  consider  the  Reynolds  number  constructed  with  the 
displacement  thickness  6*  (2.77): 


Re*  =  rL'1‘6*. 
M* 


(3.^3) 


Following  the  same  reasoning  as  in  determining  Re**,  we  find 


*.*  =  £?£«*  [•Cjfif’-a]  [<  +  (±UtT  - 


(3. mi) 


Forming  the  ratio  Re*/Re**,  we  obtain  an  expression  for  the 
form  parameter  H*  =  S*/6**: 


"*--{'+(i);ter-i(^)j''[ife)>(i):- 

-rfOTTH'-iter^-w^t 


(3. >15) 


The  Expression  (3.^2)  that  relates  the  Reynolds  number  Re** 

(3.17)  with  the  friction  parameter  C  (3.8)  is  essentially  a  "drag  law". 
It  is  important  to  emphasize  that  this  law  was  obtained  without  any 
assumptions  about  the  density  variation  in  the  boundary  layer,  and 
can  be  used  to  solve  problems  of  flow  over  impermeable  surfaces  for 
an  arbitrary  variation  of  density  in  the  boundary  layer. 


Now  we  proceed  to  establish  the  relationship  between  density 
and  velocity,  which  will  be  necessary  below.  We  note  that  from  the 
equation  of  state  (1.86)  and  the  condition  that  pressure  be  constant 
across  the  boundary  layer,  we  can  deduce  the  following  simple  relation 
between  the  density  and  temperature 


f'tu  Ml  1 


(3.U6) 


In  the  simplest  form,  the  relationship  between  the  temperature  and 
velocity  in  the  boundary  layer  can  be  obtained  by  assuming  that  the 
Prandtl  number  Pr  and  its  turbulent  analog  PrT  are  equal  to  unity, 
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and  the  specific  heat  capacity  of  the  gas  is  constant.  In  this  case, 
we  obtain  a  particular  integral  of  the  energy  equation,  called 
the  Crocco  integral: 


_  --  l  —  uni  —  (to?. 

1  UJ 


(3.47) 


Here 


w  —  I  —  p- , 

1  W  -  e  1  to  t 

T>Te[  l+^M;)  1 


(3.48) 


(T*  is  the  deceleration  temperature). 


Sometimes,  in  order  to  account  for  a  deviation  of  the  Prandtl 
numbers  (Pr  and  PrqO  from  unity,  one  artificially  introduces  the 
recovery  factor  r^10^  in  the  expression  for  to  and  8  (3.48).  In  this 
case  we  have 


(0  .  ]— Zt  B  —  r--~  *  AAa  ?c 

w  ~  J  rw  1  13  “  r  2  M«  ru,  > 

Tr~  T'(\  +  rl^ M*) 


(3.49) 


(Tr  is  the  recovery  temperature). 


I  A  basis  for  this  modification  of  the  Crocco  integral  is  provided 

|  by  a  simple  reasoning  according  to  which,  in  the  absence  of  heat  of 

)  transfer  between  the  gas  and  the  wall,  the  coefficient  u>  must  vanish 

I  regardless  of  the  values  of  the  Prandtl  numbers  (Pr,  PrT).  When  the 

\  Prandtl  numbers  deviate  from  unity,  the  condition  in  question  will  be 

I  satisfied  only  If,  in  the  expression  for  u>  (3.48),  T#  will  signify 

|  the  equilibrium  temperature  of  the  thermally  insulated  wall,  T  .  As 

|  a  result,  in  the  expression  for  8  (3.48)  to  satisfy  the  conditions  on 

!,  the  outer  boundary  (T  =  T  for  u  ®  1)  one  must  introduce  the  recovery 

factor  r,  which  brings  8  to  its  form  in  (3.49). 


Footnote  (10)  appears  on  page  179. 
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Using  Equations  (3. 47)  and  (3.46),  we  find  the  desired  relation¬ 
ship  between  the  density  and  the  velocity  in  the  boundary  layer: 


—  =  ( 1  —  COM  —  pit2)  1 . 
Pw  * 


(3-50) 


Substituting  Equation  (3. 50)  in  (3*37) >  and  performing  the 
resultant  integration,  we  find  an  expression  for  the  function  I  (u) 
which  will  be  important  later: 


,  l/g  n  4.  — ^ _!SL 

1  (a)=4siMcsia — 7=-=^-  ~  arcs  in — 4—L 

VM  i  A  .  j£.  '  i/  ,  ,  wJ 

r  4  +  43  Y  1  +~ 


43  i 


(3.51) 


Furthermore  noting  that  the  function  I  (u)  enters  the  exponents 
in  Equations  (3.42)  and  (3*44),  a,nd  performing  the  indicated  calcula¬ 
tions  on  the  right-hand  sides  of  these  equations  and  taking  account 
of  (3*50),  we  find  the  following  expressions  for  Re**  and  Re*: 


Ra** 


=  ^^expK/dJlfl 


2-1,5  (0-3 
’x£  Zl-to-3 


3!;i-i,5co-3+  03) 
’ *C(»  -i-3) 


(3.52) 

(3.53) 


Here 


(11 

7TI 


/  - 

/  0)  *  tt  ««»'« - —  n i'csi u  .  __ 

"I  V*r$  j/<  >,4. 


15  < 


(3.54) 


Forming  the  ratio  of  Equations  (3.53)  and  (3.52),  we  find  an 
expression  for  the  form  parameter  H*  »  <S*/6**: 


li* 


(I  !  3) 


3(;i  ”  i.r.w  -3  ; 

"T 


>S0Jjl)  »'  l--ui  -'3 

<i-.~  -il.  .m&r 


(3.55) 
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In  the  limiting  case  of  an  incompressible  gas  (0=0)  and  in 
the  absence  of  heat  transfer  (m  =  0),  we  obtain  an  expression 

//.  1 

-  ,_JL'  (3.56) 

XfcO 

5  7  * 

which  for  the  Reynolds  numbers  l(r  -  10'  gives  the  value  Hq  +  1.36  - 
-  1.23,  which  is  in  good  agreement  with  experiment. 

Having  obtained  the  drag  law  (3.52)  that  establishes  a  relation 
between  the  Reynolds  numbers  Re**  (3.17),  constructed  from  the  momen¬ 
tum  loss  thickness,  and  the  friction  parameter  t  (3-8),  it  is  not 
difficult,  using  the  momentum  equation  in  the  form  (3.20),  to 
establish  the  required  relationship  between  the  friction  coefficient 
Cp  and  the  Reynolds  number  Rex  (3-18),  constructed  from  the  running 
coordinate  of  a  point  on  the  plate.  In  establishing  this  relationship, 
it  is  convenient  to  use  a  rough  approximation  for  Re**  in  which  one 
neglects  the  second  term  on  the  right-hand  side  of  Equation  (3.52)  as 
compared  with  unity.  This  approximation  will  simplify  considerably 
the  final  formula  for  the  friction  coefficient  ef.  However,  the  error 

introduced  In  the  formula  for  o»  can  be  to  a  considerable  extent 

1  in 

compensated  by  a  suitable  choice  of  the  constant  of  integration  . 

Substituting  the  expression  for  Re**,  with  the  approximation  described 

above,  in  Equation  (3*20)  and  performing  the  integration  with  the 

boundary  condition  Rev  ■  0  at  ;  »  0  (the  condition  that  the  turbulent 

A 

boundary  layer  will  begin  at  the  leading  edge  of  the  plate),  we 
obtain  approximately 


Vk  £  «... 


.3.5  rs 


The  constant  has  boon  introduced  in  (3.57)  to  ''compensate**  for  Use 
approximation  used  for  Re**. 

Passing  in  Formula  (3.57)  from  t,  to  ef  according  to  (3.8) ,  using 
Equation  (3*50),  and  taking  the  logarithm,  we  obtain 


Footnote  (11)  appears  on  page  17rt . 
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k  ( tg  «)  /2  V  1  -  a  —  8  /( i  ){«/)•''**=  2  Ig  ( Re, c/)  — 

-ufej+c. 


(3.58) 


where  I  (1)  is  given  by  Equation  (3.5*0,  and 


Setting  in  (3.58)  x  *  0.*i  and  determining  the  constant  C ,  from 
the  condition  that  for  u  *  8  *  0,  Formula  (3.58)  turn  into  Harman's 
formula  for  an  incompressible  fluid 


0,41  -f  lg 


(3.59) 


We  obtain  the  following  expression  for  the  local  skin  friction 
coefficient  for  a  flat  plate  in  a  compressible  gas: 


ircsio  —7  ihbiiif  — 


■  0,41  4*  !*.(**,  *,)  -  IS  (£) .  (3.60)  (3.60) 


To  calculate  the  dynamic  viscosity  of  the  gas,  one  can  use 
either  the  Sutherland  Formula  (1,75),  or  the  power  law 


(3.61) 


where  the  exponent  n  is  usually  taken  equal  to  0.76. 


Kow  we  proceed  to  determine  the  mean  coefficient  of  skin  friction 


(3.62) 


For  this  purpose,  we  use  the  integral  momentum  relation  in  the  form 
(3*19),  first  transforming  it  to  the  fore, 


*£*Jr*i% 

•V  ^ 


(3*63) 


«D-IIC*?W2J*Ti 


Passing  on  the  left-hand  side  of  Equation  (3.63)  from  £.  to  cf  with 
the  help  of  Equation  (3.8)  and  performing  the  resultant  integration 
under  the  condition  Re**  *  0  for  Rex  =  0  in  view  of  Equation  (3.  62) , 
we  obtain 


(>Rt,  -  2  Re**. 


( 3 . 6  h  > 


duuotitutlng  in  the  right-hand  side  of  Kormula  (3.6*0,  the  approximate 
expression  for  Re**  (3.62),  we  have 

f'**'  - C^j^H^/O),.  (3,65) 


the  constant  C,  has  been  introduced  here,  Just  as  in  relation 
(3.6?),  to  “compensate  for  the  approximate  expression  for  Re**. 


Comparing  aquation  (j.n§)  with  Equation  (3 .57),  put  in  the  form 


***•» 

it  .?»*  not  difficult  to  rote  that,  for  the  large  values  of  <ne  param¬ 
eter  £  that  are  considered  here,  the  coefficients  «?.»  and  c_.  differ 

f  | 

hp  a  constant .  Consequently,  one  nay  conclude  that  tne  expression 
for  the  wran  friction  coefficient  has  the  fens  (3.60),  although  with 
■i  different  constant,  i.e>. 


^  i#«w 
I'r 


tciiu- 


r#»  -  le.-tv. 

5*» 


f. 


The  constant  £ft  will  he  aetcmined  hy  requiring  that  for  »  »  4  ‘  0, 
Equation  will  p*ass  Into  the  Karvtan  law  for  the  wean  stein 

friction  coefficient  in  the  ease  of  an  incesqjreaalfele  fluid,  natseiy: 


tt.m 

t'r 


IC|R«,.  rr) 


i  }■ .  t?  if  I 


Upon  determining  the  constant  Cg,,  we  obtain  the  following  final 
romwla  for  the  wean  stein  friction  coefficient: 


.Mf-f  li- 


f  3-ii 3-71 


;  *  *i 


0,212  /t  ~  <■>  -  3  /  .  ^  ^ 2  Yh 

Y'r  ^  \  j/ 


—  arcsin  ■ 


o>  , 
^3  \ 

(o'  / 

1  +  "2r/ 


’+%  / 

=  lg(Re,cF)-lg(^).  (3.68) 


(3.68) 


Let  us  consider  two  practically  important  particular  cases  of 
a  flow  over  a  flat  plate. 


Thermally  Insulated  plate.  In  this  case,  Tw  =  Tr,  u  =  0 


8  ~  — r^j —  for  Pr  ~  P*r  -  1 . 

i+VM? 


(3.69a) 


- Ttry—  for  Pr^PrT+i.  (3.69b) 

»  +r2nrl^ 


Formulas  (3.60)  for  the  local  friction  coefficient  and  (3.68) 
will  become,  respectively, 


vf  /  9  «Mi*  ~  Ml  + 1«  (« w>)  -Is  (£•) 

r*  U'  (3.70) 

and 

jjp=  /()  ®  lg(R*«fr)  -  J*  (^)«  (3.71) 


Plate  with  heat  transfer  in  a  stream  of  an  incompressible  fluid. 
In  this  case,  setting  8  to  0,  we  obtain 


-  u,4i  +  ig {*•*)  -  tg (&) . 


(3.72) 

(3.73) 


The  relationships  between  the  friction  coefficients  and  the 
parameters  of  the  oncoming  flow  and  the  conditions  at  the  wall,  ob¬ 
tained  in  an  implicit  form,  are  not  always  convenient  in  practice. 
It  is  not  hard  to  show  by  means  of  simple  rearrangements  that  these 
relationships  can  be  made  explicit.  For  this  purpose,  we  turn  to 


* 
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Equation  (3.57),  which  in  the  case  of  an  incompressible  fluid  and  the 
absence  of  heat  transfer  between  the  gas  and  the  wall  becomes 


•\j. *r  Re,. 


(3.79) 


Dividing  both  sides  of  Equation  (3-57),  respectively,  by  both  sides 
of  Eo.uation  (3.79),  we  have 


*  •  . 


(3.75) 


Passing  In  the  Expression  (3.75)  from  ;  to  cf  with  the  help  of  (3.8), 
and  taking  the  logarithm,  we  obtain 


It!—  -  hK  |  /.‘ii  h‘ 
V  I  5 


(3.76) 


where 


(3.77) 

(3.78) 


(3.79) 


Tc  determine  the  friction  coefficient  st0  on®  can  use  either  the 
Harman  Formula  (3.59)  or  the  simpler  explicit  relations 


0.  Re,*"'.  kd 


(3. S3) 


Equation  (3.76)  can  oe  reduced  to  a  transcendental  equation 
with  one  parameter*  For  this  purpose,  we  rewrite  this  equation  in 
th*  form 


Footnote  (U)  appears  on  page  VI? . 
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T?K 

and  then  add  2  lg  to  both  sides  of  the  equation  thus  obtained, 
obtaining 


W3e 


(3.81) 


Introducing  the  notation 


A  « 


FK 


I  f/s 


(3.82) 

(3.33) 


we  shall  have  instead  of  Equation  (3.8D  the  following  equation: 


k  A"  +  AT  »  Q. 


(3.8b) 


Thus,  this  expression  for  the  friation  coefficient  can  be 
written  in  the  fora: 


(3.85) 


where  P  and  K  are  determined  from  Equations  (3.T7)  and  (3.79),  and  N 
can  he  found  solving  Equation  (3.8*1).  Determination  of  N  is  not  diffi¬ 
cult,  and  can  be  easily  done  using  tables  of  decimal  logarithms  or 
graphically. 


If  for  the  dynamic  viscosity  we  use  the  power  law  (3.61),  then 
the  expression  for  the  function  0,  which  together  with  P  and  K  deter¬ 
mines  ti,  becomes 


a 


(3.86) 


It  is  interesting  to  note  that,  when  Prandti's  Formula  (2.68) 
is  used  instead  of  Karman's  Formula  (2.69),  the  expression  for  the 
friction  coefficient  thus  obtained  is  the  same  as  the  Expression  (3.85), 
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with  the  only  difference  that  the  function  G  is  not  given  by  (3.86). 
but  instead  by 


(3.8?) 


Considering  Formula  (3-85),  it  may  be  noted  that  for  large 
Reynolds  numbers,  the  ratio  cf/cfQ  depends  slightly  on  the  Reynolds 
number.  In  fact,  by  letting  the  Reynolds  number  approach  infinity 
(.Kex  •*  00 )  or,  which  is  the  same  thing,  F  -*■«»,  we  obtain  the  following 
limiting  formula  for  th"  ratio  c^/c^q 


(3.88) 


K,  given  by  Equr-  ion  (3.79),  depends  only  on  the  compressibility  of 
the  medium  (B)  and  the  heat  transfer  (to),  and  does  not  depend  on  the 
Reynolds  number. 


The  existence  of  the  limiting  Formula  (3.88)  was  established, 
and  then  widely  used  to  construct  semiempirical  methods  of  turbulent 
boundary  layer  calculations  by  S.  S.  Kutateladze,  A.  I.  Leont'yev, 
and  others  [3*0* 


When  Formula  (3-85)  is  used  for  computing  the  friction  coeffi¬ 
cient,  it  is  useful,  just  as  before,  to  consider  certain  particular 
cases . 


In  the  case  of  a  thermally  Insulated  plate  (to  =  0),  the  coeffi¬ 
cient  B  is  given  by  Equations  (3.69a)  and  (3.69b),  and  the  determining 
function  K  has  the  form 


resin 


(3.89) 


For  an  incompressible  fluid  in  the  presence  of  heat  transfer, 
by  letting  3  go  to  zero,  we  obtain 


K 


a  (Vi  —  i.) -i- tn  -  i) 

OJ 


(3.90) 
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In  order  to  calculate  the  mean  friction  coefficient  for  a  flat 
plate,  one  can  easily  establish  the  validity  of  a  formula  or  the  same 
form  as  Formula  (3.35),  namely 


Cf 

ePo 


(3.9D 


where  K  and  N  are  given  by  the  same  equations  as  before,  namely  (3*79) 
and  (3.8b),  and  7  has  the  form 

V  _ 

(3.92) 

To  determine  the  friction  coefficient  cpo,  one  can  use  either  Harman* s 
Formula  (3.67),  or  the  simpler  power- law  relation 


cFa  =  0,0307  Rei1'7.  (3-93) 

Formulas  (3.85)  and  (3.91)  obtained  above  permit  us  to  calculate 
the  ratios  of  the  local  and  mean  friction  coefficient  if  we  are  given 
the  values  of  the  Mach  number  Me,  the  temperature  factor  T  /T  ,  and 
the  Reynolds  number  Rex,  to  the  local  and  mean  friction  coefficients 
for  an  incompressible  fluid  (Mg  *  0,  Tw/Tr  =  1)  for  the  same  value  of 
the  Reynolds  number  Rex.  However,  in  certain  cases,  particularly 
when  analyzing  experimental  data,  it  may  be  more  convenient  to  use 
the  Reynolds  numbe:  constructed  from  the  momentum  loss  thickness,  Re**, 
as  the  characteristic  Reynolds  number.  This  is  expedient,  for  example, 
in  those  cases  when  it  is  difficult  to  determine  the  initial  point  of 
the  boundary  layer  on  the  wall  of  a  tunnel,  and  consequently,  it  is 
impossible  to  use  the  Reynolds  number  constructed  from  the  running 
coordinate.  Re  .  In  those  cases,  in  order  to  compare  theory  with 

A 

experiment,  it  is  useful  to  have  the  ratios  Cf/cfQ  and  Cp/CpQ  in 
which  cf  and  cfQ,  cp  and  cpQ  have  been  calculated  for  the  same  values 
of  the  Reynolds  number  Re**. 

To  obtain  these  ratios,  we  turn  to  the  expression  for  the 
Reynolds  number  Re**,  (3*53),  which,  for  an  incompressible  fluid, 
becomes 
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(3-9«) 


*•** "  w^i1  -■&)■ 


Similarly,  as  was  done  when  deriving  Equations  (3.85)  and  (3.91),  we 
shall  use  a  rough  approximation  for  the  Reynolds  number  Re**  in  which 
we  neglect  on  the  right-hand  sides  of  Equations  (3.52)  and  (3.9*0 
terms  containing  1/?  (IAq)  ,  as  they  are  negligible  compared  to 
unity.  Then  dividing  as  before,  both  sides  of  Equation  (3. 52)  by  both 
sides  of  Equation  (3.9*0,  respectively,  and  passing  from  ?  to  c^. 
according  to  (3.8),  we  obtain  after  simple  rearrangements 


(--)  = 

(  Kr\ 

l  c/0  /«••* 

(3.95) 


where  the  functions  P,  K,  and  G  are  as  before  given  by  Equations 
(3.77)  -  (3-79). 


The  expression  for  (°p/cpo^He**  has  the  same  form  as  in  (3-95), 
except  that  the  function  P  is  in  this  case  given  by  Equation  (3*92). 

Letting  in  Equation  (3*95)  the  Reynolds  number  Re**  go  to 
infinity,  we  arrive  at  the  limiting  Formula  (3.88)  obtained  above. 

Row  we  proceed  to  determine  the  velocity  profile  in  a  boundary 
layer.  In  the  laminar  sublayer,  the  velocity  profile  is  described 
by  a  .linear  relation  (3.30).  To  find  the  velocity  profile  in  the 
turbulent  core  of  the  boundary  layer,  we  turn  to  Equation  (3.29), 
first  writing  the  latter  in  the  form 

Hj|  U  u 

n  -  M.I  -h  4-oxpl—  xt  {  V  (/»]{$  ex1.[xC$Trf»]«/ii- 
1  o  o  o’ 

Hjl  9  «  . 

— ^  expjx^'frfu  (3.96) 

0  0 

Here  i|)  is  given  by  Equation  (3.25). 
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Making  the  assumption  (3.1)  for  the  friction  stress  as  before, 
and  assuming  that  the  density  in  the  laminar  sublayer  (for  0  £  u  <_  u^) 
is  constant  and  equal  to  its  value  at  the  wall,  we  obtain  from  the 
preceding  equation 

xa  ** 

i)  =  x|“plx£/(“)|!,"‘  (3  97) 

Here  I  (u)  is  given  by  Equation  (3*51). 

Substituting  in  the  Expression  (3*97)  the  value  of  I  (u)  from 
Equation  (3*51)  and  performing  integration,  we  obtain  the  following 
expression  for  the  velocity  profile  in  the  turbulent  core: 


'  ~i 1 — -  p«"- + -Jg-  a + ~0> 


»i  = 


/* 


2x^ 


1  + 


JL 


X  exp 


xt  (  w+m 
wlarcsiny=^"arcsin 


i  + 


4(5 


v 


G)* 

1  -f-  33-  / J 


(3.98) 


Upon  a  substitution  in  (3.96)  of  the  corresponding  values  of  the 
empirical  constants  (a  =  11.5,  tc  -  0.4,  f  =  l/ica  =  0.218)  and  taking 
the  logarithm,  we  express  the  velocity  profile  in  the  following  form: 


Kp«4 


arcsin  • 

KPl 


2  VS 


,  tt>* 

,  +  lp 


—  arcsin 


VS 


Vh 


+ 


+  5,7Mg[(l  +^f'{YT 


- = - ?r„s  .  2,53<)  .  1,25(0' 

•  m  —  pa*  4-  -L^~  h-  -V~ 
5,75  lgn  4-  5,5, 


')]' 


(3.99) 


For  the  limiting  case  of  an  incompressible  fluid  ($  ■  0)  and  in 
the  absence  of  heat  transfer  (w  ■  0),  Equation  (3.99)  turns  into  the 
well-known  logarithmic  velocity  profile 


9  =»  5,75  lg  q  4- 5,5.  (3.100) 

When  the  Expression  (3.52)  for  the  Reynolds  number  Re**  is  used, 
the  velocity  profile  (3.98)  can  be  easily  transformed  to  the  following 
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form,  which  is  useful  in  certain  practical  applications: 
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V3 

Xlg 


V3«+; 
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v  i+i3 


|  +  5,75x 


(i,  41 


( V\  —  ufi— 
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\H-  j  1  j  (  Vl  —  “ — 3—  4 — j  f- ~ —  w— 3 


=  5.70  lg(g^). 


(3.101) 


The  semiempirical  method  of  calculating  friction  in  the  turbulent 
boundary  layer  on  a  flat  plate,  as  presented  in  the  present  section, 
is  illustrated  by  the  plots  given  in  Figures  23  -  26.  For  comparison, 
the  experimental  data  obtained  by  various  workers  are  also  given 
therein. 


Figure  23  gives  the  results  of  calculating  the  local  friction 
coefficient  for  a  thermally  insulated  plate  for  three  Reynolds  numbers: 

C  n  O 

10°,  10  ,  10°.  The  subscript  ®  means  that  a  curve  in  question  has 
been  plotted  according  to  the  limiting  Formula  (3.88).  In  addition 
to  the  experimental  points  obtained  by  the  authors  whose  papers  were 
discussed  in  Section  11,  Figure  23  also  contains  points  obtained  by 
Lipmann  and  Dhavan  [351. 

Figure  2t  gives  the  results  of  calculating  the  mean  friction 
coefficient  on  a  thermally  insulated  surface.  In  addition  to  the 
experimental  data  taken  from  the  papers  discussed  earlier,  the  results 
obtained  by  Pappas  [36]  are  also  used  here.  It  should  be  noted  that 
here,  just  as  in  Figure  23,  the  data  points  obtained  by  Coles  lie 
above  the  theoretical  curves. 

Figuie  25  gives  the  results  of  calculating  the  local  friction 
coefficient  for  a  plate  that  can  exchange  heat  with  gas  (thermal  flux 
is  directed  from  the  gas  to  the  wall). 

Figure  26  gives  the  results  of  calculating  the  ratio  of  the 
local  friction  coefficient  in  a  compressible  gas  to  the  friction 
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Figure  27 


coefficient  in  an  incompressible 
fluid,  where  both  coefficients 
were  computed  for  the  same  Reynolds 
number  constructed  from  the  momen¬ 
tum  loss  thickness  [Formula  (3.95)] 
Figure  26,  along  with  the  data 
points  taken  from  Hill's  paper 
discussed  in  Section  11,  also  con¬ 
tains  data  points  for  Mg  =  10 
from  a  later  paper  of  the  same 
author. 


Figure  27  is  a  comparison  of  the  form  parameter  H*,  calculated 
using  Equation  (3-55),  with  the  values  of  this  form  parameter  obtained 
from  Pappas’  experiments  [37].  As  can  be  seen  from  the  graph,  the 
theoretical  and  experimental  data  are  in  better  agreement  for  larger 
Reynolds  numbers. 


Figure  17  also  includes  the  theoretical  profiles  along  with  the 
experimental  velocity  profiles,  obtained  experimentally  by  Hill. 

Solid  lines  indicate  the  velocity  profiles  calculated  using  Formulas 
(3.30)  (laminar  sublayer)  and  (3*99)  (turbulent  core).  Dotted  lines 
indicate  the  logarithmic  velocity  profile  obtained  for  an  incompres¬ 
sible  fluid  using  Formula  (3-100).  A  comparison  of  the  solid  lines 
with  the  experimental  points  shows  that  Formula  (3.99)  gives  a  good 
qualitative  account  of  the  effects  of  compressibility  and  temperature 
on  the  form  of  the  velocity  profile.  One  should  not  expect  full 
agreement  between  the  theoretical  and  experimental  velocity  profiles, 
if  one  recalls  that  certain  simplifying  assumptions  [in  particular, 
assumption  (3.1)  about  a  constant  stress  friction  across  the  boundary 
layer]  were  made  in  developing  the  computational  technique  delineated 
above. 
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§  13.  The  Effect  of  Compressibility  and  Heat 
Transfer  on  the  Laminar  Sublayer 


The  problem  of  determining  the  thickness  of  the  laminar  sublayer 
and  the  velocity  at  its  boundary  is  of  great  importance  in  turbulent 
boundary  layer  theory,  since  the  "laws"  of  drag  and  heat  transfer 
greatly  depend  on  the  choice  of  these  parameters.  It  will  be  recalled 
that  in  the  theory  of  the  turbulent  boundary  layer  for  an  incompressible 
fluid  the  thickness  of  the  laminar  sublayer  is  determined  from  simple 
dimensional  considerations.  In  fact,  if  it  is  assumed  that  the  flow 
in  the  laminar  sublayer  is  determined  by  the  friction  stress  at  the 
wall  t  , viscosity  p ,  and  the  density  of  the  medium,  p,  then  dimen¬ 
sional  considerations  imply  [38]  that 


6.,  ---  a. 


VV p  ' 


V  -=  --  , 


(3.102) 


where  a  is  a  dimensionless  empirical  constant. 


The  value  of  the  constant  a  cannot  be  calculated  theoretically 
and  must  be  determined  from  experiments.  Measurements  done  by 
Nikuradze  which  involved  the  flow  of  water  in  long  cylindrical  tubes 
have  shown  that  the  value  of  a  is  close  to  11.5.  The  subsequent 
measurements  done  by  other  authors  resulted  in  values  of  a  ranging 
from  10  to  13.5. 

The  assumption  that  the  friction  stress  (t  a  const  •  t  )  yields  a 
linear  distribution  of  the  velocities  in  the  laminar  sublayer  and 
the  Newton  formula  (3.105)  for  friction  lead  to  a  linear  velocity 
distribution  in  a  laminar  sublayer: 

u~rfv-  (3.103) 

In  terms  of  the  universal  coordinates,  the  equality  becomes 

«  ,  (3.30) 
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and  at  the  boundary  of  the  sublayer  according  to  (3.102) 


•h  -  — - — —  —  x.  (3.104) 

When  considering  the  flow  in  the  turbulent  boundary  layer  of  a 
compressible  gas,  one  can  obviously  obtain  a  formula  similar  to 
Formula  (3.102)  by  starting  with  the  same  dimensional  considerations. 
However,  due  to  the  variation  of  p  and  p  across  the  sublayer,  it  is 
unclear  how  one  should  choose  the  values  of  viscosity  and  density  in 
this  formula.  It  is  also  not  clear  whether  the  empirical  constant  a 
depends  on  the  Mach  number  and  the  temperature  factor.  Usually,  in 
Formula  (3.102),  p  and  p  are  either  taken  at  a  certain  "defining1' 
temperature  or  are  obtained  by  averaging  over  the  sublayer.  In  parti¬ 
cular,  In  Wilson's  and  Van  Driest* s  papers,  which  were  quoted  above, 
the  defining  temperature  was  that  of  the  wall. 

(14) 

In  L.  Ye.  Kalikhman's  paper'  the  following  averaging  law  was 
used  for  viscosity 

r„. 

m>  "  it-  y~  < 


r  '.Mjn/tf 

'  >■!>  '  \  V. 

*  J*  * 
u  ^  ;*</.*/ 


and  for  the  density  and  velocity 

I'-t 

II 

One  can  also  give  examples  of  other  methods  of  averaging; 
however,  today  there  is  no  necessity  of  using  them.  It  i»  perfectly 
clear  that,  at  the  present  time,  it  Is  not  possible  to  give  a  definit. 
answer  to  the  question  of  the  "defining"  temperature  or  the  law  of 
averaging.  This  circumstance,  as  noted  above,  has  led  to  a  great 
number  of  ways  of  determining  the  thickness  of  the  laminar  sublayer. 


Footnotes  (13)  and  (14)  appear  on  page  l?d. 
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As  always  in  such  cases,  the  criterion  that  should  be  used  when 
selecting  the  "defining”  temperature  or  the  law  of  averaging  is  a 
comparison  with  experiment.  However,  the  lack  of  sufficient  experi¬ 
mental  evidence  does  not  permit  us  to  make  this  comparison  today. 

Until  enough  experimental  data  are  accumulated,  preference  in  selecting 
a  hypothesis  about  the  "defining"  temperature  (method  of  averaging) 
should  apparently  be  given  to  a  hypothesis  that  leads  to  the  simplest 
results. 

The  flow  in  the  laminar  sublayer  in  a  compressible  gas  can  be 
most  simply  described  when  the  temperature  of  the  wall  is  used  as  the 
"defining"  temperature.  In  this  case,  the  velocity  profile  is  de¬ 
scribed  by  the  same  linear  relation  (3.30)  as  in  the  case  of  an  incom¬ 
pressible  fluid.  The  experimental  data  on  velocity  profiles  given  in 
Section  11  indicate  that  this  relation  is  also  well-satisfied  at 
supersonic  gas  velocities. 

The  above  methods  of  accounting  for  the  effects  of  compressibility 
and  heat  transfer  on  the  parameters  of  the  laminar  sublayer  by  select¬ 
ing  a  "defining"  temperature  or  by  averaging  over  the  sublayer  do  not 
facilitate  a  detailed  analysis.  A  much  greater  amount  of  Information 
on  velocity  profiles  in  the  laminar  sublayer  can  be  obtained  if  one 
takes  Into  account  the  actual  variation  of  the  gas  viscosity  with  the 
temperature  across  the  sublayer.  This  has  been  done  by  Caarneckl  and 
Nonta  [391.  Following  this  paper,  we  shall  rewrite  Newton's  formula 
for  the  friction  stress 

4b 

f  fcr  UCZ 

**  (3.105) 

in  the  Tom 

'-**(£)%-  O.106) 

where  ♦  and  n  are  the  universal  coordinates  defined  in  Equations  {3.8} . 
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Making  the  assumption  (3.1)  that  the  friction  stress  iu  constant 
in  the  sublayer  and  that  the  dependence  of  viscosity  on  temperature 
can  be  expressed  in  the  form  of  a  power  law  (3.61),  and  using  the 
Crocco  integral  (3.47)  relating  the  temperature  to  velocity,  one  can 
obtain  the  following  expression  for  the  velocity  profile  in  the 
laminar  sublayer  from  Formula  (3.106): 

49 

v^[t  (3.107) 

where  o,  6  and  t  are  given  by  Equations  (3*49)  and  (3.8) • 


The  results  of  calculations  based  on  Formula  (3*107)  for  the 

£  Q 

Mach  number  Me  «  9,  the  numbers  R«x  *  10  ,  10  ,  10  ,  and  two  values 
of  the  temperature  factor  Tw/Tg  **  15.1  (thermally  Insulated  surface) 
and  T^VT  •  2.6  (strongly  cooled  surface)  are  given  in  Figure  S&» 


Figure  26 


Figure  26  a&stes  it  clear  that  on  a  thermally  insulated  plate,  the 
©  stress  IMli  fey  hardly  affects  the  form  of  the  velocity  profile:  all 
the  curves  ifer  the  three  Reynolds  numbers)  He  einse  fee  the  curve 


rrsMsc^j-m-ts 


♦  =  n.  As  a  result,  the  value  of  the  coordinate  characterizing 
the  boundary  of  the  laminar  sublayer,  is  close  to  its  value  in  an  in¬ 
compressible  fluid  (nz  *  10  -  11).  When  the  plate  is  strongly  cooled 
(Tw/Te  *  2.6),  the  velocity  profiles  become  flatter  and  are  noticeably 

displaced  relative  to  the  profile  $  *  n.  The  values  of  the  coordinate 

(15) 

hj  increase  considerably  in  this  case' 

Similar  results  were  obtained 
by  L.  M.  Zysina-Molozhen  and 
I.  N.  Soskova^1^ .  They  assumed 
a  linear  dependence  of  viscosity 
on  temperature  (n  *  1).  The 
velocity  profile  in  this  case  has 
the  form 

(3.108) 

Figure  29  where  »  and  8  are  given  by 

Equations  (3.^8).  Using  the  pro¬ 
file  (3.108)  for  the  laminar  sub¬ 
layer,  and  Van  Driest "a  velocity  profile*1^  for  the  turbulent  sore, 
the  authors  of  the  paper  determined  the  value  of  the  coordinate  n, 
for  various  values  of  the  ttach  number  and  the  temperature  factor  by 
combining  these  profiles  (Figure  2$).  Here  2  represents  the  experimental 
data  obtained  by  lobb,  Winkler*  and  Person  for  1  and  3  repre¬ 

sent  the  experimental  data  obtained  by  L.  N.  Zysina-Moloshcn  and 
X,  5J.  toskova  for  H*  »  l.*$  and  *  0.2,  respectively.  As  tan  be 
seen  in  Figure  with  strong  cooling  the  value  of  the  parameter 
increases  substantially**  *•  A  similar  tendency  was  noted  in  the 
paper  by  bobh,  Winkler,  and  Fersch  (Figure  21) ,  whereas  in  Hill's 
experiments,  as  can  ec  seen  in  the  same  Figure  21,  this  phenomenon 
was  not  observed,  the  above  discussion  implies  that  on  thermally 
insulated  surfaces  in  the  presence  of  heat  transfer  fross  the  surface 
of  the  body  to  the  gas  the  value  of  the  coordinate  n,  is  close  to  its 

Footnotes  US),  (16),  (It)  and  (18)  appear  on  pages  1  ?$  -  ISO. 
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value  in  an  incompressible  fluid.  A  final  judgment  as  to  the  effect 
of  compressibility  and  heat  transfer  on  the  parameter  c  ■’  apparently 
be  made  only  if  a  sufficiently  great  amount  of  experimental  data  is 
accumulated.  Until  the  problem  is  solved  experimentally,  one  should 
apparently  use  for  a  a  those  values  of  the  parameter  that  were 
obtained  in  experiments  with  an  incompressible  fluid,  i.e,,  a  *  11.5. 

§  14.  Empirical  Method  of  Calculating  Friction 
on  a  Flat  Plate 

The  method  is  based  on  the  assumption  that  we  have  the  following 
functional  relationship: 


4*  eA  ®  >$**  (Re**/1'*.**),  (3.109) 

where  the  function  $**  depends  only  on  the  Reynolds  number  Re**,  con¬ 
structed  from  the  momentum  loss  thickness,  and  the  functions  and 
FHe*»  depend  only  on  the  Mach  number  H@  and  the  temperature  factor 
Tw/Tl>  .  The  functions  ?£  and  PR#i*  *re  such  that 

t\  *  1*  I  t 

V,  */  for  M,^band^  «!. 

A*,** * #W» ^*.  J  m  1 1  *  (3.110) 

the  reasoning  that  leads  to  Equation  (3.10$)  becomes  obvious  if  the 
relation  is  written  in  the  fora 

(Jl\  £*•* 

\  VV*  X’  (3.111) 

where 

n* « tf**«*»*.  (3.  U2) 

Caspar ing  Equations  (3.111)  with  the  Expression  (3.9$)  in  Section  12, 
we  note  that,  in  contrast  with  (3.95),  the  right-hand  side  of 
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Equation  (3.111)  does  not  depend  on  the  Reynolds  number  Re**,  which 
holds  for  sufficiently  large  Reynolds  numbers  [see  the  limiting 
Formula  (3.88)]. 

To  establish  the  dependence  of  the  friction  coefficient  cf  on 
the  Reynolds  number,  constructed  in  terras  of  the  distance  from  the 
leading  edge  of  the  plate,  Rex,  we  shall  use  the  integral  momentum 
Equation  (3-20)  in  the  form 

\  (3.U3) 

Multiplying  both  sides  of  this  equation  by  FRQa*/Fc,  we  obtain 

p  ?**.«*•*'  ^ 

(*•«••«•**}.  (3.11*0 

*  «  *  * 

Introducing  the  notation 

(*♦* x)  (3.115) 

and  noting  that  in  accordance  with  the  relation  (3.109)  there  is  a 

unique  relation  between  (e^)  and  (p^e«*  Re**)»  we  conclude  that 
there  is  a  relation 


4  (3.116) 

where  the  function  depends  only  on  the  number  Res,  and  does  not 
depend  on  the  Mach  number  and  the  temperature  factor  T and 

in*  -  0.  4  -  i. 

(3.11?) 


Similarly  one  can  obtain 

(3.116) 
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where  ip  again  does  not  depend  on  M  and  T  /T  . 

S  W  c 


Equations  (3.116)  and  (3.118)  can  be  written  in  the  form 


(ik‘ 


(3.119) 


\  CFO  /*•« 


(3.120) 


Comparing  the  Expressions  (3.119)  and  (3.120)  with  their  analog  (3.95), 
we  note  that,  iu  contrast  with  (3-95),  the  right-hand  sides  of  (3.119) 
and  (3.120)  do  not  depend  on  the  Reynolds  number  Rex.  As  a  result, 
in  this  method  of  calculation  we  have  equality  of  the  ratios 


(*k-(£k- 


To  determine  the  functions  y**,  y  and  if,  the  authors  use  the 

A 

relations 


R«»*  *•  4  C5  +  ”  [(2  -  oxp  (xt«)  +  35  +  1  - 

— i-(xu)*  ~  4  Wo)*  -  4  (xi^i  > 


(3.121) 
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(3.122) 


(3.123) 


where  K  •  0,4,  «  «  12.  J*  «  V'V*i* 


The  form  of  one  of  the  two  unknown  functions  Fc  and  I?Re»* 

(or  ),  which  determine  the  friction  coefficient  —  namely,  the 

function  Pe  —  was  selected  on  the  basis  of  an  analysis  of  the  exist¬ 
ing  semiempirical  methods  of  computation.  The  analysis  of  the  semi- 
empirical  methods,  done  by  the  authors,  showed  that  those  methods  give 
the  highest  accuracy.  The  results,  written  in  the  form  (3.311), 
(3.119),  or  (3.120),  lead  to  the  following  epxression  for  i?0: 
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c~*”  (3.124) 

where  K  is  given  by  Equation  (3.79),  and  the  coefficients  to  and  8, 
appearing  in  (3.79),  are  defined  by  Formulas  (3.49) .  In  other  words, 
the  function  F  is  determined  in  exactly  the  same  way  as  was  done  in 

v 

the  semi-empirical  method  presented  in  Section  12. 


The  second  unknown  function  PRe#*  was  determined  empirically  by 
using  the  experimental  data  on  the  friction  coefficient.  It  was 
assumed  that  the  function  PRe«#  has  the  form 


(3.125) 


The  considerations  leading  to  the  Expression  (3.125)  were  also  based 
on  an  analysis  of  the  existing  semi-empirica.l  methods. 


Using  the  functions  'I'rq#*,  and  Fc,  defined  above,  as  well 

as  numerous  experimental  data,  the  authors  of  the  method  found  the 
values  of  p  and  q  by  minimizing  the  mean-square  value  of 

C/.hKOfl  fylTOOp, 

C/.T00p 


As  a  result,  it  turned  out  that  p  »  00.702,  and  q  *  0.772.  Accordingly, 
the  expression  for  PRe#»  has  the  form 

„  t  ru\ -».»#»  /  rr  \«.n»  (3.126) 
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TABLE  9.  VALUES  OP  THE  FUNCTION  F  FOR  VARIOUS  VALUES  OF  M  and 

c  e 

T/T  . 
w  e 


M 

X.  (* 

T  >T 

11'  1  It 

O 

* 

3 

4 

5 

fi 

- 

0,05 

0,3743 

0,4036 

0,4884 

0,0222 

0,7999 

1.0184 

1,2759 

1.5713 

O.l 

0,4331 

0,4625 

0,5477 

0,0829 

0,8628 

1.0842 

1,3451 

1,6444 

0,2 

0,52.16 

0,5530 

0,6388 

0,775l) 

0,9584 

1 .1836 

1.4491 

1.7534 

0,3 

0,5989 

0,6283 

0,7145 

0,8523 

1,9370 

1 ,2045 

1,5  37 

1,8418 

0,4 

0,6662 

0,6957 

0,7821 

0,9208 

1,1069 

1 ,3370 

1.6083 

1.9194 

0,5 

0,7286 

0,7580 

0,8446 

0,9833 

1,1713 

1,4031 

1 ,6767 

1,9903 

0,6 

0,7873 

0,8168 

0,9936 

1 ,0434 

1,2318 

1 ,4651 

1,7405 

2,9564 

0,8 

0,8972 

0,9267 

1,0137 

1,1344 

1 ,3445 

1 ,5802 

1,8539 

2,1785 

1 

1,0000 

1,0295 

1,1167 

1,2581 

1,4494 

1 ,6871 

1 ,90«4 

2,2913 

2 

1,4571 

1,4867 

1,5744 

1,7176 

1,9130 

2,1572 

2,4472 

2,7809 

3 

1,8660 

1,8956 

1,9836 

2,1278 

2,3254 

2,5733 

2,8687 

3,2o92 

4 

2,2500 

2,2796 

2.3878 

2,5120 

2,7117 

2,9621 

3,2611 

3,6o6ii 

5 

2,6180 

2,6477 

2,7359 

2,8812 

3,0813 

3,3330 

3 , 6355 

3,9847 

6 

2.9747 

3,0044 

3,0927 

3,2384 

3,4393 

3,6930 

3.9971 

4,3493 

8 

3,6642 

3,6938 

3,7823 

3,9284 

4,1305 

4,3803 

4,6937 

5,0505 

10 

4,3311 

4,3608 

4,4493 

4,5958 

4,7980 

5,0559 

5,3657 

5.7259 

12 

4,9821 

5,0117 

5,1003 

5,2470 

5,4504 

5,7088 

6,0204 

6,3832 

14 

5,0298 

5,6505 

5,7301 

5.88CO 

6,0898 

0.3491 

0,6621 

7,0271 

to 

0,2500 

0,2797 

6,3683 

6,5153 

0,7196 

6,9795 

7,2937 

7.6603 

18 

6,8713 

6,9010 

0,9897 

7,1368 

7,3413 

7,6019 

7,9170 

8,2851 

20 

7,4861 

7,5157 

7,6045 

7,7517 

7,9504 

8,2175 

8,5334 

8,9027 

25 

9,0000 

0,0297 

9,1184 

0,2038 

9,4711 

0.7339 

10,0505 

10,4222 

30 

10,4886 

10,5183 

10,6071 

10,7546 

10,9602 

11.2228 

■11,5415 

11,0149 

1,9041 

1,8812 

2,0958 

2,1882 

2,2892 

2,3429 

2,4115 

2,5379 

2,8542 

3,1584 

3,5929 

3,9904 

4,3792 

4,7477 

5,4549 

6,1347 

(1,7955 

7,4422 

8,0779 

8,7045 

0,3238 

10,8467 

12,3418 


2,3738 

2,3552 

2,4750 

2,5723 

2,0569 

2,7338 

2,8049 

2,9360 

3,0502 

3,5725 

4,0184 

4,4290 

4,8174 

5,1905 

5,9050 

6,5904 

7,2556 

7,9058 

8,5444 

0,1737 

9,7952 

11,3224 

12,8200 


2,6803 

2,7661) 

2,8925 

3,9937 

3,0820 

3,1620 

3,2302 

3,3721 

3,4000 

4,0282 

4,1846 

4,9030 

5,2970 

5,6704 

6,3094 

7,0913 

7,7618 

8,4164 

0,0587 

9,6012 

10,3154 

11,8482 

13,3509 


0,6194 

10,2550 

10,8832 

12,4227 

13,0305 


0,7727 

7,5101 

8,2241 

8,9077 

9,5731 

10,2251 

10,8657 

11,4971 

13,0416 

14,5580 


4,1186 

4,2180 

4,3036 

4,4703 

4,5704 

4,6097 

4,7531 

4,9051 

5,0434 
5,6203 
0,1187 
8,5653 
U ,0833 

7,3814 

8,1365 

8,8530 

0,5452 

10,2174 

10,0748 
1 1 ,5204 
12,1562 
13,7128 
15,2339 


8,0207 

8,7972 

9,5247 

10,2245 

10,9010 

11,5676 

12,2187 

12,8595 

14,4263 

15,0550 


5, 2591 
5,3080 
5,5207 
5,0523 

5,7008 

5,8584 

5,0483 

0,1117 

0,2599 

C.88C1 

7,309:! 

7,8073 

8,3933 

8,7160 

0,1077 

10,2359 

10,0419 

11,0321 

12,3020 

12,0508 

13,0050 

15,1841 

16,7235 
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TABLE  10. 


VALUES  OP  THE  FUNCTION  FRe#»  FOR  VARIOUS  VALUES  OF  M 

AND  T  /T  .  J  t  e 

w  e 


r,c  f,  \ 

° 

i 

2 

3 

4 

5 

6 

7 

0,05 

82,7405 

93,8950 

125,3092 

173,1153 

234,1633 

306,3489 

388,2642 

478,9229 

('.I 

29,7852 

33,8006 

45,1092 

62,3185 

84,2949 

110,2803 

139,7684 

172,4040 

(i.2 

10,7221 

12,1676 

16,2385 

22,4336 

30,3447 

39,6990 

50,3142 

62,0625 

0,3 

6,8983 

6,6934 

8,9323 

12,3407 

16,6926 

21,8334 

27,6779 

34,1406 

0,4 

3,8598 

4,3801 

5,8456 

8,0757 

10,9236 

14,2910 

18,1123 

22,3414 

0,5 

2,2779 

3,1524 

4,2071 

5,8121 

7,9918 

10,2353 

13,0355 

16,0792 

0,6 

2,1233 

2,4095 

3,2157 

4,4424 

6,0091 

7,8615 

9,9636 

12,2900 

0,8 

1,3395 

1,5768 

2,1043 

2,9071 

3,9323 

5,1445 

6,5201 

8,0425 

i 

1,0000 

1,1348 

1,5145 

2,0923 

2,8301 

3,7025 

4,6926 

5,7883 

2 

0,3600 

0,4085 

0,5452 

0,7532 

1,0183 

1,3328 

1,6892 

2,0837 

3 

0,1980 

0,2247 

0,2999 

0,4143 

0,5604 

0,7332 

0,9292 

1,1462 

4 

0,1296 

0,1471 

0,1963 

0,2711 

0,3667 

0,4793 

0,6081 

0,7501 

5 

0,0933 

0,1058 

1,1412 

0,1951 

0,2039 

0,3453 

0,4377 

0,5393 

0 

0,0713 

0,0309 

0.1080 

0,1491 

0,2017 

0,2639 

0,3345 

0,4126 

8 

0,0466 

0,0529 

0,0706 

0,0976 

0,1320 

0,1727 

0,2189 

0,2700 

10 

0,0336 

0,0381 

0,0503 

0,0702 

0,0950 

0,1243 

0,1575 

0.1943 

12 

0,0257 

0,0291 

0,0319 

0,0537 

0,0726 

0.0950 

0,1204 

0,1485 

15 

0,0204 

0,0232 

0,0310 

0,0423 

0.0579 

0,0757 

0,0959 

0,1133 

16 

9,0168 

0,0191 

0,0254 

0,0351 

0.0475 

0,0622 

0,0788 

0,0972 

IS 

0,0141 

0,0160 

0,0214 

0,0295 

0,0400 

0,0523 

0,0662 

0,0317 

20 

0,0121 

0,0137 

0,0183 

0,0253 

0,0342 

0,0447 

0,0567 

0.0700 

25 

0,0087 

0,0099 

0,0132 

0,0182 

0,0246 

0,0322 

0,0408 

0,0503 

30 

0,0066 

0,0075 

0,0101 

0,0139 

0,0183 

0,0240 

0,0312 

0,0385 

VV"\ 

8 

» 

10 

11 

K 

19 

0 

ti 

0,05 

577,5949 

683,7162 

796,8344 

918,5768 

1042,629 

1174.722 

1312.620 

(456,116 

0,1 

207,9243 

240,1261 

286.8467 

329,9510 

375,3280 

422.8794 

472.5207 

524.1767 

0,2 

74.8492 

8,3,0012 

103,2599 

118,7770 

135,1119 

152.2295 

170.0993 

(88,6946 

0,3 

41,1745 

48,7395 

56,8032 

65,3392 

74,3250 

83,7414 

93.5716 

103.8009 

0,4 

26,9(44 

31.8949 

37,1718 

42,7577 

43,0340 

54.8000 

61.2323 

67.9268 

0,5 

19,3920 

22,9340 

28.7527 

3'*.7730 

35.0050 

39.4398 

44,0u90 

48,8873 

O.ll 

14,8321 

17,5454 

20,4482 

21',  5210 

26,7557 

30,1455 

33,6642 

57,3665 

0,8 

9.0995 

11,4810 

13,3312 

15.3920 

17,5088 

19,7271 

22.0428 

24,452$ 

l 

0,9308 

8,2634 

9,0305 

11.0777 

12,6012 

14.(977 

15.8641 

17,5946 

2 

2,5130 

2.9747 

3,4668 

3,9878 

4,5362 

5.1109 

5,7109 

6,3352 

3 

1.3824 

1,6304 

1,9071 

2,1037 

2,4954 

2.8115 

3.1416 

3.4850 

4 

0,90411 

1,0708 

1,2(80 

1,4355 

1,0330 

1,8398 

2,0556 

2,2  <09 

5 

0,0511 

0,7707 

0,8082 

1,0332 

1,1752 

1,3341 

1.4796 

1,6413 

« 

0,4076 

0,5891 

0,6862 

0,7897 

0.8983 

1,0121 

1,1309 

1,2543 

X 

0.3250 

0,3855 

0,4493 

0.5168 

0,5878 

U.6621 

6,7401 

I.82IU 

10 

0,2344 

0,2774 

0,3233 

0,3719 

0,4231 

0,4707 

0,5326 

thSiaii 

12 

0,1791 

0,2121 

0,2471 

0,2843 

0,3334 

0.3643 

0.4071 

0.4516 

14 

0,1427 

0,1690 

0,1989 

0.2265 

0.2576 

0.2903 

0.3244 

0,3598 

in 

0,1172 

0,1888 

0,1617 

0,1860 

0,21(6 

0.23H4 

0  .,sm 

0,2953 

18 

0,0985 

0,1107 

0,1359 

0,1564 

0,1779 

0.2004 

0,2239 

0,24*4 

2o 

0.0844 

0,0999 

0,1164 

0,1339 

0.152.1 

0.1716 

0,1917 

0,2127 

25 

0,0607 

0,0719 

0,0438 

0,0064 

0,1006 

0.4235 

6,4380 

0.4531 

30 

0,0464 

U.OC40 

0.0737 

0,0834 

0,0844 

0,(035 

0,4470 
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TABLE  11.  VALUES  OF  THE  FUNCTIONS  Fccf  FcCpj  FRe*»Re**  AND 

v*- 


h'» 

yccF 

. . 

f*»I*’* 

V, 

Vf 

F»*,M* 

i 

i 

o.OOl 117 

2.873-111’ 

5.758-io»* 

tl.oOCO 

0. 008205 

233,0 

5.B791U‘ 

0,0015 

U, 001 716 

3,953- to* 

4,610- to* 

0,0065 

U.O09IO5 

177.6 

3,001-10* 

i 

i  *m**2*> 

o.iM&m 

5.425-10* 

4.651-10’ 

0.0070 

0.010012 

14U.4 

2.796-10* 

0.0025 

0.002967 

1,386*10* 

9.310-10* 

0.0075 

0.0110)4 

114.4 

j  2,078-10*  I 

!  (i,miu 

0,UN82t 

5030 

2,778-10* 

0.0)  MO 

0.012016 

65.63 

j  1.592-10*  1 

U.0035 

0.004299 

22»3 

I.U62-10* 

0.0085 

0.01304 

92  49 

(  1,251-10*  ; 

1 

lUMU 

0.U050U6 

12)« 

4,828-10* 

o.OOOO 

0,01409 

73  91 

!  l.uui-Ht*  j 

0.0045 

0.003747 

716.0 

2.492- 10» 

1  0.0095 

t  0.01516 

62.55 

j  6,253-1)0  • 

l>.)*50 

9.UC53& 

462.3 

1,417-10* 

0.0100 

j  0.01624 

53,*? 

J6..SS3-OS  , 

!  0.u*U5 

\ 

t 

ti.ftcati 

i 

1 

319.4 

8.69?- ID* 

O.OIttJ 

}  u.017.13 

30.46 

5.826- to*  ; 

1 

1  1 

In  the  ease  of  a  flow  near  a  thereally  Insulated  wall,  we  have 

£W*  ^  »'  (3.12?) 

A  eeapariaon  of  this  method  with  the  experimental  data*  dsn©  by 
the  authors  of  the  method*  showed  that  it  resulted  In  a  mean-square 
error  which  was  smallest  as  compared  with  the  other  methods  — ~ 
namely*  9.9S. 

To  simplify  the  computation,  the  necessary  auxiliary  functions 
have  been  tabulated  (fables  9-11). 

The  computational  procedure  according  to  the  above  method  is 

as  follows.  Given  the  Mach  number  and  the  temperature  factor 

t  ft  ,  we  use  Table  9  to  determine  the  function  fh.  Then  using 

we’  e 


and  then  — 


Equation  (3.126)  or  Table  10,  we  find  the  function  FRe#, 

using  Formula  (3.115)  —  F_  .  Finally,  from  the  given  Reynolds 

«ex 

(Re**  or  Rex)  and  functions  FRe  (or  FRe#1()  and  F  ,  determined 
earlier,  we  use  Table  11  to  find  the  values  of  cf  and  Cp. 

This  method  of  calculating  friction  in  the  turbulent  boundary 
layer  on  a  flat  plate  does  not  involve  any  new  physical  hypotheses. 
The  expression  for  the  function  Fc  was  assumed  to  be  the  same  as  in 
the  semi-empirical  method  considered  in  Section  12.  The  function 
PRe*«  was  found  in  a  purely  empirical  way.  All  in  all,  the  method 
can  be  recommended  as  a  simple  engineering  method  for  calculating 
friction  on  a  flat  plate. 

S  15.  Relationship  between  Friction  and  Heat  Transfer 
on  a  Flat  Plate  (Reynolds  Similitude).  Recovery  Factor 


The  specific  thermal  flux  between  a  gas  and  a  wall  according  to 
the  Fourier  law  can  be  written  in  the  form 


(3.128) 

r 

Passing  In  this  equation  from  the  temperature  to  enthalpy  (A*. 

*  ' 

and  performing  simple  rearrangements,  we  get 


»*• 


(3.129) 


Here 

«-£••  (3.130) 

To  find  the  derivative  (jfi/Ju),  we  turn  to  the  energy  equation 
in  the  Crocco  variables  (2.6 S)^°*.  in  the  case  of  a  flow  of  a 


Footnote  (20)  appears  on  page  180. 
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homogeneous  gas  (3ci/3u  =  0) over  a  flat  plate  positioned  at  a  zero 
angle  of  attack  (dp/d£  =  0)  the  equation  becomes 


p“  4‘  ■ 


.  Oh  , 

e)  v  + 

-  tit. 


1  - 


,  Ox  Oh 

•IT  —  —  • 
,/  tiu  Ou 


+ 


yu'Pr,,,  dujj 


0. 


(2.13D 


Here  Prm  =  Pr  in  the  laminar  sublayer  and  Prm  =  PrT  in  the  turbulent 
core  [see  Formulas  (1.103)  and  (2.33)]. 


Below,  for  simplicity,  we  shall  assume  tnat  the  enthalpy  h  is  a 
function  of  the  velocity  u  alone,  and  does  not  depend  on  the  longi¬ 
tudinal  coordinate  5,  i.e.,  h  =  h  (u).  The  assumption  may  be 
Justified  if  one  notes  that  it  is  strictly  satisfied  if  the  Prandtl 
number  and  its  turbulent  analog  are  equal  to  unity.  In  this  case, 
as  we  know,  we  have  the  Crocco  integral.  Consequently,  one  can 
expect  that,  for  a  small  deviation  of  the  Prandtl  number  and  its 
turbulent  analog  from  unity,  the  dependence  of  enthalpy  on  the 
longitudinal  coordinate  will  be  insignificant.  Taking  advantage  of 
this  assumption  Oh/DC  =  0),  we  bring  (3.131)  to  the  form 


here 


and  the  prime  denotes  a  d  rivitive  with  respect  to  the  dimensionless 
velocity  u.  The  boundary  conditions  for  Equation  (3.132)  are 


h  for  o  o, 
1  for  a  “ 


(3-133) 


Integra* -tig  Equation  (3.132)  once,  we  get 


(3.13M 


IV. 


An  integration  of  (3.13*)  leads  to  the  relation 


(3-135) 


where 


u  t 

5(a)  =  j^Prmexp  [-  ^(1  -  Prm) 

0  1  T 

*  («)  =  ^ Pr"‘  eXP  [  ■ -  5  ( 1  -  Prm)  *]  X 

0  l  T 

«  T  _ 

x  {§  °*P  [J  ( 1  -  Prm)  *]  <*»}  da. 


(3.136) 


(3.137) 


Using  the  second  of  the  boundary  conditions  (3.133),  we  find  from 
Equation  ( 3 • 13^ )  the  derivative  (h')  ,  which  is  necessary  to  deter- 

W 

mine  the  thermal  flux: 


(£')*  =  Pr,„ 5(1)  +  *0)]. 


(3.138) 


Substituting  the  expression  (3*138)  into  the  relations  (3. 13*0  and 
(3.129),  we  obtain 


11(a)  «,  K  —  (hm  —  \  )|^  -|-  ^ gg  /#(1>-/?(a)], 

9w  «*  —  t„5(l)[A,-f  2R  (i)-y  “  *»] 

The  quantity 

Hf=*  A,  +  2/?(l)-y 

is  usually  called  the  equilibrium  enthalpy  of  a  thermally  insulated 
surface  or  the  enthalpy  of  recovery.  The  factor 

r-2/i(t),  (3. 1*2) 


(3*139) 

(3.1*0) 

(3*1*1) 
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in  the  expression  for  the  equilibrium  enthalpy  (3«lKl)  is  called 
the  recovery  factor.  The  recovery  factor  characterizes  the  differ¬ 
ence  between  the  value  of  the  equilibrium  enthalpy  Hr  and  the 
enthalpy  of  an  adiabatically  and  isentropically  decelerated  gas 
He  =  hg  +  Ue^/2.  In  other  words,  it  characterizes  the  nonadiabaticity 
of  the  flow  processes  in  a  boundary  layer. 


Let  us  introduce  the  dimensionless  heat  transfer  coefficient 
(Stanton  number) 


_ 7<c 

(Ur  —  ' 


(3.143) 


Then,  using  the  expression  for  the  local  friction  coefficient  c^. 
(2.85)j  we  find  the  following  relation  from  Equation  (3.1^0) : 

(3. IKK) 

The  quantity  S(l)  is  called  the  Reynolds  similitude  parameter. 

Thus,  in  order  to  calculate  the  local  heat  flux  qw,  one  must- 
know  the  recovery  factor  r,  the  'Reynolds  similitude  parameter  S(l), 
and  the  local  friction  coefficient  Cj.: 

0*  -  ^ M4>V< * ) (K  (3.1  K 5 ) 

The  recovery  factor.  The  general  expression  for  the  recovery 
factor  with  a  variable  Prandtl  number  Prm,  in  view  of  Equations 
(3. 1K2)  and  < 3 *  1 37 ) *  has  the  form 

r  2 1 Prw  ux|>  [—  \  ( 1  ■  -  PrJ  * J 

* 

If  the  generalised  Prandtl  number  Prffl  can  be  considered  constant 
the  cross  section  of  a  boundary  layer,  then  Equation  O.lKf) 
bo  considerably  simplified,  and  after  simple  rearrangements  it 
become 


over 

will 

will 
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r  -  2Prw 


da. 


When  the  generalized  Prandtl  number  is  equal  to  unity  (Prm  *  1) 
—  which,  within  the  framework  of  the  double-layer  Prandtl  model  of 
the  turbulent  boundary  layer,  means  that  the  Prandtl  number  (Pr) 
in  the  laminar  sublayer  and  its  turbulent  analog  (Pr^)  in  the 
turbulent  core  have  been  assumed  constant  and  equal  to  unity  — 
the  recovery  factor  turns  out  to  be  equal  to  unity  (r  *  1),  as  can 
be  seen  from  expression  (3*1^7).  In  this  case,  the  equilibrium 
enthalpy  of  a  thermally  insulated  surface  is  equal  to  the  enthalpy 
of  an  adiabatically  and  isentropically  decelerated  gas:  Hr  ®  He* 
Thus,  it  is  only  in  the  case  Pr  *  Pr^  *  1  that  the  flow  in  the 
boundary  layer  becomes  similar  to  adiabatic  flow. 

In  the  case  Pr  «  const  +  1  and  in  order  to  determine  the 
m 

recovery  factor,  as  can  be  seen  from  Equation  O-l1*?),  one  must 
know  the  distribution  of  the  tangential  stresses  across  the  boundary 
layer  x  ■  x(u). 

As  was  already  noted  in  Section  10,  there  is  very  little  infor¬ 
mation  about  the  character  of  this  distribution,  even  in  the  case  of 
an  incompressible  fluid.  According  to  the  experimental  data  obtained 
by  Klebanov  and  shown  in  Figure  2,  the  relationship  between  the 
friction  stress  and  the  lateral  coordinate  is  close  to  linear,  and 
can  be  approximately  described  by  the  expression  (3.2).  The  depen¬ 
dence  of  the  friction  stress  on  the  velocity  in  the  turbulent  core 
of  the  boundary  layer  has  the  approximate  form  shown  in  Figure  3,  and 
is  described  by  Equation  (3*5) *  As  can  be  seen  in  Figure  3*  for 
the  value  *  30  and  the  velocity  range  0  <  u  <  0.8,  the  friction 
stress  varies  within  the  range  0.9  £  t  <  1,  which  makes  it  possible 
to  consider  the  friction  stress  in  the  boundary  layer  to  be 
approximately  constant  and  equal  to  its  value  at  the  wall.  If  wo 
make  this  assumption,  then,  within  the  framework  of  the  double-layer 
model.  Equation  (3.1H?)  leads  to  the  following  expression  for  the 
recovery  factor: 
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r~PrT_(fVT_ft)  fl*. 


(3.148) 


Here  u,  is  the  dimensionless  velocity  at  the  boundary  of  the  laminar 
sublayer,  defined  by  Equation  (3. 3D*  We  note  that  in  obtaining 
(3.148)  the  integration  interval  1  <  u  <  1  was  subdivided  into  two 
intervals:  0  <  u  <  u.  —  laminar  sublayer,  where  Pr  -  Pr,  and 

-  -  ~  r>i  \  m 

u„  <  u  <  1  —  turbulent  core,  where  Pr  -  Pr-  . 

Unfortunately,  up  to  the  present  time  there  has  been  a  lack  of 
sufficiently  reliable  data  on  the  value  of  the*  turbulent  Prandtl 
number.  The  attempts  to  directly  estimate  the  value  of  Pr,-.  from 
the  measurements  of  the  velocity  and  temperature  profiles  for  a 
flow  of  air  in  tunnels  and  channels  lead  to  values  of  Prlf  which  are 
somewhat  smaller  than  unity.  However,  in  experiments  on  heat 
transfer  in  liquid  metals  one  observed  Pr^  >  1.  This  deviation  of 
PrT  from  unity  Is  apparently  due  to  the  diverse  effects  of  the 
molecular  transfer  Inside  the  carriers  of  turbulent  transfer  —  i.e., 
finite  fas  volumes  participating  in  turbulent  mixing  —  on  the 
mechanism  of  momentum  and  heat  transfer.  A  certain  indeterminacy  of 
the  value  of  Piv(,  is  sometimes  used  to  obtain  a  better  agreement 
between  theory  and  experiment  through  a  suitable  choice  of  the 
frandtl  number.  Until  the  problem  of  the  value  of  Pr*.  is  ultimately 
solved  experimentally,  one  should,  as  many  authors  often  do,  set 
its  value  to  unity. 


reccing  rrv  »  j 
(3.i«8),  we  get’(^} 


r  ~  i  “  (i  “  ft)  a* . 


(3.149) 


Per  frandtl  numbers  close  to  unity  for  the  velocity  at  the  boundary 
of  the  laminar  sublayer  u.  ranging  from  9.2  to  0.8,  Equation  0*149) 
may  to  within  *  1S£  he  replaced  by  the  following  simple  formula: 


footnotes  ( fl )  and  (£2)  appear  on  pager  Ids  -  i&l. 
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r  ~  1  —  {1  _  ft)  a-  IV'..  (3.150) 

.•or  Pr  *  0.72  (air).  Formula  (3.150)  leads  to  a  value  of  the  recovery 
factor  r  *  0.895,  which  is  in  good  agreement,  as  will  be  shown  below, 
with  the  experimental  data. 


In  addition  to  using  the  double- layer  model  and  simple  assump¬ 
tions  about  the  distribution  of  the  friction  stresses  in  the  boundary 
layer ,  attempts  were  also  made  to  calculate  the  recovery  factor 
using  a  more  complex  three-layer  Karman  model  [iio3  * 

It  will  be  recalled  that  according  to  this  model  C^l]  the 
velocity  profile  in  the  turbulent  boundary  layer  of  an  incompressible 
fluid  is  divided  into  three  segments:  1)  laminar  sublayer  in  which 

f  ”  1  for  G«i,<5;  (3.151a) 

buffer  sone  in  which 

I +*•»!]  for  (3.151b) 

3)  fully  turbulent  region: 

f  =*  5.3  +  2.3  in  i)  for  »l>30.  (5.151c) 

In  the  paper  by  Van  Driest  (42),  in  the  first  two  regions  the 
friction  stress  was  assumed  to  be  constant  and  equal  to  its  value 
at  the  wall.  In  the  third  region,  the  distribution  of  the  tangential 
stresses  was  represented  in  the  form  (3.5).  The  final  formula  for 
the  recovery  factor,  obtained  by  Van  Driest,  has  the  form 

t  fc,Jl  -J  |  (1  “  **»»)  {-g  +  |(<  ““  *»)} 

+  *2in|i  4.  - 1)|  *■  (3.152) 

+  (!.«) ta(l  +  s(r— ')]-(!•  «)!»(>  *  J(£-  l)jj] 
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This  formula,  as  implied  by  the  above  discussion,  refers  to  a  flow 
of  an  incompressible  fluid.  As  shown  by  Van  Driest,  Formula  (3*152) 
can  be  generalized  to  the  case  of  a  compressible  gas  (without  heat 
transfer)  if  instead  of  c^Q  the  quantity  cf  multiplied  by  (1  +  r A/,*) 
is  introduced  in  it,  where  Cj.  is  understood  to  be  the  local  friction 
coefficient  for  a  compressible  gas.  In  calculations  based  on 
Formula  (3*152),  it  turned  out  that  if  the  friction  coefficient  for 
an  incompressible  flow,  Cj.Q,  is  used  and  the  value  of  the  turbulent 
Prandtl  number  is  taken  as  0.86,  then,  within  the  Reynolds  number 
range  105  <  Re  <  10L ,  the  recovery  factor  will  be  a  constant  equal 
to  0.88.  Here  the  value  of  the  Prandtl  number  was  set  equal  to  0.71. 


The  result  of  taking  into  account  the  effect  of  compressibility 
on  the  value  of  r  in  Formula  (3*152),  by  having  introduced  in  this 
formula  the  friction  coefficient  cf  for  a  compressible  flow  multi¬ 
plied  by  (i  *{•  r M,*) ,  is  that  the  values  of  the  recovery  factor 
depend  only  slightly  on  the  Mach  number  (for  G  <  ML  «  5)  (Figure  30). 
Figure  30  shows  two  theoretical  curves.  The  first  curve  (D  was 
calculated  for  the  conditions  of  a  wind  tunnel  (stagnation  temperature 
T*  *  3Hfl  K),  the  second  for  free  flight  conditions  (temperature  at 
infinity  »  222®  K).  The  difference  between  these  curves  is 

explained  by  Van  Driest  as  due  to  the  different  character  of  the 
variation  of  the  molecular  Fraud tl  number  in  a  wind  tunnel  as 
compared  with  five  flight. 


Experimental. data  on  the 
.recovery,  factor.  The  first  measure¬ 
ments  of  the  recovery  factor  were 
madi  more  than  a  quarter  of  century 
ago.  in  L.  Sreeco’a  paper  £$12]. 
published  in  l$tl,  it  was  gatafellahed 
experiment ally  — *  by  studying  the 
turbulent  boundary  layer  in  a 

supersonic  flow  —  that  the  recovery  factor  ranged  from  9.§1  to 
where  a  noticeable  dependence  of  r  on  the  Kach  number  Wg  was  observed. 


i«n 


WMic-si-tawi 


Later  a  whole  series  of  experimental  studies  aimed  at  deter¬ 
mining  the  recovery  factor  were  made.  The  results  of  some  of  those 
studies,  done  between  1399  and  1951),  are  listed  in  Table  12  which 
is  reprinted  from  a  paper  by  Kaye  £^33* 

The  most  accurate  measurements  of  the  recovery  factor  have  been 
made  during  the  past  ten- fifteen  years. 

TABLE  12 


Authors 

Year 

Model 

KV1(T6 

«e 

r 

Wimdrow 

19*»9 

cone,  paraboloid 

2.7 

9.8 

2 

1.5 

2.0 

0.885  +  0.008 
0-902  +  0.005 
0,899  ♦  0.008 

Ftolder 

Ruhesin 

Tendeland 

1950 

plate 

i 

7 

2.5 

(0.889-0.897 
♦  0.007 

mm 

Hilton 

1951 

plate 

10 

2.0 

0.BS0  ±  0.009 

Eber 

1952 

cone,  cone- 
cylinder 

1.0 

0.25 

2. 87 
9.25 

0.92 

0.97 

Kllris, 

Sternberg 

1952  1 

cone,  cone- 
cylinder 

7 

1 

2-3-9 

0.882  ♦  0,007 

n* 

Sleek 

1952 

plate 

3 

2.9 

0.908 

Stein 

Scherer 

1952 

10*  cone 
$0°  cone- 
cylinder 

0.9-9 

0.3-1 

2-3.8 

3-3.8 

0.882  ♦  0.008 
0.88$  ♦  0.01) 

Pappas *  experiments  >  in  the  course  of  the  experiments, 
measurements  were  made  of  the  surface  temperature  of  a  thermally 
insulated  plate  and  of  the  Mach  number  on  the  outer  edge  of  the 
boundary  layer.  The  recovery  factor  was  calculated  from  the  formula 


footnote  (33)  appears  on  page  i$i. 
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=  rrt  +0.2MI  1 

•  r  T]  0,2  Ml  0,2.^‘  (3.153) 

* 

where  T  o  Is  the  temperature  of  an  adiabatically  and  isentropically 
decelerated  gas.  The  measurements  were  made  at  the  Mach  numbers 
Mg  =  1.69  and  Mg  =  2.27.  The  Reynolds  number  was  varied  from  10^ 
to  10^.  The  results  of  the  measurements  are  shown  in  Figures  31 
and  32.  As  can  be  seen  from  the  diagrams,  the  recovery  factor 
decreases  with  an  increase  of  the  Reynolds  number  approximately 
from  0.90  to  0.89,  and  a  majority  of  the  experimental  points, lies 
near  the  value  0.89. 


Figure  31  Figure  32. 

The  Shoulberg,  Hill,  and  Rivas  experiments  [44],  In  the 
experiments ,  the  recovery  factor  was  measured  on  a  flat  plate  placed 
in  a  wind  tunnel.  The  experimental  and  computational  technique  used 
was  the  same  as  in  Pappas'  paper  just  considered.  The  measurements 
were  made  within  the  following  range  of  the  Mach  and  Reynolds 
number:  1.9  <  M  <  3.l4*106  <  Rev  <  17-106.  The  results  of  the 
experiments  are  shown  in  Figures  33  and  34.  As  can  be  seen  in 
Figure  33>  the  recovery,  factor  decreases  somewhat  with  an  increase 
of  the  Reynolds  number.  Even  though  the  decrease  in  the  Reynolds 
number  range  investigated  is  only  about  0.5$,  nevertheless,  the 
tendency  toward  a  decrease  can  be  seen  very  clearly.  As  far  as  the 
effect  of  the  Mach  number  on  the  recovery  factor  is  concerned,  as 
seen  in  figure  34, the  effect  in  question  is  absent  in  the  range  of  the 
Me  numbers  investigated.  The  experimental  value  of  the  recovery 
factor  (Figure  33)  is  smaller  than  its  value  calculated  using  Formula 
(3*150),  in  which  the  Prandtl  number  was  determined  at  the 
temperature  at  the  wall  T  =  T  ,  by  approximately  1$. 
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Figure  34 


Tendeland's  experiments  [45].  The  measurements  were  made  on 
the  surface  of  a  cylindrical  model  with  a  conical  nose  (cylinder 
diameter  was  two  inches,  cylinder  length  was  14.75  inches,  the  cone 
angle  was  20°)  in  a  flow  of  air  ’with  the  Mach  numbers  =  3;  3.44; 
4.08;  4.56  and  5.04.  The  local  Reynolds  numbers  per  1  foot  (Rex/foot) 
were  equal  to  3*106;:  4-106;  3*6‘106,  2.8*106  and  2.3*106,  respec¬ 
tively.  The  recovery  factors  were  calculated  from  the  temperatures 
measured  along  the  model  under  equilibrium  conditions.  The  local 
values  of  the  recovery  factors  were  determined  after  making  correc¬ 
tions  for  the  relatively  small  radiation  losses  to  the  cold  lateral 
wall  of  the  wind  tunnel  on  the  basis  of  the  local  values  of  temper¬ 
atures,  local  values  of  the  Mach  numbers  M£,  and  the  values  of  the 
deceleration  temperature. 


The  results  of  the  measurements  are  shown  in  Figure  35*  The 
abscissa  axis  in  this  figure  measures  the  distance  from  the  nose  of 
..the  model  in  diameters.  The  plots  make  it  clear  that,  for  *>  3.00, 
3.44  and  4.08,  the  recovery  factor  varies  approximately  from  0.88  to 
O.89,  where  the  values  of  r  on  the  conical  nose  are  somewhat  smaller 
than  those  on  the  cylindrical  portion  of  the  model.  For  =  4.56 
and  5.04,  the  values  of  r  near  the  junction  of  the  nose  with  the 
cylindrical  portion  are  much  smaller.  This  phenomenon  is  explained 
by  the  author  of  the  paper  as  due  to  the  large  pressure  drop  at  the 
junction  and  the  temperature  gradient  along  the  axis  of  the  model, 
which  resulted  in  a  reduction  of  temperature,  and  as  a  result,  in 
a  significant  error  in  the  determination  of  r  in  the  region  of  the 
.junction. 
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Figure  35. 


The  Adcock,  Peterson,  and  McRee  experiments  [46].  The  paper 
presents  the  results  of  an  experimental  investigation  of  a  turbulent 
boundary  layer  on  a  cylinder  for  the  Mach  number  M  =  6  and  the 
Reynolds  numbers,  constructed  in  terms  of  the  distance  from  the 
leading  edge,  5  <  Rex,10-^  <  33*  The  dependence  of  the  recovery 
factor  on  the  distance  from  the  leading  edge  of  the  model  is  plotted 
in  Figure  36.  Just  as  in  the  papers  by  Pappas,  Shoulberg  et  al. 
that  have  been  considered  above,  one  observes  a  tendency  toward  a 
decrease  of  r  with  an  increase  of  the  Reynolds  number.  The  values 
of  the  recovery  factor  in  the  Reynolds  number  range  Investigated 
lie  within  0.875  <  r  <  0.895. 


Summarizing  the  experimental  data  obtained  by  various  authors 
which  were  discussed  above,  we  can  draw  the  conclusion  that  the 
recovery  factor  depends  very  slightly  on  the  local  Reynolds  number 
Rex  and  does  not  depend  at  all  on  the  Mach  number.  In  the  Reynolds 
number  and  Mach  number  ranges  investigated  (up  to  =  6),  the  value 
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of  the  recovery  factor  lie  within  0.88  £  r  £  0.90.  We  should 
observe  the  satisfactory  agreement  between  the  Van  Driest  Formula 
(3.152)  and  the  experimental  data  in  the  Mach  number  range  inves¬ 
tigated. 

In  order  to  develop  sufficiently  reliable  theoretical  methods 
of  calculating  the  recovery  factor  for  supersonic  velocities, 
detailed  experimental  studies  must  first  be  made  of  the  structure 
of  the  laminar  sublayer  and  the  buffer  zone,  as  well  as  of  the 
distribution  of  the  friction  stresses  in  the  turbulent  boundary 
layer  at  those  velocities. 

Until  a  satisfactory  theory  of  the  recovery  factor  is  created  and 
the  experimental  data  at  high  supersonic  velocities  are  obtained, one 
should  use  0 . 88  £  r  <  0 . 90  in  calculations. 

The  Reynolds  similitude  parameter.  A  general  expression  for 
the  Reynolds  similitude  coefficient,  in  view  of  Equations  (3.1*)*0 
and  (3.136),  has  the  form 

|  =  (3.15H) 

0  l 

If  the  generalized  Prandtl  number  Prm  is  constant,  then  Equation 
(3.15*0  becomes 

(3.155) 

1  0 

If  the  generalized  Prandtl  number  is  equal  to  unity  (Prm  a  1), 
which  within  the  framework  of  the  double-layer  Prandtl  model  Implies 
the  assumption 


Pr  =  Prt  -  1, 


Equation  (3.155)  leads  to  a  classical  expression  for  the  Reynolds 
similitude 


(3.156) 
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For  Prm  *  const  ^  1,  in  order  to  determine  the  Reynolds 
similitude  parameter,  it  is  necessary,  just  as  in  a  calculation  of 
the  recovery  factor  r,  to  have  the  distribution  of  the  tangential 
stresses  in  the  boundary  layer,  t(u).  Under  the  assumption  (3.1) 
(t  3  const  =  t  )  and  using  the  aouble-layer  model  of  the  turbulent 
boundary  layer,  we  obtain  from  Equation  (3  5)  the  following 

expression  for  the  Reynolds  similitude  parameter 


!^|PrT-(PrT-Pr)flap. 


(3-157) 


The  turbulent  Prandtl  number  is  taken  as  equal  to  unity  (PrT  *  1). 
Then  expression  (3.157)  will  become 

M  -  (i-pr)u4r*.  (3.158) 

When  0^  ranges  from  O.b  to  0.9  and  the  Prandtl  numbers  are  close  to 
unity,  the  relation  (3.153)  can,  to  within  +  103*,  be  written  more 
simply  as 

&„n  — (j.iS9> 

For  Pr  ■  0.72  Formula  (3.159)  gives  the  value  2  eu/c«  *  1.2b,  Using 
the  same  assumptions  as  those  involved  in  a  derivation  of  Formula 
(3.152)  for  the  recovery  factor,  Van  Driest obtained  the  fellow- 
ing  expression  for  the  Reynolds  similitude  parameter; 


This  formula,  as  noted  by  its  author,  is  valid  for  9,7  £  P*%*  £  1. 

In  it,  just  as  in  the  calculation  of  r  using  Formula  (3.1^2),  it  is 
recommended  that  the  turbulent  Prandtl  number  equal  to  0.86  be  used. 


To  account  for  the  effect  of  compressibility  and  neat  transfer 
on  the  Reynolds  similitude  parameter  one  should,  according  to  Van 
Driest,  introduce  in  the  expression  (3. 160)  a  factor  Ji  ..  mJj . 

Footnote  (2*1)  appears  on  page  l§i, 
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multiplying  cf.  c^.  should  b 
cient  in  a  compressible  gas. 


Cj.  should  be  understood  to  mean  the  local  coeffi- 


The  results  of  the  calculation  of  Sc^/c^  according  to  Formula 


(3-160)  for  the  conditions  present  in  a  wind  tunnel  (T 


338°  K, 


curve  1)  and  in  free  flight  (T  =  500°  K,  curve  2)  for  various  Mach 
numbers  are  shown  in  Figure  37.  Figure  38  shows  the  results  of 
calculations  based  on  Formulas  (3.157),  (3*158)>  (3*159)  and  (3-160) 
for  a  flow  of  an  incompressible  fluid  as  functions  of  the  Reynolds 
number. 


&{  r  *•--*’*  7 1 
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Figure  37 


Figure  38 


To  evaluate  the  accuracy  of  the  formulas  given  above,  let  us 
turn  to  the  experimental  data. 


Experimental  data  on  the  Reynolds  similitude  parameter  2ch/cf. 
The  experimental  data  on  heat  transfer  and  friction  obtained  by 
various  workers  up  to  19*?$  have  been  analysed  by  Seiff  ($7).  On  the 
basis  of  the  results  of  this  analysis  (see  Figure  39),  Seiff  arrived 
at  the  conclusion  that  in  the  turbulent  boundary  layer  the  experi¬ 
mental  data  can  be  represented  by  the  formula  to  within  1 $  -  70S: 


9 


(3.161) 


2£t«ni2. 

It  should  be  noted  that  the  experimental  data  used  by  Seiff  were 
obtained  for  the  foliowing  Mach  number  range  0  <  He  ^  b. 


Due  to  the  scarcity  of  the  exper¬ 
imental  data  and  their  low  accuracy, 
Seiff  failed  to  establish  a  relation 
between  the  Reynolds  similitude 
coefficient  2c^/c^.%  on  one  hand,  and 
the  Reynolds,  Mach  numbers  and  the 
temperature  factor,  on  the  other. 


Relatively  recently,  L.  V. 

Kotlov  [98],  on  the  basis  of  an 
analysis  of  experiments  involving  a 
direct  simultaneous  measurement  of  the 
local  values  of  the  thermal  fluxes  and  friction,  proposed  the  follow¬ 
ing  more  accurate  relation  between  the  Reynolds  similitude  parameter 
and  the  parameters  listed  above; 


Figure  39 


*  f*?u  0.B95  lusr-**-"  (rfM>  (3,16  2) 

For  T,,/Tf  »  1 ,  •  9  and  Re^  ■  9. 37*  Id**  *  Formula  (3*162)  changes 

int©  Formula  (3*161),  and  the  latter  has  been  thoroughly  verified  in 
numerous  experiments  on  the  flew  of  an  incompressible  fluid  in  tubes 
and  ©vtr  flat  plates. 


Formula  (1.162)  was  obtained  by  L.  V.  Keelov  for  the  following 
parameter  ranges;  1.7  <  9*19^  <  R«sw  «  2‘107;  9.9  «  Tw/Tr  <  i, 

?h©  effect  ©f  the  individual  parameter©  on  rati©  can 

be  seen  in  Figure  S0,  -in  which,  Just  a©  in  Figure  39,  all  plot©  ware 
obtained  on  the  ba©ls  of  Formula  (3*162),  and  c^  and  c^.  were  deter¬ 
mined  from  the  conditions  on  the  boundary  of  the  boundary  layer. 

Figure©  and  3f  imply  that,  with  an  increase  of  the  Kaeb  and 
Reynold©  number© ,  and  Res,  the  value  er  2cJ?/e f  decreases,  approach¬ 
ing  value©  cl©se  to  unity.  Hie  fact  that  at  large  Wash  number©  the 
Reynsild©  similitude  parameter  is  close  to  unity  ha©  also  been  con¬ 
firmed  by  the  experimental  data  obtained  by  Hill  on  a  flat  plate  for 
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8  <  Me  <  10  (Figure  41).  The  values  of  the  parameter  2c^/o.^, 
as  seen  in  Figure  4i,  lie  in  the  range  0.9  <  Zc^/c^  <  1.1. 

An  analysis  of  the  theoretical  and  experimental  data  given 
above  shows  that,  in  spite  of  the  well-known  achievements  in  this 
area,  the  problem  of  the  relationship  between  heat  transfer  and 
friction  as  a  whole  requires  further  theoretical  and  experimental 
investigation. 

S  16.  Turbulent  Boundary  Layer  on  a  Cone 
at  Zero  Angle  of  Attack 

Along  with  a  flow  near  a  flat  plate,  another  case  simple  enough 
for  theoretical  analysis  involves  a  flow  near  a  cone,  positioned  at 
aero  angle  of  attack,  if  the  cone  angle  is  such  that  the  front  shock 
wave  forming  the  head  of  the  cone  is  attached  (Figure  42).  In  this 
case,  the  flow  of  a  gas  behind  the  shock  wave  will  be  "conical",  and 
the  pressure  on  the  surface  of  the  cone  will  be  constant.  This 
makes  the  flow  in  a  boundary  layer  on  a  cone  resemble  a  flow  near 
a  flat  plate.  As  shown  by  Van  Driest  [49],  there  is  a  simple 
approximate  rule  for  converting  the  local  friction  coefficient  for 
a  plate  to  the  analogous  coefficient  for  a  cone. 

In  order  to  establish  this  rule,  let  us  turn  to  the  integral 
momentum  relation  (2. So).  In  the  case  of  a  cone  with  an  impermeable 


surface  (v  =  0),  the  relation  takes  the  form 


rfS“  .  6” 
dx  +  x 


■Cm 

P'Vt  ' 


(3.163) 


Here  we  used  the  fact  that  rw  =  x  sin  6  (Figure  42):  0  is  the  half¬ 

angle  at  the  vertex.  Equation  (3*163)  can  be  easily  transformed  to 
the  form 


Re.dRe^  |*-E*d(Re,,Re«). 

Pu» 


(3.164) 


where  the  parameter  ?  is  given  by  Equation  (3*8),  and  the  Reynolds 
numbers  Rex  and  Re**  are  given  by  Equations  (3*18)  and  (3.17). 

If  we  assume  that  the  mechanisms  of  flow  in  the  boundary  layers 
around  a  cone  and  on  a  plate  are  identical  (have  vanishing  gradients, 
i.e.,  dp/dx  *  0),  then  one  may  expect  that  the  functional  expressions 
for  the  velocity  profile  and  the  momentum  loss  thickness  for  these 
bodies  will  also  be  the  same.  In  this  case  Equation  (3*52),  obtained 
for  a  flat  plate,  may  be  used  for  the  Reynolds  number  Re**.  Making 
a  somewhat  rough  approximation  (Ju3t  as  in  Section  12),  i.e., 
neglecting  the  second  terra  on  the  right-hand  side  of  Equation  (3.‘>2), 
we  obtain 


R.-M^teexHxU(DI.  (3.165) 


Upon  substituting  expression  (3.165) 
in  Equation  (3.164)  and  integrating 
the  latter  with  the  same  accuracy 
as  in  Section  12,  we  obtain  an 
analog  of  Equation  (3*57)  for  a 
cone: 


Figure  42 


Since  the  parameter  ?  is  equivalent  to  the  local  friction  coeffi¬ 
cient  c^.  [see  Formula  [3.81)],  then  a  comparison  of  Equations 
(3.166)  and  (3*57)  yields  a  simple  rule  according  to  which  the 
local  friction  coefficient  for  a  cone  is  equal  to  the  value  of  this 
coefficient  for  a  flat  plate  calculated  for  the  Reynolds  number  Rex 
equal  to  one  half  of  its  value  for  the  cone,  and  the  same  values  of 
the  temperature  factor  and  the  Mach  number  at  the  outer  boundary  of 
the  boundary  layer. 

If  one  compares  the  local  friction  coefficients  for  a  cone  and 
a  plate  at  identical  Reynolds  numbers  and  identical  values  of  the 
temperature  factor,  and  the  Mach  numbers  at  the  outer  boundary, 
then  it  turns  out  that,  for  a  cone,  these  coefficients  exceed  their 
values  for  a  flat  plate  by  10  -  15$. 


An  analysis  of  the  relationship  between  the  local  and  average 
friction  coefficients  for  a  cone  and  a  plate  involving  the  use  of 
the  integral  momentum  relation,  power-law  velocity  profiles,  and  the 
drag  law  was  done  by  Bradfild  [50].  As  a  result,  he  obtained  the 
relation 


t 


(3-167) 


where  1/n  is  the  exponent  in  the  expression  for  the  velocity 
profile  »//.•„  (uW' .  For  n  »  7»  Equation  (3.167)  yields  * 

1.18.  When  n  changes  from  5  to  10,  the  ratio  c^/c^  changes  from 
1.13  to  1.23. 


For  the  average  friction  coefficients,  it  was  established  that 

•Iri&f*-  (3a68) 


» 

lit 


For  5  <  n  <  10  Equation  (3. 168)  implies  that  1.035  <  Opj/Cp  ?or 

n  *  7,°pk/Op  p.  -  1.^;. 
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Along  with  the  analysis  mentioned  above,  Rradfild's  paper  gives 
the  results  of  measurements  of  the  local  friction  coefficient  for  a 
cone  with  tha  half  angle  at  the  vertex  enual  to  15°,  Mach  number  = 

A . 7 ,  and  various  Reynolds  numbers.  The  results  of  the  measurements 
are  shown  in  Figure  *J3  (open  circles),  solid  circles  indicate  the  re- 

/  OC  \ 

suits  of  the  measurements  done  by  Coles^  on  a  flat  plate  under  the 
same  conditions;  the  dashed  line  represents  the  plot  of  c^  =  l.l8c^,  ^ 
As  seen  in  Figure  iJ3>  friction  on  a  cone  exceeds  the  friction  on  a 
plate  by  anproxlmatel.v  ?.%% .  Apparently,  both  the  Van  Driest  rule  and 
Bradfild's  relation  (3*16?)  result  in  magnitudes  of  friction  on  a 
cone  that  are  somewhat  understated  as  compared  with  their  actual 
values . 


A  more  definite  conclusion  regarding  the  problem  in  question 
can,  apparently,  be  drawn  only  after  new  experimental  data  are 
obtained . 


§  17.  Turbulent  Boundary  Layer  in  the  Presence 
of  a  Longitudinal  Pressure  Drop 

The  problem  of  the  turbulent  boundary  layer  calculations  in 
the  presence  of  an  arbitrary  distribution  of  the  longitudinal 
velocity  component  at  the  outer  boundary  of  the  layer,  including 
the  most  difficult  part  of  the  problem  —  namely,  a  determination  of 
the  point  (line)  of  separation  —  even  for  an  incompressible  fluid  is 
still  far  from  a  complete  solution^ . 

The  effects  of  compressibility  and  heat  transfer  between  gas 
and  a  surface  complicate  the  problem  even  more,  leading  to  addi¬ 
tional  difficulties  whose  character  was  described  in  the  preceding 
sections.  The  existing  methods  used  in  turbulent  boundary  layer 
calculations  for  high-velocity  gas  flows  in  the  presence  of  a 
longitudinal  pressure  drop  and  heat  transfer  between  the  gnn  and  the 
surface  usually  represent  a  generalisation  and  a  further  development 


Footnotes  (?§)  ami  (26)  appear  on  page  i8l. 
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Figure  43. 


,  of  the  methods  used  in  turbulent 
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Cf  - r-^^+rrjp- —  p zfj +r  boundary  layer  calculations  for  an 

- ~ |  incompressible  fluid.  A  character- 

■ - J  !  istic  feature  of  a  majority  of  these 

■inn:  LjJi  I  h  ;i methods  is  the  fact  that  they  use 

'  tP  n 

integral  relations  (for  momentum. 
Figure  43.  energy,  angular  momentum).  The 

number  of  unknowns  appearing  in  those 
integral  relations  usually  exceeds  the  number  of  equations.  There¬ 
fore,  it  is  of  basic  importance  in  these  methods  to  select  families 
of  the  velocity  and  temperature  profiles  that  could  be  used  for 
substitution  in  the  integral  relations,  instead  of  the  actual  ones 
that  remain  unknown.  In  the  present  state  of  the  theory,  even  that 
selection  is  a  difficult  problem.  In  order  to  specify  the  velocity 
fields,  in  addition  to  the  semi-empirical  theory  of  turbulence 
proposed  by  Prandtl  and  Karman,  sometimes  single-term  power-law 
formulas  with  a  constant^2^  or  variable  exponent  depending  on 
various  parameters  are  used. 


Detailed  development  of  the  semi-empirical  method  for  turbulent 
boundary  layer  calculations  in  a  gas  in  the  presence  of  heat 
transfer  and  arbitrary  pressure  distribution  in  the  outer  flow  was 
giv  ©n  by  L.  Ye.  Kalikhraan  [51].  According  to  this  method,  based  on 
the  formula  used  in  Prandtl’s  semi-empirical  theory,  a  determination 
of  friction  and  heat  transfer  in  a  boundary  layer  reduces  to  solving 
linear  differential  equations  which  are  approximately  equivalent  to 
the  integral  momentum  and  energy  relations,  followed  by  a  transition 
from  the  functions  found  to  those  that  are  still  unknown  (i.e., 
friction  and  heat  transfer  coefficients)  using  auxiliary  tables 
and  graphs. 

A  method  proposed  by  S.  S.  Kutateladse  and  A.  1.  Leant 'yev 
[52],  based  on  the  limiting  laws  of  friction  and  heat  transfer, 

Footnote  (2T)  appears  on  page  181. 
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and  designed  for  turbulent  boundary  layer  calculations  on  a  curvi¬ 
linear  surface,  is  essentially  akin  to  the  serai-empirical  methods. 

The  papers  by  McLafferty  and  Barber  [53]  and  by  Sasman  and 
Cresci  [5*0  are  an  example  of  the  empirical  approach  to  the  problem 
in  question.  In  the  latter  paper,  the  well-known  empirical  formula 
proposed  by  Ludwig  and  Tillman  which  related  the  drag  coefficient 
to  the  momentum  los3  thickness  5**  and  the  form  parameter  H*  * 
in  the  theory  of  the  turbulent  boundary  layer  for  an  incompressible 
fluid  is  used  as  the  drag  law,  A  generalization  of  this  formula  to 
include  a  flow  with  variable  density  is  done  using  the  defining 
temperature  method,  proposed  by  Eckert  [553*  Characteristics  of  the 
turbulent  boundary  layer  in  Sasman  and  Cresci 's  paper  are  found  by 
simultaneously  solving  the  integral  momentum  and  angular  momentum 
relations. 

Among  other  methods  used  in  the  theory  of  the  turbulent  boundary 
layer  in  the  presence  of  a  longitudinal  pressure  gradient,  one 
should  mention  a  method  proposed  by  V.  H.  Xevlev  [5$ 3. 

deferring  the  reader  for  details  to  the  original  sources,  we 
should  note  a  feature  which  is  characteristic  of  a  majority  of  the 
tseihsds.  It  is  the  fast  that  single-pars&eter  families  of  velocity 
profiles  are  used.  This  is  apparently  one  of  the  main  reason®  for 
the  unsatisfactory  result®  obtained  in  aany  esses  when  these  method® 
of  boundary  layer  calculations  are  applied  to  pre-separation  regions, 
a®  far  a*  the  two-  and  wany -parameter  weihede  are  e&reerned,  they  are 
at  the  present  time  in  their  beginning  stage  ©f  develepseni . 

in  evaluating  the  state  of  the  prebiew  as  a  whole,  we  tan  con¬ 
clude  that  the  existing  ntstheds  used  in  the  theory  of  the  turbulent, 
boundary  layer  In  supersonic  gas  flows  for  an  arbitrary  pressure 
distribution  In  the  outer  flow  and  heat  transfer  between  a  gas  and  a 
surface  lead  to  ware  or  less  satisfactory  resuit s’ .only  r  these 
eases  when  the  effect  of  the  inngi  tussling  p»  •  grsd'-.ent  u  the 

fern  or  the  velocity  prof lie  is  s&ail . 


Figure  M 


Taking  the  above  into  account,  we  shall  limit  our  attention 
here  to  a  presentation  of  those  computational  methods  in  which  the 
effect  of  the  longitudinal  pressure  gradient  on  friction  is 
accounted  for  only  through  the  integral  momentum  relation,  and  the 
direet  effect  of  the  pressure  gradient  on  the  velocity  profile  is 
neglected.  These  assumptions,  as  shown  in  experiments,  are 
approximately  valid  for  flows  with  negative  and  small  positive 
pressure  gradients.  The  latter  restriction  means  essentially  that 
pre-separation  and  separated  flows  are  excluded  from  the  discussion. 


Computational  method  based  on  the  linearised  integral  momentum 
relation.  Let  us  consider  a  steady  gas  flow  over  a  curvilinear 
surface  (figure  GQ).  We  shall  introduce  a  curvilinear  coordinate 
system.  The  position  of  a  point  in  the  flow  will  be  characterised  by 
the  x  coordinate  measured  along  the  surface  from  the  critical  point, 
and  the  y  coordinate  'measured  along  the  normal  to  the  surface. 


Let  us  turn  to  the  integral  momentum  relaiic  (2. SO),  which  in 
the  ease  of  a  flow  near  an  impermeable  surface  (v  *  0)  becomes 


*»"■ 

'it' 


(3  ?  «*  e. 


(3.169) 


for  later  discussion,  it  is  convenient  to  write  Squats on  (3.169)  in 

a  somewhat  modified  form  which  is  obtained  by  eliminating  the  term 

% 

involving  H*  from  this  equation  with  the  aid  of  Equation  ( ?.?$}. 
Omitting  these  simple  rearrangement s ,  the  result  is 


2i* 


Here  r,  is  given  by  Equation  (3-8). 


Furthermore,  applying  the  technique  introduced  by  L.  Ye.  Klikhman 
in  the  paper  already  quoted  in  this  section,  we  introduce  a  new 
variable 


2  =  pjUJTQ. 


(3.17D 


The  first  term  on  the  left-hand  side  of  Equation  (3*170)  can  with 
the  aid  of  (3.171)  be  written  as 

I  j  ri  y*\  1 

p jT'TzW'0  ) “  P.U'?Adx  •  (3.172) 

Here  we  use  the  notation 

i  d  In  2  _  4  ,  2 

•  d  ln(p.V.6”)  rfln(PeVe6“)-  (3.173) 

. . d  in  £ 

Using  Equation  (3.172),  we  transform  the  integral  momentum  relation 
(3.170)  to  the  following  form 

+  ,1  (1  -f  U'}  +  ^r-] 3  ==  P»U>A ■  (3.174) 

It  should  be  noted  that  the  differential  Equation  (3.174)  for  the 
function  z  is  just  as  exact  as  the  starting  Equation  (3.169). 

Before  proceeding  to  the  question  of  integration  of  Equation 
(3.174),  one  must  establish  the  dependence  of  parameters  A  and  H#, 
Involved  in  this  equation,  on  the  unknown  function  z.  To  establish 
this  dependence,  one  must  know  the  drag  "law",  i.e.,  the  relationship 
between  the  momentum  loss  thickness  (6##)  and  friction  (c).  Since 
here  we  only  discuss  those  flows  in  which  the  direct  effect  of  a 
longitudinal  pressure  gradient  on  the  form  of  the  velocity  profile  is 
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significant,  then  it  is  obvious  that  the  drag  law  for  a  flat  plate 
(3*52  ),  established  in  Section  12,  may  be  used  as  the  drag  law  here. 

One  must  only  keep  in  mind  that  the  parameters  Ue(x),  io(x),  g(x), 

etc.  at  the  outer  boundary  of  the  boundary  layer  are  in  this  case 
variables.  In  addition,  just  as  in  Section  12,  we  use  the  "approxi- 
mate"  expression  for  the  drag  law  for  simplicity,  omitting  the  second 
term  in  brackets  in  Equation  (3.52).  In  order  to  compensate  for  the 
error  thus  introduced,  we  put  a  certain  constant  C1  in  the  drag  law, 
whose  reasonable  selection  will  enable  us  later  to  make  the  result 

obtained  more  accurate  [it  will  be  noted  that  a  similar  technique  was 

used  by  Karman  in  deriving  the  drag  law  (3-59)].  The  drag  law  thus 
transformed  will  have  the  form 

6"-Clp^exp(H£/(1)],  (3-175) 

Here  1(1)  is  given  by  Equation  (3-51*),  and  ui  and  g,  involved  in  the 
expression  (3.5*0,  are  given  by  the  ratios  (3-^8)  or  (3**0)  • 

Substituting  the  expressions  for  the  momentum  loss  thickness 
(3.175)  in  Equation  (3-17*0,  we  obtain  a  relation  between  z  and  the 
friction  parameter 

z-  C^poxp  [*£/ (1)!.  (3.176) 

As  seen  from  Equations  (3.176),  the  dependence  of  the  friction 
parameter  ?  on  z  is  essentially  logarithmic,  and  this  enables  us 
to  limit  ourselves  to  an  approximate  determination  of  the  function 
z(x).  As  a  result,  in  calculating  the  parameter  H*,  one  can  use 
its  expression  applicable  to  a  flat  plate  (3.55  )>  which  is  fully 
justified  in  the  approximate  approach  taken  here. 

The  expression  for  the  function  A  (3*273) >  upon  substitution 
of  the  drag  law  (3*175)  in  it,  becomes 
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(3-177) 

The  dependence  of  the  functions  H*  and  A  on  the  friction 
parameter  ?,  and  consequently,  through  Equation  (3*176),  on  the 
unknown  function  z  reduces  the  problem  of  determining  this  function 
to  integration  of  a  very  complicated  nonlinear  equation  (3.17*0. 

Exact  integration  of  this  equation  is  very  difficult,  and,  as  will 
be  seen  below,  is  not  necessary.  A  simplification  may  be  achieved 
due  to  the  fact  that  the  functions  H*  and  A  depend  on  the  friction 
parameter  t,  very  slightly.  This  permits  us  to  approximately  deter¬ 
mine  H*  and  A  for  the  value's  of  the  parameter  C  calculated  using 
the  formulas  for  the  flat  plate  (Section  12).  Regarding  the  parameters 
g  and  to  [see  Equations  (3»**8),  (3-^9)]  on  which,  along  with  the  param¬ 
eter  H*  and  A  are  dependent,  they  must  be  computed  for  each 
section  of  the  boundary  layer  from  the  local  values  of  the  Mach 
number  Mg  and  the  temperature  factor  Tw/Tg.  Thus,  the  functions  A 
and  H*  may  be  considered  to  be  known  functions  of  the  longitudinal  x 
coordinate  before  we  proceed  to  integrate  Equation  (3*17*0. 

This  approximate  method  of  determining  the  parameters  A  and  HK, 
as  shown  by  estimates  given  below,  will  not  result  in  any  significant 
errors,  and  the  function  z(x)  is  determined  from  Equation  (3-17*1)  • 

Let  us  determine  the  expression  for  the  parameter  A  in  the  case 
of  flow  of  an  incompressible  fluid  over  a  flat  plate  under  isothermal 
conditions.  Noting  that  in  this  case  1(1)  =  1,  and  using  the  drag 
Formula  (3.80),  we  obtain  from  (3.177) 

A  ^  1  +  i  1 -  1  +  0,r»75Re;''M.  (3.178) 

Expression  (3.178)  implies  that,  when  the  Reynolds  number  changes  by 
two  orders  (from  10^  to  10^),  the  value  of  A  changes  by  6%  (from 
1.25  to  1.18).  In  the  general  case  of  compressible  gas  flow  in  the 
presence  of  heat  transfer  between  the  gas  and  the  surface,  the 
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parameter  A  will  not  vary  too  significantly  under  real  conditions. 

The  results  of  calculating  the  parameter  H*  from  Formula  (3-55) 
for  the  case  of  air  flow  over  a  flat  plate  for 

Me  a  1,69,  TJT '  -  1,66  and  Me  =  2,27,  TJTe  =  2,15 

are  given  in  Figure  27.  The  same  figure  includes  the  experimental 
points  obtained  by  Pappas  for  the  same  flow  conditions.  As  seen  in 
Figure  27,  the  parameter  H*  hardly  depends  on  the  Reynolds  number, 
and,  consequently,  hardly  depends  on  the  friction  parameter  £.  The 
fact  that  H*  hardly  depends  on  the  parameter  t.  has  been  amply  verified 
by  experiment  also  in  the  case  of  flow  of  an  incompressible  fluid 
over  a  plate.  Thus,  measurements  done  by  Schultz-Grunow  C 57  J  and 
Hama  [58]  on  flat  plates  indicate  that,  when  uhe  parameter  £q  changes 
from  18  to  30,  the  parameter  H*  changes  from  1.5  to  1.25.  The 
results  of  applying  Formula  (3-55)  to  a  flow  of  an  incompressible 
fluid  are  also  in  satisfactory  agreement  with  the  experimental  data. 

The  results  of  this  analysis  of  the  behavior  of  H*  and  A  can  be 
written  in  the  form 


In  these  formulas,  the  subscript  "pZ."  indicates  that  the  quantity  in 
question  should  be  determined,  using  formulas  obtained  for  flow  over 
a  flat  plate. 

If  we  use  the  approximate  method  of  determining  the  parameters 
H#  and  A,  as  expressed  in  Equations  (3.179),  then  the  problem  of 
finding  z(x)  reduces  to  integration  of  the  following  linear  differ¬ 
ential  equation  of  first  order  with  variable  coefficients: 
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(1  +  //*)  4 


KY 


(3.181) 


Integrating  (3*180),  we  obtain 


*  \  v 

2---0Xpl—  ^  P(x)rfxj  j^(?(*)OX|»|^  P  (j)</xj«/x  +  Cj.  (3.182) 

*1  A'l  xl 

Here  x^  is  the  coordinate  specifying  the  location  of  the  point  where 
the  laminar  boundary  layer  changes  into  the  turbulent  layer.  The 
constant  of  integration  C  follows,  as  usual,  from  the  continuity 
condition  for  the  momentum  loss  thickness  6**  at  the  transition 

point.  As  a  result,  we  obtain 

* 

3  -  exp  [-  $  *(*)*]  x 

*  x 

x  ( $ Q (*)«P [$  **(*) *] dx  +  , 

xi  1  *» 

»« 

where  the  parameters  and  <5  t  must  be  found  from  the 
laminar  boundary  layer. 


(3.183) 

theory  of  the 


If  the  laminar  region  is  absent  (for  ^  •  0  5  t  ■  0),  then 
Equation  (3*183)  is  somewhat  simpler  and  becomes 

X  X  x 

^  P(x)rfarJ^(a:)ox|>[^  P(x)</xjc/x,  (3* 18*0 

The  integrals  appearing  in  Equations  (3*183)  and  (3*18*0  can  be 
evaluated  using  either  numerical  or  graphic  methods. 


For  flow  over  a  flat  plate  at  zero  angle  of  attaok  (dUQ/dx  ■  0, 
v  =  0),  Equation  (3*18*0,  in  view  of  Equations  (3*181)  and  (3*177), 
becomes 


8  BL1 


(3*185) 
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For  an  incompressible  fluid,  if  the  expression  in  (3.178)  is  used  for 
A,  the  integral  on  the  right-hand  side  of  Equation  (3*185)  is  easily 
evaluated,  whereupon  we  obtain 


p ,U,x  (1  +  0.62  Re^-vu). 


(3-186) 


When  the  Reynolds  number  (Rex)  varies  from  ICr  to  10  ,  the  expression 
in  parentheses  in  Equation  (3*186)  varies  from  1.27  to  1.20.  Conse¬ 
quently,  we  see  that  with  a  sufficient  degree  of  accuracy 


— 5  l,24p,(/rr. 


(3.187) 


After  the  distribution  of  the  parameter  z(x)  over  the  surface 
of  a  body  is  found  from  Equation  (3*183)  (of  (3.18*1,  Formula  (3*176) 
can  be  used  to  determine  the  dependence  of  the  friction  parameter  c 
on  the  longitudinal  coordinate,  and  then  Equation  (3*8)  can  be  used 
to  yield  the  friction  coefficient  cf(x).  However,  a  direct  use  .of 
Equation  (3.176)  is  inconvenient  because  it  involves  the  solution  of 
a  logarithmic  equation.  In  order  to  simplify  the  calculation  of 
friction,  we  shall  write  expression  in  (3.176)  in  a  different  form. 

Taking  the  logarithm  of  Equation  (3.176),  and  passing  from  t 
to  Cj,  with  the  help  of  Equation  (3.8),  we  obtain 

+  ft  V  r.9+  lK (-£•--), 

Upon  performing  simple  calculations  and  introducing 


(3.188) 


we  obtain 


Tr+2l87ir  c,+l8feiiV 


(3.189) 


The  constant  can  be  determined  from  the  condition  that  Formula 
(3.I89)  coincide  with  Karman'a  Formula  (3-59)  for  a  flat  plate  in  an 
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incompressible  fluid.  In  view  of  Equation  (3-187) 9  upon  comparing 
Equation  (3. 189)  with  Equation  (3*59),  we  find  that  =  0.30. 

Equation  (3.189)  can  be  reduced  to  an  equation  with  one  parameter. 
Dividing  both  sides  of  this  equation  by  two  and  then  adding  lg(0.121  K) 
to  both  sides,  we  get 


.V  H-  lg.V-  -0.767  fig 


(V  it)' 


(3.190) 


where 


v  ‘U2t* 

Vo, 


(3.191) 


Solving  Equation  (3.191)  for  cf,  we  get 

A  __  /o.taiAr  \s 


(3.192) 


The  function  N  can  be  easily  found  from  Equation  (3.190)  in  terms  of 
the  known  right  hand  side  of  this  equation  with  the  help  of  a  table  of 
decimal  logarithms. 

An  even  greater  simplification  of  the  computational  procedure  can 
be  achieved  by  replacing  the  left-hand  side  of  Equation  (3.190)  with 
a  simpler  approximate  expression.  As  shown  in  the  calculations, 
when  N  ranges  from  1  to  ^  (which  in  flow  over  a  flat  plate  corresponds 
to  a  variation  of  the  Reynolds,  Mach  numbers  and  the  temperature 
factor  within  the  ranges:  IQ*’  <  Rey  <  103;  0  <_  £  10;  0.1  £  Tw/Tr  £1) 

the  left  hand  side  of  Equation  (3.190)  can  be  written  with  a 
sufficient  degree  of  accuracy  in  the  form 


N  +  lgiV  »  0,15  3-  1.2AA 


(3.193) 


The  maximum  error  made  in  such  approximation  Is  5%  for  N  *  1.  On  the 
average,  however,  the  error  varies  from  2  to  ll. 

Using  Equation  (3-193),  after  simple  calculations,  we  obtain 
instead  of  (3.192)  the  following  expression  for  the  friction  coeffi¬ 
cient: 
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Closing  this  presentation  of  the  computational  procedure,  we 
note  that  one  of  the  functions  of  N,  which  determines  friction,  is 
related  to  z  in  an  almost  logarithmic  fashion.  This  fact  justifies 
the  approximate  method  of  determining  z  on  the  basis  of  linearization 
of  the  integral  momentum  relation  that  was  used  here. 

In  closing,  we  shall  briefly  list  the  basic  steps  of  the  calcula¬ 
tion  using  the  method  presented  above. 

1.  Given  the  parameters  of  the  external  flow  [M„  (x)  and  T  (x)] 

©  © 

and  the  conditions  at  the  wall  (T  ),  Formulas  (3-48)  and  (3.49)  are 

w 

used  to  determine  8(x)  and  w(x).  The  recovery  factor  r  in  Formulas 
(3- ’9)  should  be  taken  as  equal  to  0.89* 

2.  Given  8(x)  and  w(x)  and  the  local  Reynolds  number  Rex  » 

U  p  x/p  ,  Formula  (3*85)  is  used  to  find  the  local  friction  cceffi- 

cient  at  the  plate  cf  p^,  and  Formula  (3*8)  —  to  find  the  friction 

parameter  ?p^(x).  We  determine  the  functions  1(1)  [Equation  (3*54)] 
and  K(x)  [Formula  (3*79)]  which  are  needed  later.  The  density  ratio 
Pw/pe  is  found  from  Equation  (3*50),  the  viscosity  u  —  from  Equation 
(3-61). 

3.  From  B(x),  ui(x)  and  Cpj(x)  we  determine  H*(x)  and  A(x)  using 
Formulas  (3*55)  and  (3*177). 

4.  Formulas  (3.181)  are  used  to  calculate  the  coefficients 
P(x)  and  Q(x).  Here  UQ(x),  U‘  (x),  r  (x)  and  r*  ,(x)  must  be  known. 

5.  From  Equation  (3.1&3)  [or  (3*184)  if  the  laminar  and  buffer 
zones  are  absent  from  the  boundary  layer],  we  determine  the  function 
z(x).  The  integrals  in  Equation  (3*183)  [or  in  Equation  [3*184)3 
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are  found  using  numerical  or  graphic  methods. 


6.  Formula  (3* 19*0  is  used  to  determine  the  distribution  of  the 
local  friction  coefficient  c^(x)  over  the  surface  of  a  body.  If  the 
friction  coefficient  is  determined  using  the  more  accurate  Formula 
(3.192),  then  it  is  necessary  to  first  determine  the  function  N(x) 
from  Equation  (3*190)  in  terms  of  its  known  right-hand  side.  Equation 
(3-190)  is  solved  using  the  tables  of  decimal  logarithms. 

The  following  data  must  be  given  initially t  Ue(x),  U'e(x), 
rw(x),  r'w(x),  Tg(x)  and  Tw>  Instead  of  Ug(x)  and  U'e(x),  we  may  be 
given  the  Mach  number  at  the  outer  boundary  of  the  boundary  layer, 
Me(x),  and  its  derivative  with  respect  to  the  longitudinal  coordinate, 
M'e(x),  which  are  related  to  the  former  by  Equation  (2.83). 

From  the  distribution  cf(x)  thus  found,  one  can  determine  the 
friction  coefficient  using  the  parameters  of  the  oncoming  flow: 


Method  of  successive  approximations.  On  the  basis  of  the  same 
initial  assumptions  as  in  the  preceding  method,  i.e.,  considering 
only  flow  with  moderate  longitudinal  pressure  gradients,  one  can 
propose  the  following  method  of  calculation  based  on  a  simple  trans¬ 
formation  of  the  integral  momentum  relation  to  a  form  permitting  a 
determination  of  friction  by  the  method  of  successive  approximations. 
The  first  such  transformation  was  used  by  K.  K.  Fedyayevskiy  and  A. 

S.  Oinevskiy  [59]  to  calculate  friction  in  a  turbulent  boundary  layer 
of  an  incompressible  fluid,  and  then  applied  by  Yu.  V.  Lapin  to  cal¬ 
culate  friction  in  a  compressible  gas  [60]. 

Let  U3  turn  to  the  momentum  Equation  (3.170).  Introducing  in 
it  the  new  variable 


0  »  p,6\6*V“ 


(3.196) 
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we  reduce  it  to  the  form 


dB  _  ea  .j 

^  “  t1  P“  “  (3*197) 


Integrating  Equation  (3*197)  and  passing  from  0  back  to  <$**,  we  obtain 

P'U, 6”  «  (jj  -~-p JJtdx  +  9tiuX) .  (3.198) 

where  the  subscript  t  signifies  that  the  parameters  refer  to  the 
point  where  the  laminar  layer  transfers  into  the  turbulent  layer, 
where  6  t  is  determined  using  the  theory  of  the  laminar  layer. 


Substituting  now  the  expression  for  the  momentum  loss  thickness 
(3.175)  in  the  left-hand  side  of  (3*198),  we  obtain 

/ 

b'jHu  MPlxC/ (•))  =  <•  11  -p-  PKl-:.<lx  +  *M") •  ,  (3.199) 

•'1 

Taking  the  logarithm  of  (3.199) »  and  passing  from  £  to  cf  with  the 
aid  of  (3.8),  we  obtain  after  simple  rearrangements 

< 

6’, +  /;,  (3.200) 

Y*i 

where  K  is  given  by  Equation  (3.79)  >  and  the  function  E  involving 

the  unknown  friction  coefficient  cf  has  the  form 

% 

X  * 

/i  lg f (^- ^  e°(),U,Cfdx  i •  p,|f  jj >  (3.201) 

*1 

The  value  of  the  constant  must  be  taken  the  same  as  in  the  pre¬ 
ceding  method,  i.e.,  *  0.3*  Having  this  in  mind,  it  is  easy  to 

obtain  from  Equation  (3.200)  the  following  expression  for  the  friction 
coefficient: 


(3.202) 


In  the  case  where  there  are  no  laminar  and  buffer  zones  in  the 
boundary  layer  (x^  ■  0,  6  t  "0),  the  expression  for  the  function  E 
simplifies  to 
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0 

The  exponent  Si,  given  by  the  second  of  Equations  (3.196),  involves 
the  parameter  H*  -=6/6  .  This  parameter  can  be  calculated,  just 

as  in  the  preceding  method,  using  Formula  (3*55). 

Equation  (3.202)  enables  us  to  use  the  method  of  successive 
approximations  in  calculating  friction.  As  the  zero-order  approxima¬ 
tion  for  the  friction  coefficient  cr,  it  is  natural  to  take  the  value 

1  ( n  i 

of  this  coefficient  for  a  flat  plate,  i.e.,  c^.  =  df  Given  the 

parameters  at  the  outer  boundary  of  the  boundary  layer,  cf  can 

be  computed  by  a  method  presented  in  Section  12.  Upon  finding 

c^°i  (x),  one  can  successively  find:  ^°^(x)  by  means  of  Equation 

(3.8),  H*^  using  Equation  ( 3 •  55 ) *  Q^(x)  by  means  of  Equation 
(3.196),  E°(x)  from  the  relation  (3*201)  [or  ( 3 • 203 ) 3  *  cj.  ^(x)  from 
the  expression  (3*202),  etc. 

The  fact  that  the  unknown  function  cf  occurs  on  the  right-hand 
aide  of  Equation  (3*203)  in  the  integrand  and  under  the  sign  of  the 
logarithm  guarantees  the  normal  fast  convergence  of  the  iterative 
process . 

In  conclusion,  we  note  that,  as  was  shown  in  the  calculations, 
both  of  the  methods  of  turbulent  boundary  layer  calculations,  presented 
in  this  section  (the  method  baaed  on  a  linearisation  of  the  integral 
momentum  relation,  and  the  method  of  successive  approximations)  lead 
to  similar  results.  Attempt*!  to  use  these  methods  for  calculating 
the  friction  coefficient  in  pre-separation  flow  regions  have  shown 
that,  in  those  cases,  the  friction  coefficients  thus  obtained  are 
much  too  high. 
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§  18.  Turbulent  Boundary  Layer  on  a  Sphere 


Among  bodies  with  various  shapes  of  their  nose  section,  bodies 
with  a  spherical  surface  have  attracted  the  greatest  interest  among 
engineers  and  researchers.  This  interest  is  due  to  the  wide  use  of 
blunt  bodies  in  the  construction  of  various  types  of  aircraft.  One 
of  the  main  advantages  that  blunt  bodies  have  to  offer,  compared  to 
bodies  of  a  sharp  profile,  is  the  fact  that  the  specific  thermal 
fluxes  transferred  to  blunt  bodies  are  much  smaller  than  those  trans¬ 
ferred  to  bodies  of  sharp  profile.  For  a  laminar  flow  in  the  boundary 
laye: •  in  the  neighborhood  of  the  front  stagnation  point,  the  them:*! 
flux  to  the  wall  turns  out  be  be  inversely  proportional  to  the  square 
root  of  the  radius  of  curvature: 

At  the  present  time,  the  problem  of  flow  in  the  laminar  boundary 
layer  in  the  neighborhood  of  the  front  stagnation  point  of  blunt 
bodies  at  supersonic  velocities  has  been  thoroughly  investigated 
both  theoretically  and  experimentally. 

Much  less  research  has  been  done  in  the  area  of  turbulent  flows 
over  blunt  bodies  at  supersonic  velocities.  This  is  due  to  the  fact 
that,  at  the  front  stagnation  point  and  in  its  immediate  neighborhood, 
the  flow  in  the  boundary  layer,  in  view  of  the  smallness  of  the 
Reynolds  numbers,  always  remains  laminar.  If  the  laminar  character 
of  the  flow  is  also  preserved  farther  along  the  body,  then  the  themal 
flux  attains  a  maximum  at  the  front  stagnation  point.  The  available 
experimental  data,  however,  show  that  the  laminar  character  of  flmt 
in  the  boundary  layer  on  blunt  bodies  does  not  always  extend  very 
far.  In  particular,  the  experimental  data  obtained  by  Stetson  £ll) 
Indicate  that  it  is  possible  for  the  laminar  layer  to  pass  into  a 
turbulent  layer  in  the  neighborhood  of  the  sonic  point  Cline)  £ sonic 
point  (line)  is  defined  as  the  point  Cline)  at  which  the  velocity  at 
the  outer  boundary  of  the  boundary  layer  hesomes  equal  to  the  local 
velocity  of  sound}.  In  this  case,  the  mximust!  heat  flux  occurs  in 
the  neighborhood  of  the  sonic  point  (line).  This  circumstance 
explains  why  there  is  particular  Interest  In  turbulent  boundary 
layers  on  blunt  bodies. 
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Among  the  wide  class  of  blunt-nosed  bodies,  the  flow  pattern 
near  spherical  bodies  has  been  studied  to  the  greatest  extent.  A 
diagram  of  flow  near  a  sphere  is  shown  in  Figure  45.  In  a  supersonic 

flow  over  a  spherical  body,  a 

»  separated  shoek  wave  forms  in  front 

of  the  body.  The  stream  upon  pass- 

ing  through  the  direct  shock  wave  in 

Mt!ion  the  neighborhood  of  the  front  stag¬ 

es. 

f#'7‘  nation  point  is  decelerated  to  s ero 

4  velocity,  and  then  accelerated 

the  body,  reaching  the  local  velocity 
of  sound  at  a  certain  line  {sonic 
line),  As  shown  by  experiment  and 
Figure  45  theory,  the  sonic  line  near  tht- 

point  having  the  angular  coordinate 
#  *  45®, 


Figure  45 


A  theoretical  investigation  of  the  flow  near  the  front  stag na¬ 
tion  point  ©f  a  sphere  was,  in  particular,  done  by  14  Ting-Vs  and 
3ti$@r  .{{11],  and  m  experimental  study  waa  done  by  £arsbkin  and 
•Hmentwsld  f SB 3^  In  their  investigation,  14  and  Seigar 

fstUfeg  -he  velocity  gradient  of  the  asternal  flow  at.  the  fr&n? 

At&gMtlon  point  ©f  a  af&Har©  la 


^*l,3rj*,s  C K  *“*2“  TJ 
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where  8*  14  the  r&dlua  ©»*  curvature  of  tne  body  at  the  frent  etagpna* 
%i&n  &m  ii  the  density  of  the  ga§  in  the  ©ftcesiirg  flew  tfe«*f®re 

the  aivedfc  wavej,  la  the  gas  density  behind  the  direct  eh©@&  »ave. 
The  ratio  @f  densities  before  an 4  after  the  ah©ck,  ,  aa  labile© 
by  the  theory  ©f  normal  shock  wave®,  depends  an  the  fiach  number  or 
the  eneo&ing  flow  and  la  given  by 


■  Su  ** " 

*%t --«$«»  V~~ 


l «  ■ «««?,  ■  ? 
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Figure  46  gives  the  results  of  the  calculation  of  Vrl'ar}.  using 

Equations  (3.204)  and  (3.205).  The  same  figure  contains  the  experi¬ 
mental  data  obtained  by  Korobkin  and  Gruenewald.  One  must  admit  that 
the  agreement  between  theory  and  experiment  is  good. 

Figure  47  implies  that,  with  an  increase  of  the  Mach  number  M  , 

00 

ZH  rtft  \ 

the  par&taeter  tends  asymptotically  to  a  certain  limit  which 

depends  on  the  adiabatic  exponent  y. 


it  should  be  noted  that  for  >  4  one  can  calculate  the  value 
of  y|j}.  with  high  accuracy  using  the  corrected  il@wton*a  formula  (64), 

in  this  ease,  the  velocity  gradient  at  the  stagnation  point  is  given 
by  the  expression 


(3.206) 


For  our  purposes,  we  are  interested  not  only  m  the  velocity 
gradient  at  the  front  stagnation  point,  but  also  in  the  variation  of 
the  flow  velocity  along  the  surface  of  the  sphere  in  general,  and 
in  the  neighborhood  of  the  sonic  point  in  particular,  the  experi¬ 
mental  data  on  the  velocity  distribution  along  a  sphere,  obtained 
by  horobbin  and  druenewa id  for  the  Kach  numbers  of  the  encoding  flow 
ranging  freas  s.^2  to  4. #7  (Figure  46) ,  i indicate  that  the  dependence 
of  the  velocity  on  the  longitudinal  coordinate  is  close  to  linear: 

If  v  a.  the  velocity  gradient  along  ^-rfacc  of  tne  sphere  turns 


out  to  be  very  close  to  the  value  of  this  gradient  at  the  stagnation 
point.  According  to  an  estimation  by  Sibulkin  [65]  the  difference 
between  the  velocity  gradients  at  the  front  stagnation  point  and  at 
the  sonic  point  does  not  exceed  3%  (for  y  =  1.4).  All  the  data 
available  enable  us  to  drav;  a  conclusion  that  the  velocity  distribu¬ 
tion  along  the  surface  of  a  sphere  (0  <_  d  <  90°)  is  described  well 
by  the  linear  relation 


The  value  of  (dUe/dx)g  can  be  determined  either  using  Formula  ( 3 . 204 ) 
or  the  plot  in  Figure  47,  or  using  Formula  (3.206)  if  the  Mach 

number  K  >4. 

00 

Calculation  of  skin  friction  on  a  sphere.  Now  we  proceed  to 
calculate  the  friction  distribution  along  the  surface  of  a  sphere. 

For  this  purpose,  we  shall  use  a  method  based  on  the  linearization  of 
the  momentum  equation  (Section  17),  first  making  some  preliminary 
simplifying  assumptions  regarding  the  behavior  of  the  parameter  H* 
and  the  function  A.  Thus  we  shall  assume  that  both  of  these  quantitic 
are  constant.  An  inspection  of  Equations  (3-55)  and  (3.173)  will 
provide  a  justification  for  this  assumption.  In  fact,  as  Implied  by 
the  results  of  the  analysis  in  the  preceding  section,  H*  and  A 
hardly  depend  on  the  friction  parameter  Therefore,  one  can  expect 
that  —  if  the  compressibility  parameter  3  and  the  heat  transfer 
parameter  u  [see  Equations  (3.48)  or  (3.49)]  change  little  along  the 
surface  —  then  also  the  functions  H*  and  A  will  change  very  little. 
The  compressibility  parameter  3  in  the  case  of  a  flow  near  a  sphere 
will  be  small,  since  the  Mach  numbers  at  the  outer  edge  of  the 
boundary  layer  will  not  exceed  1.5-2.  In  this  connection  we  shall 
encounter  the  experimental  fact,  already  mentioned  above,  according 
to  which  the  Mach  number  Mg  attains  a  value  of  unity  at  the  point 
with  the  angular  coordinate  d-  45°.  Consequently,  the  effect  of  the 
compressibilit ;  parameter  on  H*  and  A  will  be  insignificant.  As  far 
as  the  heat  transfer  parameter  w  is  concerned,  its  value  may  turn  out 
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tc  be  quite  large.  However,. if  the  temperature  of  the  wall  is 
constant,  then  the  Variation  of  this  parameter  along  the  surface  of 
the  spnere  will  be  insignificant,  since  the  temperature  at  the  outer 
edge  of  the  boundary  layer  near  the  sphere  changes  very  little.  Thus, 
we  have  every  reason  to  consider  H*  and  A  to  be  constant  in  the  case 
of  a  flow  over  a  sphere.  If,  in  addition,  we  assume  approximately 
that  rw(x)  %  x,  then  the  coefficients  of  Equation  (3.180),  P(x) 
and  Q(x)  given  by  Equation  (3. 181)  become 


p(x)-Ai2  +  H')±,  Q(X)  ~ 


(3-207) 


Substituting  the  values  of  these  coefficients  in  the  expression  for 
the  function  z,  (3*183) i  we  find  upon- integration 


f  1/  J  \ 

'l*i  7  L  A  (i +//')+ 2  LV  *,) 


Jr_W(n«*)+Z_  ,] 

*1  /  J + 

+p,^n.  (3.2 


(3-208) 


If  the  laminar  and  transition  regions  are  absent  from  the  boundary 
layer,  (x,.  =  0,  U  .  =  0),  then  Equation  (3-208)  becomes  somewhat 
simplified,  namely 


•4<2  +  7f)  +  2 


(3.209) 


Having  the  function  z(x),  it  is  easy  to  calculate  the  distribu¬ 
tion  of  the  skin  friction  coefficient  cf(x),  using  Formulas  (3.192) 
or  (3-19^)  of  the  preceding  section. 

For  a  fully  turoulent  boundary  layer  upon  a  substitution  of 
Equation  (3.209)  in  Equation  (3. 19*0 j  one  can  obtain  the  following 
relation  for  the  local  friction  coefficient 


(lg  {0,'  W*  R*,  (Mi„)  A  i A  (2  +  H*)  +  2p}]>  * 


(3.210) 


where 


(3.211) 
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and  K,  H*,  and  A  are  given  by  Equations  (2.188),  (3*55) >  (3-177) 
respectively. 


For  convenience  in  calculations.  Figure  48  gives  a  plot  of  the 

expression  A/A(2  +  H*)  +  2  versus  the  temperature  factor  T  /T  for 

the  Mach  numbers  M  =0:2.  The  character  and  the  limits  of  the 

e 

variation  of  this  expression  confirm  the  correctness  of  the  assumption 
about  constant  A  and  H*.  It  should  be  noted  that  expression 
A./A(2  +  H*)-  +  2  depends  not  only  on  the  parameters  Tw/Te  and  Mg,  but 
also  on  the  Reynolds  number.  However,  this  dependence  turns  out  to 
be  extremely  weak,  and  for  this  reason  the  plots  given  in  Figure  48 
(they  were  constructed  for  Re  =  10^;  r  =  0.89)  can  be  used  with 

.A, 

great  accuracy  within  a  wide  range  of  the  Reynolds  numbers  (*v>  from 

•  Figures  49  and  50  give  the 
results  of  calculating  the  distri¬ 
butions  of  certain  parameters  and 
local  friction  coefficients  over 
the  surface  of  a  sphere  for  various 
flow  conditions'2^. 

The  calculations  whose  results 
are  given  in  Figure  49  were  done  for 
a  flow  of  air  of  Mach  number  =  3 
at  the  altitude  20  km  (according  to  the  standard  atmosphere)  over  a 
sphere  of  diameter  d  =  2,m.  The  surface  of  the  sphere  was  assumed  to 
be  thermally  insulated.  The  figure  gives,  in  particular,  the  distri¬ 
bution  of  the  Mach  numbers  M  and  the  Reynolds  numbers  Re  [see 

6  •  A 

Formula  (3.211)]- at  the  outer  edge  of  the  boundary  layer.  The 
presence  of  a  maximum’  is  characteristic  of  the  variation  of  the 
Reynolds  number.  The  maximum  is  due  to  the  fact  that,  within  the 
initial  segment,  the  increase  of  the  longitudinal  coordinate  x  is 
the  dominant  factor,  which  accounts  for  the  rise  of  the  Reynolds 
number,  within  the  final  segment,  the  gas  density  p,  which  sharply 


105  to  109)..- 


Footnote  (28)  appears  on  page  181. 
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Figure  49 


0  15'  30  45  60  75  SO 

r 

Figure  50 


decreases  as  a  result  of  a  isentropic  expansion  of  flow  along  the 
surface  of  the  sphere,  is  such  a  factor.  Figure  49  also  gives  the 
distributions  of  the  local  friction  coefficients  over  the  surface 
of  a  sphere,  cf  [see  Formula  (3.210)]  and  cfoo  [see  Formula  (3.195)]. 
The  same  figure  also  contains  the  plot  of  the  friction  coefficient 
cf  p V  calculated  using  the  flat  plate  formulas  for  the  local  values 
of  the  Mach  and  Reynolds  numbers,  and  Rev,  at  the  outer  edge  of 
the  boundary  layer. 

Figure  50  gives  the  analogous  results  obtained  for  flow  of  Mach 
number  M^  =  11  at  the  altitude  25  km  for  the  temperature  factor 
Tw/Te0  =  0 * 327  (Te0  is  the  stagnation  temperature)  in  a  flow  over 
a  sphere  of  diameter  d  =  1.07  m. 

Figures  49  and  50  show  that,  in  both  cases  of  a  flow  over  a 
sphere,  the  local  friction  coefficient  cfw,  determined  from  the 
parameters  of  the  oncoming  flow  [see  Formula  (3.195)],  is  largest 
in  the  region  of  flow  adjacent  to  the  sonic  line. 
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one  can  find,  using  the  Reynolds  similitude  (3*144),  the  local  heat 
transfer  coefficient  (Stanton  number).  The  expression  for  the  local 
thermal  flux,  in  view  of  the  Reynolds  similitude,  becomes 


qw  -  W‘U‘S  ( 1 )  (  *.  +  r  -X  ~  ^  )  • 


(3.145) 


Here  S(l)  and  r  are  the  Reynolds  similitude  parameter  and  the 
recovery  factor,  respectively.  The  values  of  these  coefficients  can 
be  determined  from  Formulas  (3*150)  and  (3*159)*  Using  these 
formulas  and  Equation  (3*207),  we  reduce  the  expression  for  the  heat 
flux  on  a  sphere  to  the  form 


qw  =  ~c,  P  (he  +  ~  Pf,/,P^5  -  *■)  • 


(3*212) 


Along  with  the  method  described  above,  there  are  other  approxi¬ 
mate  methods  for  calculating  heat  transfer  on  spherical  surfaces. 
The  results  of  some  of  them  are  given  below. 


Van  Driest  [66]  using  the  power-law  velocity  profile  with  the 
exponent  1/7,  obtained  the  following  expression  for  the  local  heat 
transfer  coefficient: 


(3*213) 


Here  the  heat  flux  was  given  by 

?u>  —  C„  rfi&U  oo  ( Hr  Am). 


(3*214) 


It  should  be  noted  that  Formula  (3*213)  was  obtained  under  the 
assumption  that  the  turbulent  boundary  layer  begins  at  the  front 
stagnation  point. 


Arthur  and  Willjams  [67],  using  the  Van  Driest  Formula  (3*213), 
the  power-law  dependence  of  viscosity  on  temperature,  y  Tu‘  ,  and 
the  assumption  about  the  isentropic  expansion  of  the  gas  along  the 
surface  of  the  sphere,  have  found  that  in  this  case  the  maximum  value 
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of  the  heat  transfer  coefficient  (c,  )  is  achieved  at  the  point 

h®  max 

x/d  =  0.322,  which  corresponds  to  the  angular  coordinate  d=  37°  • 
The  maximum  heat  flux  for  Pr  =  0.75  turns  out  to  be 


*  (Pj—-)'v‘poo^o0(^-/g. 


(3.215) 


where  the  subscript  s  denotes  parameters  at  the  front  stagnation  point. 


A  relation  equivalent  to  (3*213)  was  obtained  by  Sibulkin^^) 
who  investigated  heat  transfer  at  the  sonic  point.  Just  like  Van 
Driest,  Sibulkin  used  a  power-law  velocity  profile.  In  calculating 
friction',  he  made  use  of  the  Blasius  power-law  formula,  widely  used 
in  the  theory  of  the  turbulent  boundary  layer  of  an  incompressible 
fluid,  in  which  the  flow  parameters  were  calculated  using  Eckert's 
arbitrary  temperature  method ^0). 


In  the  conclusion  of  this  section,  we  shall  give  a  formula  for 
calculating  turbulent  heat  transfer  in  the  neighborhood  of  the 
stagnation  point  of  an  axially  symmetric  body,  proposed  by  V.  S. 
Avduyevskiy  [68]: 


3600gcpp,p,a;  0,040  X 

(T  \  —o.ifl 

-j^)  Pr^(Tr-Tw) 


kcal 
m  hr 


(3-216) 


Formula  (3.216)  was  obtained  by  solving  the  integral  energy  relation 
with  the  aid  of  the  experimental  relation  between  the  heat  flux  and 
the  local  characteristics  of  the  boundary  layer,  established  for  a 
flat  plate.  In  deriving  Formula  (3.216),  it  was  assumed  that  p  (x)  ® 
const. 


Figures  51  and  52  give  the  results  of  calculating  the  heat 
transfer  coefficients  ch  and  choo  on  the  surface  of  a  sphere  for  the 
flow  conditions  indicated  in  the  explanations  of  Figures  49  and  50, 


Footnotes  (29)  and  (30)  appear  on  page  181. 
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Figure  51  Figure  52 


respectively.  The  local  heat  transfer  coefficient  ch>  determined 

using  the  parameters  on  the  outer  edge  of  the  boundary  layer  [see 

Formula  (3*1^3)],  was  computed  from  Equation  (3*159) .  The  local 

heat  transfer  coefficient  c.  was  determined  from  the  relation 

h“ 


Figures  51  and  52  also  give  the  distributions  of  the  local  heat 
transfer  coefficients  choo,  obtained  using  the  Van  Driest  Formula 
(3*213).  As  can  be  seen  in  these  figures,  both  methods  lead 
to  similar  results.  The  maximum  heat  transfer  occurs  near  the  sonic 
line. 
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FOOTNOTES 


Footnote  (1)  on  page  76. 


Footnote  (2)  on  page  80. 
Footnote  (3)  on  page  80. 

Footnote  (4)  on  page  80. 
Footnote  (5)  on  page  81 . 
Footnote  (6)  on  page  99. 

Footnote  (7)  on  page  99. 


Footnote  (8)  on  page  103. 


A  detailed  analysis  of  various 
methods  used  in  turbulent  boundary 
layer  calculations  for  the  case  of  a 
flat  plate  can  be  found  in: 

Spalding,  D.  B.,  S.  W.  Chi.  The 
Drag  of  a  Compressible  Turbulent 
Boundary  Layer  on  a  Smooth  Flat  Plate 
with  and  without  Heat  Transfer, 

Journ.  of  Fluid  Meehan.,  Vol.  18, 

Part  1,  1964,  pp.  117-143;  Russian 
translation:  Mekhanika,  No.  6  (88), 
Foreign  Literature  Press  (IL),  1964. 

See  footnote  on  foreign  page  78. 

For  a  footnote  on  papers  by  Wilson 
and  Van  Driest,  see  [5,6,7]  on  page  182. 

See  footnote  on  foreign  page  80. 

See  [11]  on  page  182. 

This  question  will  be  discussed  in 
detail  in  Section  13. 

For  large  supersonic  velocities,  it  may 
be  necessary  to  consider  the  interaction 
of  the  boundary  layer  with  the  outer 
nonviscous  flow.  Due  to  this  inter¬ 
action,  the  magnitude  of  the  pressure, 
and  consequently,  also  the  velocity 
on  the  outer  boundary  of  the  boundary 
layer,  may  noticeably  differ  from  the 
values  of  these  parameters  at  infinity. 
For  more  details,  see,  for  example, 

Heis,  W.  P,,  R.  F.  Probstain.  "Theory 
of  Hypersonic  Flow",  IL,  Moscow,  1962. 

In  the  present  chapter,  when  discussing 
flows  at  relatively  small  supersonic 
velocities,  the  viscous  interaction 
does  not  have  to  be  taken  into  account. 

A  detailed  justification  of  Equations 
(3.30)  and  (3.31),  as  well  as  a 
discussion  of  the  questions  involved 
in  determining  the  thickness  of  the 
laminar  sublayer  and  questions  related 
to  the  effect  of  various  factors  on  the 
sublayer  parameters,  will  be  given  in 
Section  13. 


FTD-HC-23-723-71 


1/8 


Footnote  (9)  on  page  10-4 . 


Footnote  (10)  on  page  107. 


Footnote  (11)  on  page  109. 


Footnote  (12)  on  page  113. 


Footnote  (13)  on  page  123. 


Footnote  (14)  on  page  123, 
Footnote  (15)  on  page  126. 


The  function  <t  generally  depends  on 
two  variables  x  and  u,  since  p  =  p 
(x,u).  However,  in  connection  with 
the  approximate  calculation  given 
below,  where  we  assume  p  %  p(u), 

<*>  ifc  $(u). 

For  a  detailed  discussion  of  the 
recovery  factor  in  the  turbulent 
boundary  layer,  see  Section  15. 

It  will  be  recalled  that  a  similar 
technique  was  used  when  deriving  the 
well-known  Karman  formula  for  the 
friction  coefficient  on  a  flat  plate 
in  an  incompressible  fluid.  See,  for 
example,  Sovremennoye  sostoyaniye 
gidroaerodinamiki  vyazkoy  zhidkosti 
(Present  State  of  the  Hydroaerody¬ 
namics  of  a  Viscous  Fluid),  Vol.  II, 
edited  by  S.  Gol'dshteyn,  IL,  Moscow, 
1948 . 

See  [29]  on  the  paper  L.  V.  Kozlov 
on  page  183. 

From  Equations  (3. 104)  and  (3*30)  it 
is  easy  to  obtain  the  relation  du^67_b  a 

u 

which  some  authors  used  as  the  reason 
for  considering  a2  as  the  critical 
Reynolds  number  (Re„„)  that  determines 

the  transition  from  laminar  flow  in 
the  sublayer  to  turbulent  flow  in  the 
core. 

See  [5]  on  page  182. 

Here  it  is  proper  to  note  that  the 
estimates  of  the  effect  of  compressi¬ 
bility  and  heat  transfer  on  the 
coordinate  ru»  presented  hero,  are  not 

strictly  justified,  since  the  values 
of  the  coordinates  in  the  paper  by 

Czarnecki  and  Monta  have  been  obtained 
by  joining  the  velocity  profile  (3.07) 
in  the  laminar  sublayer  to  the  logar¬ 
ithmic  velocity  profile  in  an  incom¬ 
pressible  fluid.  This  fact  does  not 
permit  ua  to  draw  any  numerical  con¬ 
clusions  on  the  basis  of  this  type  of 
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Footnote  (16)  on  page  126. 
Footnote  (17)  on  page  126. 
Footnote  (18)  on  page  126. 


Footnote  (19)  on  page  127. 

Footnote  (20)  on  page  13^. 
Footnote  (21)  on  page  139- 


analysis.  However,  this  analysis  is 
undoubtedly  useful  in  revealing 
tendencies  in  the  effect  that  compres¬ 
sibility  and  heat  transfer  have  on  the 
thickness  of  the  laminar  sublayer.  Of 
course,  the  numerical  dependence  of 
the  thickness  of  the  laminar  sublayer 
(n^)  on  the  Mach  number  and  the 

temperature  factor  can  at  the  present 
time  be  studied  only  experimentally. 

See  [11]  on  page  182. 

See  [5]  on  page  182. 

Regardless  of  the  fact  that  the  use  of 
Van  Driest' s  velocity  profile  is  more 
natural  than  that  of  the  logarithmic 
velocity  profile  in  an  incompressible 
fluid,  the  comment  made  earlier  with 
respect  to  Figure  28  is  valid  also 
in  this  case. 

See  the  paper  by  Spalding  and  Chi, 
which  was  already  cited  in  this 
chapter. 

See  a  paper  by  Van  Driest:  [^ ] . 

Here  it  is  proper  to  note  that  the 
deviation  of  the  Prandtl  number  from 
unity  leads  —  within  the  framework  of 
the  double-layer  model  of  the  turbulent 
boundary  layer  —  to  a  situation  in 
which  the  dynamic  and  thermal  thick¬ 
nesses  of  the  laminar  sublayer  turn 
out  to  be  different.  If  one  takes 
this  discrepancy  strictly  into  account, 
this  will  lead  to  substantially  more 
complicated  calculations  of  heat 
transfer  ,  and  is  not  necessary  if  the 
Prandtl  number  is  not  too  different 
from  unity.  In  this  connection,  it 
will  be  recalled  that  calculation  of 
heat  transfer  within  the  framework  of 
the  double- layer  Prandtl  model  generally 
leads  to  satisfactory  results  only  if 
the  Prandtl  number  is  close  to  unity. 

If  the  Prandtl  number  is  substantially 
different  from  unity,  better  results 
are  obtained  by  using  the  more  complex 
three-layer  Karmen  model.  For  more 
details  about  this  and  also  about  a 
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Footnote  (22)  on  page  139. 


Footnote  (23)  on  page  142. 
Footnote  (2*1)  on  page  l*1?. 
Footnote  (25)  on  page  153. 
Footnote  (26)  on  page  153. 


Footnote  (27)  on  page  154. 

Footnote  (28)  on  page  173, 

Footnote  (29)  on  page  176. 
Footnote  (30)  on  page  176. 


calculation  of  heat  transfer  for  very 
large  Prandtl  numbers,  see  Loytsyanskiy , 

L.  G.,  "Semi-empirical  Theories  of  the 
Interaction  of  the  Processes  of 
Molecular  and  Molar  Exchange  in  a 
Turbulent  Flow  of  a  Fluid",  Trudy 
Vsesoyuznogo  S'yezda  po  teoricheskoy 

i  prikladnoy  mekhanike,  27.  I  -  3.  II 
I960,  Academy  of  Sciences  of  the  USSR, 
Moscow-Leningrad,  1962. 

Apparently,  the  first  expression  for 
the  recovery  factor,  similar  to 
expression  (3.149),  was  obtained  by 

M,  F.  Shirokov  in  a  paper  published 
in  "Zhurnal  Tekhnicheskoy  Fiziki", 

Vol.  Ill,  No.  12,  1936.  See  also  a 
monograph  by  the  same  author: 

"Fizicheskiye  Osnovy  Gazodinamiki" 
(Physical  Foundations  of  Gas  Dynamics), 
Fizmatgiz,  Moscow,  1958. 

See  a  paper  by  this  author  that  was 
mentioned  in  Section  12. 

See  the  earlier  noted  paper  of  1955* 
(Footnote  on  foreign  page  153). 

See  [12]  of  Coles'  paper  on  page 

182. 

For  more  details  on  this  subject  see, 
for  example,  Rotta,  I.  K.,  Turbulentnyi 
pogranichnyy  sloy  v  neszhimayemoy 
zhidkosti  (Turbulent  Boundary  Layer  in 
an  Incompressible  Fluid) ,  "Sudostroyeniye" , 
Leningrad,  1967. 

See  the  paper  by  V.  S.  Avdureyskiy 
which  was  already  quoted  in  this 
chapter  ([15]  on  page  18?). 

Calculations  were  done  at  the  request 
of  the  author  0.  V.  Semenova. 

See  [65]  on  nage  185. 

See  [55]  on  page  184. 
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CHAPTER  IV 


TURBULENT  BOUNDARY  LAYER  IN  A  DISSOCIATING  GAS 


§  19.  Certain  Comments  Regarding  the  Thermodynamic 
Properties  of  the  Air  at  High  Temperatures^' 

The  increase  of  the  velocities  of  aircraft  from  low  subsonic  to 
moderate  supersonic  velocities  has  made  it  necessary  to  consider  the 
deponutr'^e  of  the  density  of  air  and  transport  coefficients  (visco¬ 
sity  and  heat  transfer)  on  the  temperature  when  dealing  with  such 
velocities.  The  specific  heat  capacity  of  the  air  increases  with 
teraperaturo  due  to  the  excitation  of  the  vibrational  degrees  of  free¬ 
dom  (Figure  53) •  However,  if  the  temperature  gradient  in  the  boundary 
layer  is  not  very  high,  then  in  approximate  calculations  the  heat 
capacity  of  the  air  may  be  considered  constant,  and  equal  to  a  value 
corresponding  to  certain  average  temperature  of  the  flow. 

The  methods  used  In  turbulent  boundary  layer  calculations  for 
bodies  of  various  shapes  were  discussed  in  the  preceding  chapter 
based  on  the  assumption  that  the  heat  capacity  of  the  gas  is  constant. 


Footnote  (1)  appears  on  page  269. 
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Figure  53 


A  further  increase  of  the 

e  velocities  of  aircraft  is  accompanied 

"O  i 

i  by  such  a  high  increase  of  the  gas 

^  yr  .  ,  i .  temperature  that,  along  with  the 

3  --'i  / . .  fact  that  the  density  and  transport 

jt  / 

*  ;«V  coefficients  arc  variable,  it  may 

0*  *  ***  '  4  V 

°  ’’  also  become  necessary  to  consider 

Figure  53  the  dependence  of  the  heat  capacity 

on  the  temperature.  Here  one  must 
keep  in  mind  that  it  is  not  the 

absolute  value  of  the  temperature,  but  the  temperature  gradient  in 
the  boundary  layer  (in  other  words,  the  difference  between  the  maximum 
and  minimum  temperature)  that  is  of  basic  importance.  The  flow  of  a 
gas  with  variable  heat  capacity  can  be  analysed  both  by  generalizing 
the  methods  discussed  in  the  preceding  chapter  (such  a  generalisation 
in  many  cases  reduces  formally  to  replacing  the  temperature  with  the 
enthalpy)  and  by  applying  methods  that  will  be  presented  in  this 
chapter. 


A  transition  to  hypersonic  velocities  causes  such  an  enormous 
increase  in  the  temperature  of  the  gas  that  thermochemiaal  processes 
begin  to  occur  in  it.  They  include  the  dissociation  of  the  gas  mole¬ 
cules,  ionisation  of  the  atoms,  formation  of  oxides,  radiation,  etc. 

Some  concept  of  the  effect  of 
these  processes  on  the  “effective 
heat  capacity  of  the  air  in 
equilibrium  may  be  obtained  from 
Figure  $$  (1 j,  which  gives  the 
plots  of  the  heat  capacity  e.? 
versus  temperature  for  various 
pressure  { "effect iv heat  capa¬ 
city  is  usually  defined  as  the 
neat  capacity  which,  together  with 
the  ordinary  heat  capacity,  in¬ 
cludes  the  thermal  efreets  of  the 
Figure  $*<  the rmochew leal  processes  in  a  gas). 
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Figure  55  has  been  reprinted  from  the  paper  by  Ye.  V.  Stupochenko 
et  al.,  which  was  quoted  above.  The  figure  gives  the  molar  concen¬ 
trations  of  the  molecular  and  atomic  components  of  the  air  and  elec- 

» 

trons,  computed  for  the  conditions  of'  thermodynamic  equilibrium,  as 

i 

functions  of  the  temperature  for  three  values  of  pressure  p  «*  0.001; 

1  and  1000  atm.  As  seen  in  Figure  55* at  high  temperatures  the  air  is 
a  multicomponent  mixture,  consisting  of  the  molecules  of  oxygen  02, 
nitrogen  N2,  nitrogen  oxide  NO,  atomic  oxygen  0,  nitrogen  N,  argon  Ar, 

and  electrons  e“.  In  addition 


Figure  55 


to  those  components,  the  mixture 
contains  positively  charged  ions 
of  oxygen  0+,  nitrogen  N+,  and 
nitrogen  oxide  N0+  (in  Figure  55 
the  concentrations  of  these 
components  are  not  given). 

The  argon  and  nitrogen 
oxide  content  does  not  exceed  IS 
within  a  wide  temperature  and 
pressure  range,  and  for  this 
reason  we  may  neglect  the  exis¬ 
tence  of  these  components  in 
approximate  calculations. 

Calculations  of  the  equili¬ 
brium  composition  of  the  air  show 
03  that,  due  to  a  considerable 
difference  in  the  dissociation 
energy  of  oxygen  and  nitrogen 
(5.08  eV  for  02  and  9.?56  eV  for 
N2),  the  dissociation  of  oxygen 
is  essentially  terminated  before 
nitrogen  dissociation  begins. 

In  addition,  due  tc  the  high 
loniaation  potential  for  oxygen 
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and  nitrogen  (13.62  eV  for  Oa  and  14.55  eV  for  N),  the  dissociation 
of  the  oxygen  and  nitrogen  molecules  is  to  a  large  extent  terminated 
before  the  ionization  of  0  and  N  atoms  begins. 


These  features  of  the  flow  of  chemical  reactions  in  the  air  at 
high  temperatures  enable  us  to  approximately  distinguish  temperature 
and  pressure  ranges  in  each  of  which  a  certain  reaction  is  dominant 
(Figure  56  k  .  The  subdivision  into  regions,  given  in  Figure  56, 
permits  a  considerable  simplification  of  the  air  flow  calculations  at 
high  temperatures. 
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Figure 


In  the  present  chapter,  we 
shall  consider  those  methods  of 
turbulent  boundary  layer  calcu¬ 
lations  that  are  applicable  to 
flows  in  which  the  effect  of  the 
ionisation  processes  may  be 
neglected  (see  Figure  5o). 

S  gQ.  Slementa  of  the  Kinetics 
ef  Chemical  React Ians 


in  the  present  section,  we 
snail  give  certain  basis  infos** 
mat ten  on  the  formal  kinetics  or 
homogeneous  cheelcal  reactions 


C and,  in  particular,  sstae  inferaatlsn  cmicerning  the  feineti-ia  or 


the  dissociation  reactions  of  the  basic  eoaponents  of  the  air  (oxygen 


and  nitrogen),  We  shall  limit  our  attention  to  material  that  will 
be  found  necessary  below,  vie  shall  also  describe  a  rsedel  of  an 
"ideally  dissociating  gas",  proposed  by  Lighthill  (fit],  which  has 
become  widely  used  in  various  gas-dynamic  studies.  We  shall  also  de¬ 
vote  some  space  to  a  model  of  a  partially  excited  dissociating  gas. 

A  brief  treatment  ef  the  kinetics  ef  heterogeneous  (surface)  ehs&is&l 
reactions  will  he  given  as  well. 


Footnote  (2)  appears  on  page 
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Definitions .  The  pi’ocesses  of  chemical  interaction  among  the 
molecules  of  a  gas  mixture  are  a  result  of  collisions  among  the 
reacting  molecules.  Depending  on  systems  in  which  the  reactions  take 
place,  they  may  be  of  two  types:  homogeneous  and  heterogeneous. 

Homogeneous  reactions  are  those  that  occur  in  a  homogeneous 
medium  (for  example,  in  a  mixture  of  reacting  gases  or  in  a  solution). 
Usually,  when  we  say  homogeneous  reactions  we  mean  reactions  occurring 
in  finite  volumes  of  gases,  solutions,  etc.  Moreover,  if  the  gases 
participating  in  a  reaction  are  contained  in  a  vessel,  then  the  rate 
of  a  homogeneous  reaction  does  not  depend  on  the  surface  area  of  the 
vessel.  An  example  of  a  homogeneous  reaction  is  the  dissociation  of 
the  oxygen  and  nitrogen  molecules  and  high  temperatures. 

Heterogeneous  reactions  are  those  that  occur  in  an  inhomogeneous 
medium,  at  the  interface  of  interacting  components  which  occur  in 
different  phases  —  for  example,  solid  and  gaseous  (recombination 
reactions  at  a  catalytic  surface),  liquid  and  gaseous,  (carbon  burnout 
at  the  surface  of  the  protective  film  mde  of  certain  materials  used 
for  shielding  spacecrafts  from  heat),  etc.  The  heterogeneous  reac¬ 
tions  are  also  usually  said  to  include  reactions  occurring  in  narrow 
{as  compared  with  the  volume  occupied  by  gases)  region.-,  which  form 
when  reacting  gases  (not  previously  mixed)  are  brou;,.  £  n  rc-ntaot* 
in  the  limiting  case  when  tne  rate  of  a  chemical  reaction  is  infinitely 
large  as  compared  with  the  rate  of  diffusion  (the  rate  of  delivery 
and  removal  of  reactants  and  products  of  reaction)  such  a  region  may 
be  considered  to  be  a  surface  (reaction  front).  An  example  or  such 
a  reaction  may  be  provided  by  the  oxidation  reaction  (combustion)  of 
gaseous  carbon  when  high-temperature  air  flows  over  a  carbon  surface. 

In  this  case,  the  gaseous  carbon  which  is  formed  as  a  result  of  a 
sublimation  of  solid  carbon  diffuses  from  the  surface  of  the  wall  to 
the  outer  edge  of  the  boundary  layer,  toward  oxygen  which  diffuses 
in  the  opposite  direction,  if  the  temperature  in  the  boundary  layer 
is  sufficiently  high,  then  the  oxidation  rate  (combustion)  or  carbon 
will  be  very  large,  and  the  reaction  cone  (combustion  front)  will  be 
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so  thin,  as  compared  with  the  thickness  of  the  boundary  layer,  that 
in  practice  such  a  reaction  may  be  considered  heterogeneous. 


A  reaction  is  called  endothermic  if  it  involves  absorption  of 
heat  (for  example,  the  dissociation  of  oxygen  molecules),  and  exo¬ 
thermic  if  it  involves  release  of  heat  (for  example,  recombination  of 
the  oxygen  atoms). 


The  law  of  mass  action.  Every  chemical  reaction  obeys  the  law 
of  constant  multiple  proportions,  and  can  be  generally  described  by 
the  following  stoichiometric  equation: 


n  v.  n 
2  “vU*  id  2  vkA'> 

k«i  *• 


(U.l) 


where  and  are  the  stoichiometric  coefficients  for  reactants 
(prime),  and  reaction  products  (double  prime);  A](  are  the  chemical 
symbols  of  the  reactants,  N  is  the  total  number  of  the  chemical 
species,  and  k’  and  k"  are  the  rate  constants  of  the  direct  and  reverse 
reactions,  respectively,  which  are  functions  of  temperature. 


The  law  of  maos  action  is  the  basic  relation  describing  the  rate 
of  a  chemical  reaction  (the  rate  of  formation  or  disintegration  of 
species  i).  According  to  the  law  of  ma3s  action,  the  rate  of  formation 
of  a  species  is  proportional  to  tne  product  of  the  concentrations  of 
the  reacting  species,  where  each  concentration  in  the  product  is 
raised  to  a  power  equal  to  Its  stoichiometric  coefficient.  According 
to  thia  law  for  the  equation  of  a  chemical  reaction  (A.l),  the  rate 
of  the  reaction  going  from  left  to  right  can  be  given  by  the 
expression 


‘•mil  ki*. 

«-» 


(«l.2) 


and  the  rate  of  the  reuction  going  from  right  to  left  by 


U  NP 


(*>.3> 


PI 


Here  [n^]  gives  the  number  of  moles  per  unit  volume  of  species  i. 

The  derivative  dtn^/dt  represents  the  rate  of  change  of  the  number 
of  moles  per  unit  volume  of  species  i  as  a  result  of  the  chemical 
reaction.  It  will  be  noted  that  Equations  (4.2)  and  0.3)  were  written 
for  one  mole.  If  a  reaction  is  such  that  reactants  are  present  on 
both  sides  of ' the  equation  of  reaction,  then  the  expressions  for  the 
reaction  rates  must  be  written  in  the  form 


nmk)\ 

'  l-l 

(4.4) 

i 

(4.5) 

These  equations  were  written  for  (v^  -  vj)  moles. 


The  total  rate  of  formation  of  species  i  is  equal  to  the  differ¬ 
ence  between  the  rates  of  the  forward  and  reverse  reactions: 


(V;  _  vj)**(r)i]iJ»*r*  -<v;  -  *>*•(?*)  n 


0.6) 


In  chemical  equilibrium,  no  changes  occur  in  the  composition  of 
a  mixture,  i.e.,  the  rates  of  the  forward  and  reverse  reactions  are 
equal  (dCn^/dt  »  0).  Consequently,  in  this  case 

o.7) 

where  Kn(T)  is  an  equilibrium  constant,  and  the  subscript  (e)  signi¬ 
fies  the  equilibrium  values  of  [n^]. 

Equation  (4.7)  is  the  most  general  equation  that  can  be  used  to 
determine  the  composition  of  the  reaction  products  in  chemical 
equilibrium.  This  equation  relates  the  ratio  of  the  kinetic  parameters 
k1  and  kw  to  the  equilibrium  constant  Kn(T),  which  may  be  calculated 
exactly  using  thermodynamic  and  quantum-mechanical  methods. 
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Equation  (^.6)  can  also  be  written,  in  view  (*!.?),  in  the  form 

(ft. 8) 


iM- 

(ii  ~ 


-  <v;  -  *)k‘(T)  n  n  i**r*  '*]• 


If  a  number  of  reactions  occur  simultaneously  in  a  system,  then 
—  in  calculating  the  total  rate  of  formation  of  species  i  —  one  can 
use  the  principle  of  independence  of  individual  reactions.  According 
to  this  principle,  if  a  number  of  reactions  occur  within  a  system, 
then  each  of  them  occurs  independently  of  the  rest,  and  each  is  subject 
to  the  law  of  mass  action.  The  total  rate  of  formation  of  species  i 
is  equal  to  the  sum  of  the  rates  of  formation  of  species  i  in  each  of 
the  reactions 


V-jm- 

-  Jj  (vi  -*i)£  jn  -  ^L 


* 

n 


n  f**f**'**]. 


(ft. 9) 


where  a  is  the  number  of  independent  reactions,  s  is  the  reaction 
number. 


For  an  ideal  gas  whose  state  is  described  by  .he  Clapeyron 
equation,  we  have 

t*M  ■»  (ft .  10) 

Here  p,  is  the  partial  pressure  of  species  i,  R  is  the  universal  gas 

constant  (if  tn. )  is  measured  in  moles/csa'5  and  pressure  in  ate,  then 
i  1  *1  *1 

the  gas  constant  is  R  *  82.  OS  esr  ata-mole  -  •  K  ). 


At  equilibrium 

i«i  I  = 


tn  chemical  kinetics  along  with  the  equilibrium  constant  Kn, 
expressed  in  terms  of  the  number  cf  acicr  (Equation  ft. 7) ,  one  often 
uses  the  equilibrium  constant  expressed  in  terms  of  partial 
pressures i 
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It  is  easy  to  see,  in  view  of  Equation  (t,li),  that  the  equilibrium 
constants  Kn  and  are  related  as  follows 

H 

«  Xv(Rfy*\  Av»  vJt).  (q.13) 

t-J 

The  ratio  of  the  number  of  moles  of  species  i  per  unit  volume 
(or  of  the  partial  pressure  of  species  i)  to  the  total  number  of  moles 
per  unit  volume  (to  the  total  pressure  of  the  mixture)  is  called  the 
molar  concentration  of  species  i: 


Td 


ft, 

> 


Here  l»i«>  J  l«*l  i?  the  total  number  of  moles  per  unit  volume,  and  p  is 


the  pressure  of  the  gas  mixture, 


The  expression  for  the  equilibrium  constant  in  terns  of  the 
equilibrium  molar  concentrations  has  the  form 


A,=  I1*4V*V 

**» 


C**»15) 


Similarly,  one  can  introduce  the  equilibrium  constant,  expressed 
in  term  of  the  equilibrium  mass  concentrations; 


(«* .  16) 


Hos’d 


Pt ~ (**.1T) 

Doing  these  relations,  it  is  easy  to  show  that  we  have  the 
following  relations  among  the  equilibrium  constants: 


lot 
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t»i 

As  seen  from  Equations  ( M . 15)  and  (A. 16),  the  equilibrium 
constants  K  anu  K  are  always  dimensionless  parameters.  As  far  as 
Kn  and  Kp  [Equations  (4.7)  and  (4.12)]  are  concerned,  tnese  equili¬ 
brium  constants  are  dimensionless  only  under  the  condition  that  Av  ■  0, 
In  order  to  use  any  of  the  above  equilibrium  constants  in  the  expres¬ 
sion  for  the  rate  of  a  chemical  reaction  (4.8),  it  is  useful  to  note 
that  the  expression 


f 

T 


n  i**)'1 


is  always  dimensionless. 


Introducing,  by  analogy  with  ,he  equilibrium  constant,  the 
quantities 

>v  *  .  (y 

^  -  n  n 


x 


4=1 

st 


**  •  n  \  Hu  n  K) 

*  * 


m  obtain 
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(4.1$) 


In  view  of  Equation  (4.19)*  we  obtain  the  following  equivalent 
expressions  for  the  rate  of  a  chemical  reaction: 


(v* 


(x,  ~  xjrim+{ » -  y  n 


(equation  continued  ©n  next  page) 
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Equilibrium  constants.  Statistical  thermodynamics  [53  leads  to 
the  following  expression  for  the  equilibrium  constant: 

a  __  n 

In  A*„  —  5!  v* ( U . 21 ) 


where 


.V  -v 

*->*  i-i 

is  the  difference  between  the  energies  of  the  products  and  the  ener¬ 
gies  of  the  reactants  at  a  aero  temperature  point,  where  the  reactant 
and  the  reaction  products  are  considered  to  be  in  states  with  unit 
concentrations  at  normal  pressure*  is  the  partition  function  for 

a  gar.  at  unit  pressure*  SQ  Is  the  energy  of  the  gas  at  aero  absolute 

temperature. 


The  partition  function  for  a  gas  at  unit  pressure  is  related  to 
the  total  partition  function  C  (a  basic  quantity  in  statistical 
thermodynamics}  by  the  equation 


Q>  * (*! 


The  partition  function  <2  is  given  by 

Q  -  (*.£*) 

fc  JU 

where  tj  is  the  energy  of  a  particle  in  the  1  state*  g^  is  the 


leg 
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statistical  weight  or  degeneracy  of  the  energy  levels,  i.e.,  the 
number  of  states  of  a  particle  with  energy  levels  near  e^. 

According  to  present-day  concepts,  the  energy  of  gas  molecules 
consists  of  the  translational  energy  rotational  energy  er,  the 
intramolecular  vibration  energy,  i.e.,  vibrations  of  atoms  and  groups 
of  atoms  in  a  molecule,  ev,  the  electron  excitation  energy  ee,  and 
the  nuclear  excitation  energy.  For  the  temperatures  occurring  in 
gasdynamics,  the  energy  of  the  nuclear  excitation  may  be  neglected. 

If  we  assume  that  the  different  forms  of  energy  are  independent,  then 
the  partition  function  will  be  given  by  the  product 


Q  =  WW. 


(4.25) 


The  factors  on  the  right-hand  side  of  Equation  (4.25)  are  the 
partition  functions  for  the  translational,  rotational,  vibrational, 
and  electron  levels  of  energy,  respectively.  In  statistical  mechanics, 
it  is  shown  that  for  two-atomic  molecules  these  factors  are  equal  to 


n*  (  Y/;  HT 

*A*  (  A*  )  p  ' 

nr  i  8  nlkf  1  T 

VA,  —  2  ht  ~  2  Tf  ' 

qi,~( i-e^j  =(i-r-^) , 

00  l’  *i 

Q A.  -  2 


(4.26a) 

(4.26b) 

(4.26c) 

(4.26d) 


Here  m.  is  the  mass  of  the  molecule,  I  is  the  moment  of  Inertia  of 
the  molecule,  h  is  Planck's  constant,  v  is  the  vibrational  frequency, 
Tr  is  the  characteristic  temperature  of  rotation,  Ty  is  the  charac¬ 
teristic  vibrational  temperature. 


The  expression  for  Q.  was  written  for  a  two-atomic  molecule 

A2 

consisting  of  identical  atoms.  For  monoatomic  molecules  that  do  not 
have  rotational  and  vibrational  degrees  of  freedom,  the  corresponding 
partition  functions  will  become  equal  to  unity.  The  partition  func¬ 
tions  for  the  translational  and  electron  degrees  of  freedom  for 
monatomic  molecules  have  the  same  form  as  Expressions (4.26a)  and 
(4.26d),  except  that  in  (4,26a)  must  be  replaced  by  m^. 
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Rate  constants  of  homogeneous  reactions.  The  expressions  for 
the  rate  constants  of  chemical  reactions  can  be  obtained  either  using 
the  collision  theory  (Arrhenius  theory)  [6],  or  using  the  theory  of 
absolute  reaction  rates  [?]  (sometimes  the  theory  of  absolute  reaction 
rates  is  called  the  activated  complex  method) . 

Collision  theory,  which  is  a  part  of  formal  kinetics,  does  not 
go  into  the  mechanism  of  collisions,  arid  gives  a  numerical  description 
of  only  the  results  of  an  interaction  of  particles.  Arrhenius  is  the 
founder  of  collision  theory.  According  to  Arrhenius,  every  reaction 
goes  through  an  intermediate  stage  involving  the  formation  of  active 
molecules,  i.e.,  molec’.  ev  that  possess  excess  energy  sufficient  to 
overcome  the  energy  barrier.  In  order  that  an  elementary  chemical 
interaction  process  may  occur,  it  is  necessary  that  the  molecules  of 
the  reactants  come  close  together.  Here,  regardless  of  whether  the 
process  Involves  release  or  absorption  of  energy,  as  a  rule,  when 
molecules  approach  one  another,  repulsive  forces  arise,  and  a  definite 
energy  is  needed  to  overcome  them.  As  an  example,  Figure  57  gives  a 
diagram  of  the  variation  of  the  energy  of  a  reacting  system.  The 
ordinate  axis  measures  the  potential  energy  of  the  system,  and  on  the 
axis  of  abscissas  we  plot  a  coordinate  characterizing  the  relative 
spatial  distribution  of  the  atoms.  Region  I  refers  to  the  initial 
particles,  II  refers  to  active  particles,  III  refers  to  the  products 
of  the  reaction.  The  energy  difference  between  the  initial  and  the 
final  states  of  the  system  is  equal  to  the  energy  effect  of  the 
reaction.  (AEQ).  Ea  is  the  activation  energy,  i.e.,  the  minimum  value 

of  the  total  energy  of  the 
colliding  molecules  which  Is 
necessary  for  a  reaction  to  take 
place . 

The  reaction  rate  constant 
is  directly  related  to  the  number 
of  collisions  of  the  active  mole¬ 
cules.  Therefore,  its  value  turns 
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out  to  be  proportional  to  the  Boltzmann  factor  (-E  /RT).  The  question 

Cl 

of  which  collisions  should  be  considered  active  must  be  solved  experi¬ 
mentally.  A  comparison  of  calculations,  based  on  different  hypotheses, 
with  the  experimental  data  showed  that  for  simple  molecules,  active 
collisions  are  those  in  which  a  component  of  the  kinetic  energy  of 
relative  motion  along  the  line  joining  the  mass  centers  exceeds  the 

activation  energy.  In  this  case,  we  obtain  the  following  expression 

(*) 

for  the  reaction  rate  constant v : 


(k^k\hf). 


Here  r12  is  the  sum  of  the  radii  of  the  colliding  particles, 

m  ==  (-—-+•")  1  is  the  reduced  mass  of  the  particles,  k  is  the  Boltzmann 

constant. 

The  above  expression  for  the  reaction  rate  constant  does  not 
always  lead  to  results  that  are  in  good  agreement  with  experiment, 
particularly  if  complex  molecules  participate  in  a  reaction.  This  is 
due  to  the  fact  that  not  all  active  collisions  lead  to  a  chemical 
transformation.  In  order  to  account  for  this  possibility,  the  expres¬ 
sion  for  the  reaction  rate  constant  must  include  an  additional  factor 
P  which  gives  the  probability  that  an  active  collision  will  result 
in  a  chemical  transformation  (sometimes  P  is  called  a  steric  factor). 

In  this  case,  the  expression  for  It  becomes 

k  ^  Pb(T)o\[>  ( — (14 . 27) 

If  all  active  collisions  result  in  a  reaction,  then  H  ■  1.  In 

reactions  in  which  complex  molecules  participate,  the  value  of  P  may 

0 

be  very  small  (on  the  order  of  10“  ). 

Instead  of  the  Expression  (4.27),  one  most  often  makes  use  of 
the  expression 
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(4.28) 


i  —  Z(T)exp  ( - jjp)  , 

which  was  introduced  by  Arrhenius.  The  value  of  the  factor  Z(T)  that 

multiolies  the  exponent  is  usually  determined  experimentally,  and  for 

some  of  the  not  too  complex  reactions,  it  may  be  computed  on  the 

(4) 

basis  of  the  theory  of  absolute  reaction  rates'  . 

Heterogeneous  chemical  reactions'^  .  In  chemical  kinetics,  the 
term  "heterogeneous"  refers  to  reactions  which  occur  on  the  separating 
surfaces,  i.e.,  on  phase  boundaries.  Depending  on  the  character  of 
the  surface  participation  in  the  reaction,  the  heterogeneous  reactions 
thau  are  of  greatest  interest  car  be  of  two  types. 

in  one  case,  the  surface  plays  the  rolo  of  a  catalyst  for  the 
reactants  existing  in  the  gas  phase.  Here  the  products  of  a  hetero¬ 
geneous  catalytic  reaction  do  not  contain  the  elements  of  which  the 
surface  is  composed.  In  the  course  of  such  a  reaction,  neither  the 
properties  of  the  catalyst  ror  the  shape  of  the  catalytic  surface 
undergo  any  change.  An  example  of  such  a  reuction  is  provided  by  the 
catalytic  recombination  of  atoms. 

In  the  second  case,  the  surface  plays  _n  active  role  in  th» 
reaction.  An  example  is  the  combustion  of  *  carbon  surface  which  •fs 
submerged  in  a  stream  of  high-temperature  air.  In  the  coux-se  of  such 
a  reaction,  the  shape  of  the  surface  may  change  due  to  the  removal 
of  the  combustion  products  b>  the  air  s*.  ream. 

The  chemical  prcoess  occurring  in  heterogenous  reactions  is 
localized  in  a  thin  (monomolecular)  layer  at  the  surface.  The  volume 
of  the  layer  la  determined  by  the  area  of  the  surface  and  the  dimen¬ 
sions  of  the  reacting  molecules.  The  monomolecular  layer  holds  on  to 
the  surface  as  a  result  of  the  forces  of  chemical  adsorption,  whose 


Footnotes  (4)  and  (5)  appear  on  page  269. 
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nature  is  similar  tc  the  forces  of  valence  bonding  (physical,  or 
Van  der  Waals,  adsorption  rarely  leads  to  heterogeneous  reactions). 

A  reaction  occurring  at  a  solid  surface  may  be  divided  into  the 
following  stages:  1)  transport  of  the  reactants  to  the  surface, 

2)  chemical  adsorption  of  the  reactants  by  the  surface,  3)  chemical 
reaction  between  the  reactants,  adsorbed  at  the  surface  or  between  the 
adsorbed  species  and  the  species  in  the  gas  phase,  4)  desorption  of 
the  reaction  products  from  the  surface,  5)  removal  of  the  reaction 
products  from  the  surface. 

As  an  example  let  us  consider  the  surface  reaction  of  the  recom¬ 
bination  and  dissociation  of  oxygen.  One  of  the  possible  mechanisms 
of  this  reaction,  bearing  the  name  of  Langmuir-Hlnshelwood  [8],  may  be 
described  by  the  following  system  of  equations: 

O  +  W^OW,  (4.29) 

QVV  +  OW  pi  0,  +  W  +  W.  (4.30) 

Equation  (4.29)  describes  the  adsorption  (forward  reaction)  and 
desorption  (reverse  reaction)  of  the  oxygen  atom.  W  denotes  the  so- 
called  active  portion  of  the  surface,  and  OW  denotes  the  adsorbed 
oxygen  atom,  i.e.,  the  atom  which  is  chemically  bound  to  the  surface. 
Equation  (4.30)  describes  a  reaotion  between  the  neighboring  adsorbed 
atoms,  as  a  result  of  which  an  oxygen  moleoule  is  formed  and  released 
(desorbed),  and  the  active  segments  (W)  become  free. 


Another  possible  mechanism  of  the  reaction,  sometimes  called 
the  Rldil-Ell  mechanism  £81,  is  described  by  the  equations 


* 


0  +  NV  pi  OW. 

0  +  OW  pi  0,  -{■  W. 


(4.29) 

(4.31) 


Equation  (4.31)  describes  a  reaotion  between  an  adsorbed  oxygen  atom 
and  the  oxygen  atom  In  the  gas  phase. 
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In  both  first  and  second  cases,  the  reaction  rates  depend  on  the 
type  of  surface  and  the  conditions  on  it. 

In  gasdynamic  applications  it  is  usually  assumed  for  simplicity 
that  the  adsorption  reaction  (4.29)  occurs  very  fast,  and  thus  does 
not  determine  the  rate  of  the  entire  process  as  a  whole.  In  this  case, 
reactions  of  the  type  (4.30)  and  (4.31)  will  be  decisive.  Schemati¬ 
cally,  both  of  these  reactions  can  be  written  in  the  form 


A  jJ*  * 

A*  «_  Aj, 
*wj 


(4.32) 


where  kwi  and  kwj  are  the  rates  of  the  forward  and  reverse  surface 
catalytic  reactions.  The  expression  for  the  rate  of  formation  of 
species  Ai}  provided  by  formal  kinetics,  can  be  written  as 


(4.33) 


where  nA  and  nj  are  the  orders  of  the  forward  and  reverse  reactions, 
respectively.  [A^  and  CAj-jw  are  the  concentrations  of  the  reactant 
and  the  reaction  product  at  the  wall.  The  dimensionality  of  the 
rates  kwi  (or  kwj)  depends  on  the  dimensionality  of  the  concentrations 
of  the  reactant  and  the  reaction  product. 


Taking  into  consideration  the  equilibrium  constant 

r  k*i  UM  3)w 


(4.34) 


[here  the  superscript  (e)  denotes  parameters  in  the  state  of  thermo¬ 
dynamic  equilibrium],  we  write  Equation  (4.33)  in  the  form 


*At„  -  « At©  -  K9 1  A,©}. 


(4.35) 


Under  stationary  conditions,  the  rate  of  formation  of  a  species 
is  equal  to  the  diffusive  flux  of  the  species  toward  the  surface: 
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(4.36) 


y  ri  >-:tv  ;  ',t,t  v  yjj  es’^.^TT  vr*v 


/Atu,--^{[AX<-A’I,IAJ)^}. 


Equation  (4.36)  may  be  used  as  a  boundary  condition  in  solving 
boundary  layer  problems  involving  surface  catalytic  reactions. 

The  temperature  dependence  of  the  constant  kyi  is  in  many  cases 
well  described  by  the  Arrhenius  law 

=  lot  exp  (—  )  .  (4.37) 

Here  kQ1  is  a  constant  of  the  reactant-catalyst  system  which  is  under 

consideration:  E„,,  is  the  activation  energy.  The  ratio  of  En.,  to 
aw  «tw 

the  universal  gas  constant  R  may  be  viewed  as  the  "characteristic" 
temperature  Taw  of  the  reactant-catalyst  system. 

Kinetics  of  dissociation  and  recombination  reactions  in  the  air. 
The  air  under  normal  conditions  is  primarily  a  mixture  of  two-atomic 
molecules  of  nitrogen  and  oxygen. 

The  fractions  of  carbon  dioxide,  water  vapor,  argon,  and  other 
admixtures  are  so  small  that  their  presence  in  the  air  may  be  neglec¬ 
ted  in  a  majority  of  practically  important  cases. 

In  the  temperature  range  from  2000  to  8000°  K,  the  three-atomic 
species  such  as  0^,  N02,  and  some  other  multi-atomic  nitrogen  oxide', 
as  well  as  the  ionisation  process,  do  not  play  an  important  role. 

The  following  reactions  are  fundamental  in  the  temperature  range 
Vndicated  [9]: 


<>a.;  X  .*0  ,  U  i-X, 
N,  I-  X  N  h  X  I-  X. 
N,  -i  O  , :  NO  !  N. 

NO  O  .  -09  I  N. 

K,  -l-O,..! NO  '!  NO. 
NO  -1  X  N  •!•  O  1  X. 


Here  X  stands  for  the  catalyst  molecule. 


(4.36) 
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Out  of  the  six  reactions  given,  the  last  four,  involving  nitrogen 
oxide  NO,  play  a  secondary  role  as  compared  with  the  first  two  reactions, 
because  the  equilibrium  content  of  nitrogen  oxide  is  usually  small 
(no  greater  than  1$).  Therefore,  in  performing  approximate  calcula¬ 
tions  when  the  basic  objective  is  to  obtain  integral  characteristics 
(friction,  heat  flux),  one  may  in  many  cases  consider  only  the  first 
two  reactions.  It  was  already  noted  above  that  molecular  oxygen  is 
almost  completely  dissociated  (equilibrium  dissociation  is  being  con¬ 
sidered)  before  nitrogen  begins  to  dissociate.  This  fact  permits  us 
to  consider  air  as  a  binary  mixture  of  atoms  and  molecules.  It  is 
only  necessary  in  this  case  to  consider  the  difference  in  the 
dissociation  energies  of  oxygen  and  nitrogen. 

In  nonequilibrium  dissociation,  the  binary  model  of  the  air  may 
in  certain  cases  turn  out  to  be  insufficient  due  to  the  difference 
in  the  recombination  rates  kr  for  reactions  in  which  different  cata¬ 
lyst  molecules  (X)  participate.  The  values  of  the  constants  kp  for 
various  reactions  and  different  catalyst  molecules  are  giv -  i  in 
Table  13,  adapted  from  the  book  by  Chung  [10].  As  is  seen  in  Table  13* 
the  basic  scheme  which  the  dissociation  reactions  follow  can  be 
written  in  the  form 

kd*X) 

A.  +  X  —  A.A  +  X.  (,.39) 

Here  denotes  a  two-atom  molecule,  A  denotes  an  atom,  X  represents 
a  catalyst  particle  (atom  or  molecule). 

The  process  of  dissociation  and  recombination,  occurring  accord¬ 
ing  to  the  scheme  A2  Z  A  ♦  A,  i.e.,  without  the  participation  of  the 
particle  X,  does  not  play  an  important  role.  The  rate  of  the  forward 
reaction  Is  small,  since  the  direct  disintegration  of  a  strongly  ex¬ 
cited  molecule  Is  very  unlikely.  The  rate  of  the  reverse  reaction  is 
also  small,  since  the  molecules  forming  as  a  result  of  combinations 
involving  two  atoms  possess  a  very  large  energy.  Due  to  this  fact, 
a  majority  of  such  molecules  dissociate  upon  the  first  collision  with 
other  particles. 
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TABr.t  ’f? 


,  Reaction 

*• 

*  ‘‘Vca^/aole^  sec  , 

1 

to*  +  X  0  f-O-f  X 
*' 

5.1 

» 

o  j  { 

Qa  ,  n.K  |u!,  T'“ 

N*  | 

N.  NO  |  .uC  li^  T  ‘ 

N{  b  X  N  +  N  .*■  X 

o.x 

n  |  a.ss  i'^  r' 

Of.O.NO  i.»o.|uh.h- 

i  1 

NO+XaN  +  O  +  X 

6.5 

NO  |  *.»<<*♦.  V  1 

O.S.O;. Njj 

OiN,^hO  +  N 

V 

5.3 

1  5 

I.St.IttW  «** 

^jl<i'*«e  i 

F  ! 

Table  13  indicates  that  the  recombination  rases  for  oxygen  ana 
nitrogen  way  differ  significantly  depending  on  the  type  of  the  cata¬ 
lyst  particle  (X)  participating  in  the  reaction.  The  reaction  rate 
Constanta,  for  reactions  which  differ  only  In  the  type  of  the  catalyst 
particle,  depend  solely  on  the  temperature  and  are  related  to  each 
other  by  a  relation  which  follow*  from  the  principle  of  detailed 
balance: 


XT"*- 


*,w. 


where  Kn(T)  is  an  equilibrium  constant  given  by  Equation  "J 

Using  the  relation*  obtained  earlier  in  this  section,  u  Is 
difficult  to  write  an  expression  for  the  mass  rate  of  formation  of 
the  atomic  species  *A  in  a  reaction  described  by  the  stoichiometric 
Equation  C ** . 39) -  Here  if  the  alxtur*  consists  of  U  species,  then  in 
a  general  case  the  mass  rate  of  for&atien  w^  can  be  obtained,  in 
accordance  with  the  principle  of  the  independence  of  reactions 


m 
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by  summing  the  rates  of  formation  in  each  of  the  reactions  (in  this 
case  the  number  of  reactions  s  is  equal  to  the  number  of  species  N). 
For  later  use,  it  is  convenient  to  obtain  an  expression  for  wA  in 
terms  of  the  mass  concentrations  of  species.  Therefore,  we  shall  use 
the  last  of  Equations  ( M . 20)  for  the  rate  of  formation  d[nA]/dt,  and 
Equation  (4.16)  and  the  last  of  Equations  (4.19)  for  the  equilibrium 
constant  and  the  ratio  K*/KQ,  respectively.  Taking  into  account  the 
fact  that  for  all  N  reactions  of  the  type  (4.39),  differing  only  in 
the  catalyst  particle  X,  the  stoichiometric  coefficients  are  identical 
and  equal  to  vA, «  1.  vk  =1.  v;  =-0,  v*  «  0.  vx  =*  i,  Va  «  2*  and  also  the 
fact  that 

£  * 

3  «•  <5  V  -  2.  Av  »  2  (v/  -  v**) 

we  obtain 


I* 


t,W 


(4.41) 


Here  and  below  the  superscript  (e)  denotes  the  equilibrium  parameters; 
eXs  la  the  mass  concentration  of  the  catalyst  (X)  in  the  8th  reaction; 
H  is  the  number  of  species  (reactions). 


Sometimes  the  mass  rate  of  formation  or  the  atomic  species  wA 
may  be  more  conveniently  expressed  not  in  terms  of  the  dissociation 
rate  constants  kda ,  as  in  the  Expression  (4.41),  but  in  terms  of  the 
recombination  rates  kr#.  In  this  case,  in  view  of  Equation  (4.40) 
and  the  relation  between  the  constants  Kn  and  Ke,  given  by  Equation 
(4.18),  it  is  not  hard  to  obtain  the  result 


«e* 


\  P  **/  m*  MXt 


(4.42) 


In  the  case  of  reaction  (4.39),  the  equilibrium  constant  Kg, 
generally  given  by  Equation  (4.16),  becomes 
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In  order  to  determine  the  equilibrium  constant  we  turn  to  Equation 
(*1.21).  For  the  reaction  (4.39),  the  former  equation  becomes 


+  2ln#,(A)  —  ln<?,(A,).  (4.44) 


Let  us  substitute  the  expressions  for  the  partition  functions  of  the 
molecules  (4.26)  and  atoms  in  the  preceding  equation  (the  partition 
function  for  the  translational  energy  levels  for  atoms,  QA,  is  defined 
in  the  same  way  as  Q^,  except  that  must  be  replaced  with  mA). 

Upon  substitution  and  changing  from  Kp  to  Kc,  by  Equation  (4.18),  we 
obtain 


(4.45) 


Here  Td  is  the  characteristic  dissociation  temperature,  equal  to 


r4* 


(4.46) 


D  is  the  dissociation  energy  per  unit  molecule  mass,  AEQ  is  the 
dissociation  energy  per  mole  of  the  starting  substance  (molecules). 

Thus,  to  determine  the  equilibrium  constant  Rd  It  is  necessary 
to  know  the  characteristic  temperatures ;  of  dissociation,  T^,  of 
vibration,  Ty,  of  rotation,  ,  as  well  as  the  electron  partition 
functions  for  the  basic  component*  of  the  air.  Data  on  the  charac¬ 
teristic  temperatures  are  given  in  Table  14  £11} . 

The  electron  partition  functions  are  written  in  the  form  (see 
the  paper  by  Hansen  which  was  quoted) 
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%-a+a«p(-i!»L)+«,(— !»»). 

^o=5  +  3«xp(-  ~j  +  exp(—  -^-j  + 

+  5«P(-«2L)  +  ^(_i«L)i  , 

^  =  4+10oxp(-JII“)  +  6«xp(-ii^-).  (4.47) 


TABLE  14 


U{  «ole 

*i>  * 

V  *K 

r».  •« 

r,.  *K 

0, 

32 

5,312.10'* 

58000 

2270 

2,08 

N. 

23 

4.648.10'* 

113200 

3390 

2,89 

Equations  (4.47)  imply  that  in  the  temperature  range  under  consider¬ 
ation,  (2000  -  8000°  K),  the  ratios  of  the  electron  partition  functions 
for  oxygen  and  nitrogen,  which  are  necessary  in  calculating  the 
equilibrium  constants,  are  only  insignificantly  modified.  Therefore, 
we  can  write  approximately 


(4.48) 


If  we  made  the  assumption  (4.48)  —  namely,  that  the  ratios  of  the 
electron  partition  functions  are  constant  (for  nitrogen  this  assump¬ 
tion  is  satisfied  to  a  high  degree  of  accuracy  and  for  oxygen  the 
error  does  not  exceed  10  -  121)  —  then  the  expression  for  the  equili¬ 
brium  constant  (4.45)  may  be  written  in  the  following  form: 


**,,  (~  “*-)J  «sp  (— ^) »  (4.49) 


Mere 


(4.50) 
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is  the  so-called  characteristic  density.  A  dissociating  gas  whose 
equilibrium  state  is  described  by  Equation  (4.49)  (p^  =  const)  has 
come  to  be  called  a  "partially  excited  dissociating  gas"  [12].  For 
oxygen,  assuming  Equation  (4.48)  is  satisfied,  pd  *  151  g/cm^.  For 
nitrogen  under  the  same  assumption,  p^  =  107  g/cm3  [12], 

If  we  compute  the  expression 

Pdt  **  2p<i(*l^‘)/,[i  —  oxp  (—  -^-)] ,  (4.51) 

which  appears  on  the  right-hand  side  of  Equation  (4.49)  then  we  see 
that,  for  gases  such  as  oxygen  and  nitrogen,  the  value  of  pdIj  varies 
relatively  little  within  a  wide  temperature  range.  This  can  be  seen 
in  the  Table  15,  adapted  from  the  work  by  Lighthill,  which  was  already 
quoted  in  this  section. 


TABLE  15 


r.  ’K 

□ 

3*6 

»■*« 

in* 

X»o 

o  * 

0. 

us 

m 

>» 

Hi 

>33 

>13 

**41  • 

cbT 

Nt 

m 

>35 

ta* 

>33 

1* 

m 

W% 

This  feature  of  the  behavior  of  was  used  by  Lighthill,  who 
proposed  a  model  of  an  "ideally  dissociating  gas"  in  which  one  of  the 
basic  assumptions  Is  the  assumption  that  the  value  of  odL,  which  Just 
like  has  the  dimensions  of  density,  is  constant,  p^  came  to  be 
called  the  characteristic  density  of  an  ideally  dissociating  gas. 

For  oxygen  and  nitrogen,  the  values  of  od^  may  be  taken  to  be  equal 
to  150  g/em^  and  130  g/cm^,  respectively  (other  properties  of  an 
ideally  dissociating  gas.  Just  as  the  properties  of  a  partially  ex¬ 
cited  diasoeiating  gas,  will  be  considered  in  the  folkowing  section)* 
Thus,  for  an  ideally  dissociating  gas  the  Expression  (4.49)  for  the 
equilibrium  constant  Kc,  in  view  of  Equation  (4.51),  becomes 


?.W 
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f-SPW  **■*“ 


^-' .-  ..  -/v»  r 7-“  i^-  >■  >;  if  ■+,■<;;  v.'vcH.f'jr^*  i 


A’c  rr 


(Pat  =-  coast). 


Now  substituting  the  Expression  (4.52)  for  the  equilibrium  con¬ 
stant  Kc  into  Equations  (4.41)  and  (4.42),  we  obtain  the  following 
equivalent  relations  for  the  mass  rate  of  formation  of  the  atomic 
species: 


V'\  r  > 


.)A]  y*  k, 

... 

f' 

f  “it. 

( 

M_  «U 

I- — exp  | 

- 

L  P 

l 

rJ  'a.J 

(4.53) 


For  a  binary  mixture  consisting  of  atoms  and  molecules  of  a 
single  gas  (cft  +  »  1),  the  preceding  expressions  will  become 


**  -  P*(t  -  <*)  Atf  [i  -  ~  «?(-£• )  -p^L.  jx 

w*  «  ?P*(1  -  «*) ‘V*  »*P  ( -  ■pj  —  |  X 

x[MA)c*  4*  ’^*(1  —  oOMA*)]* 

In  those  eases  when  the  difference  between  the  dissociation  rate 
constant  (or,  which  is  the  same  thing,  recombination  rate  constants) 
is  insignif leant  and  one  can  limit  himself  to  Just  one  constant, 
Equations  (4.55)  end  (4.56)  will  be  written  in  the  form 

■*  *  4).#* Ai[l  “  —*»*(-£•)  “j“|  * 

w*  *  ^{t  -  «\)  *n%  |~p  «**»(-“  )  — r^7  ]  * 

Using  Equations  (4.43)  end  (4.45),  it  is  not  hard  to  reduce  the 
last  two  expressions  for  the  mass  rate  of  formation  of  the  atomic 
species  to  the  form 


(4.5?) 

(4.58) 


(4.55) 

(4.56) 
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(4.59) 


Wk  p •Jfji'td  j  1 


-  ,  *A-  ) 

J  * 


»k  =  f«WA  (1  +  cA) 


(4.60) 


Equating  the  right-hand  sides  of  Equations  (4.59)  and  (4.60),  we 
find  after  simple  algebra  an  expression  for  the  equilibrium  constant 


Kn 


Ap 


C  A 


UT 


1 


(4.61) 


The  re a: vion  rate  constants  generally  depend  on  the  temperature 

according  to  the  Arrhenius  law  [see  Equation  (4.28)],  i.e.,  they 

increase  exponentially  with  the  temperature.  The  atom  recombination 

x-ate  constant  is  an  exception  to  this  rule,  since  the  recombination 

reaction  proceeds  without  energy  losses  to  activation  (E„„  «*  0).  The 

ar 

expression  for  the  recombination  rate  constant  has  the  form 


-  Zt(n 


(4.62) 


For  recombination  reactions,  occurring  in  the  air,  kr  is  satis¬ 
factorily  approximated  by  a  power-law  dependence  on  temperature,  of 
the  form  (see  Table  12) 


K~Arr*  (0<re<2). 


(4.63) 


The  equilibrium  constants  Kn  for  the  more  important  reactions, 
occurring  in  the  air  at  temperatures  ranging  from  3000  to  8000°  K, 
wore  approximated  by  Ree'  (see  the  work  by  Ree,  already  quoted  in 
this  section)  by  relations  of  the  form 


The  resultn  of  the  approximation  (with  an  error  less  than  10$)  are 
given  in  Table  16. 
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TABLE  16 


Reaction 

Equilibrium  constant 

Kn 

Dimension¬ 

ality 

0* 

N,  +  X  sr  N  {-  N  f  X 

NO  +  X^N+O+X 

Ns  +  0  NO  +  N 

NO  +  0  Os  +  N 

Ns  -I-  Os  NO  +  NO 

j 

l,2-i(Pr*‘‘'e.\p  (-118  000/RT) 

18  exp  (—224  000/RT) 

4.0  exp  (-ISO  000 /HT) 

4,5  ox  p  (—75  000/RT) 

0,24  exp  ( — 32  020/RT) 
lOoxp  (—42  OSO/RT) 

mole/cm^ 

3 

mole/cm 
mole /cm ^ 

1 

1 

Table  17  lists  the  values  of  the  rate  constants  for  reactions 
occurring  in  the  air,  which  were  recommended  in  the  monograph  by 
Ye.  V.  Stupochenko  et  al.  [13]. 

The  boundary  conditions  at  a  catalytic  surface  generally  have 
the  form  (4.36).  For  catalytic  recombination  reactions,  the  condi¬ 
tions  at  the  surface  are  usually  far  from  thermodynamic  equilibrium, 
[A]w  >>  [A]^e\  Therefore,  the  second  term  on  the  right-hand  side 
of  Equation  (4.36)  may  usually  be  neglected  as  compared  with  the 
first.  In  this  case,  Equation  (4.36)  becomes 

-■  —  (pca  )»•  (4.64) 

Using  the  expression  for  the  diffusive  flow  of  species  i  (1.57),  we 
write  Equation  (4.64)  in  the  form 

(p^i  =  kw(9cK)l.  (4.65) 

Here  Ku  is  the  rate  of  the  catalytic  recombination,  which  depends  on 
the  temperature  according  to  the  Arrhenius  law  (4.37);  n  is  the  order 
of  the  reaction. 
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Reaction 


cm  /mole* sec 


-0+0+ X  °*  M-ld*!*  (jjr)  «*P  (t^5) 

Xa/^ie  N’  2-5-10UrV'  (tS)m exp  (t£) 

0  6,a5.10»»r-/.(^‘oxp(^!) 

N.  NO  *(  (Oi) 

Ar  4, 2 -10“  rVl  (^)exp(z^?j 


4,25.10«rV»(^>.)’expf^2 

*i(N*) 

6,810“  rv* 


7.10>»  rV'(^-j5e*P  (^fS) 

20Jrt  (Ar) 


►  NO  +  NO 


7-tOWexp7’(-75SOO/flr) 
i,3.to‘»r«xp(-7ioo//?r) 
9,t-l0*,r,|’exp(138  500//ff) 


If  the  wall  temperatures  are  not  too  high,  reactions  of  the  type 
(4.32)  proceed  in  the  first  order,  i.e.,  n  *  1. 

Equation  (4.65)  implies  that  for  k  *  0 

w 

(d  (<*]%)„  =  o, 


which  corresponds  to  a  chemically  insulated  (absolutely  noncatalytic) 
surface;  for  kw  -*•  oo  cAu)  -►  0 ,  which  corresponds  to  an  absolutely  catalytic 
surface. 


At  the  present  time,  information  regarding  the  rate  of  the 
catalytic  recombination  reactions  for  nitrogen  and  oxygen  at  various 
surfaces  is  very  limited.  '"Some  of  the  available  results  are  plotted 
in  Figure  58,  adapted  from  the  work  [14].  The  abscissa  axis  in  that 
figure  measures  the  catalytic  ability  ywi  related  to  the  constant  k 

W  W 

by 

(i4>66) 


On  the  ordinate  axis,  we  plot  the 
wall  temperature  V .  The  figure 
includes  the  lines  .pf  constant 
kw,  whioh  for  oxygen^  and  nitrogen 
are  practically  identical. 

It  should  be  noted  that  the 
data  given  in  Figure  58  were  ob¬ 
tained  for  a  recombination  of 
pure  nitrogen  and  oxygen.  mhe 
processes  of  catalytic  recombina¬ 
tion  for  a  mixture  of  nitrogen 
and  oxygen  have  not  been  suffi¬ 
ciently  investigated. 


Figure  53 


§  21.  The  Properties  of  Partially  Excited,  Dissociating 
and  Ideally  Dissociating  Gasei, 


In  the  preceding  section,  we  obtained  the  expressions  for  the 
equilibrium  constants  for  a  partially  excited  dissociating  gas  (4.49) 
and  an  ideally  dissociating  gas  (4.52),  as  well  as  the  expressions 
for  the  mass  rates  of  formation  of  atomic  components. 


For  a  partially  excited  dissociating  gas,  consisting  of  atoms 
and  molecules  (binary  mixture),  the  equilibrium  composition  can  be 
determined  from  the  following  relation: 


2^(£),[1-'s'’(-7)]“p(— f)' 


t1*  .67) 


which  was  obtained  from  Equations  (4.43)  and  (4.49).  The  value  of 
the  characteristic  density  pd,  generally  given  by  Equation  (4.50),  for 
oxygen  may  be  taken  to  be  equal  to  pd  (02)  =  151  g/cm3,  and  for 
nitrogen  —  pd  (N?)  =  10?  g/cm3. 

For  an  ideally  dissociating  gas,  Equations  (4.43)  and  (4.52) 
imply  that 

^  /  Ta  \ 

~V-o^  -  pw  expl-  t  J  *  (4.68) 

where  pdL  is  given  by  Equation  (4.51). 

For  oxygen,  we  take  pdL  «  150  g/cm3  and  for  nitrogen  pdL  *  130 
g/cm3. 


For  later  use,  let  us  consider  the  thermodynamic  properties  of 
dissociating  gasses. 

Statistical  thermodynamics  leads  to  the  following  expressions 
for  the  enthalpy  and  the  integral  energy  of  a  gas  mixture: 
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A-?^“?4^r-(^)+4 


(4.69) 


(4.70) 


Here  Qip  is  the  partition  function  of  species  i  in  a  gas  mixture  at 

unit  pressure,  defined  by  Equations  (4.23)  -  (4.26);  Q,  is  the  par- 

th 

tition  function  for  the  i  component  of  the  gas  mixture  of  unit 
concentration 


Qi  .« 


(4.71) 


Q±  is  given  by  Equations  (4.24)  -  (4.26);  h°  is  the  formation  energy 
of  species  i  per  unit  mass  at  a  temperature  equal  to  absolute  zero. 


For  a  binary  mixture  of  atoms  and  molecules  with  ground  electron 
states,  substitution  of  Qip  and  Q1{J  into  Equations  (4.69)  and  (4.70), 
respectively,  gi  res 


h 


■f  _LcA-f  (1  —  cA) 
2 


T 

v 

T 


T  +  CAD, 


(4.72) 


E 


JL+i-c  +  d-.*) 


R 

m~K 


T  +  CAD. 


(4.73) 


In  the  above  expressions  for  the  enthalpy  and  internal  energy  of  a 
partially  exlcted  dissociating  gas,  the  third  term  ivi  brackets  des¬ 
cribes  the  contribution  of  the  vibrational  degrees  of  freedom  to  the 
enthalpy  and  internal  energy.  The  magnitude  of  this  term  for  the 
temperature  changing  from  0  to  «  varies  from  zero  to  (1  -  cA).  The 
maximum  contribution  of  the  vibrational  degrees  of  freedom  occurs  at 
cA  ■  0,  and  amounts  to  about  20*  of  the  total  enthalpy  and  30*  of  the 
total  internal  energy. 


At  high  temperatures,  when  dissociation  beooraes  noticable,  Equa¬ 
tions  (4.72)  and  (4.73)  may  be  simplified  by  setting  [Tv/T]  [exp 
(Ty/T)  -  1]  -  1/2.  According  to  this  assumption  —  which  provides, 
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along  with  the  assumption  about  the  constant  characteristic  density 
(pdL  =  const),  a  basis  for  the  Lighthill  model  of  an  ideally  dis¬ 
sociating  gas  —  it  is  assumed  that  the  vibrational  degrees  of  freedom 
of  gas  molecules  are  excited  regardless  of  the  temperature  by  an  amount 
equal  to  one  half  the  value  of  the  "classical"  vibrational  excitation 
of  molecules.  This  assumption  does  not  lead  to  a  great  error  at  high 
temperatures,  since  with  a  temperature  increase,  the  molecule  concen¬ 
tration  (1  -  cA)  decreases  and  the  contribution  of  the  term  cAD 
increases.  Thus  for  an  ideally  dissociating  gas  we  have 

h  =  (4.  +  cA)-^T  +  cKD, 

Next,  having  the  expressions  for  the  enthalpy  and  the  internal 
energy  of  partially  excited  dissociating  and  ideally  dissociating 
gases,  let  us  determine  the  "effective"  specific  heat  capacities  of 
a  gas  at  constant  pressure  and  constant  volume. 

By  definition,  the  specific  heat  capacities  of  a  mixture  of  gases 
at  constant  pressure,  c  ,  and  constant  volume,  c  ,  are  given  by 

■C*  V 


(  Oh  \ 

,  1  0E\ 

\  ST 

Substituting  in  Equations  (4.76)  the  expressions  for  h  and  E  (4.69)  and 
(4.70),  and  taking  Equation  (4.67)  into  account,  we  find  the  "effective" 
specific  heat  capacities  of  a  partially  excited  dissociating  gas  in  a 
state  of  equilibrium 


(4.74) 

(4.75) 


-ft —  =  T  +  TCa  +  (t“CA)' 
+  4-CA<i-^(T  +  -T-“ 


T 

1  >i 

~T 


-l- 


(4.77) 
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2 


(4.78) 


c  5  1 

R  ~T"!'TCa^(1“  Ca)  “  :VT  4* 

■mz  e 

,  *a(‘-*a)  ( *  ,  ~f  ) 

+  2— «A  V  2  +  r  ^,-W 


Similarly,  using  Equations  ( ^ . 68 )  and  (4.74)  -  (4.76),  we  obtain  the 
"effective"  specific  heat  capacities  of  an  ideally  dissociating  gas 


in  thermodynamic  equilibrium 

=  4  +  cA+^.CA(l_c*)fi+  -S?-)*. 

2^a  (4.79) 


*aO“«a)  (  Td\* 

2— cA  -It-;  • 


(4.80) 


Prom  the  last  two  equations,  it  follows  that  the  assumption  about 
constant  excitation  of  the  vibrational  degrees  of  freedom  implies 
that  the  ratios  of  the  specific  heat  capacities  of  an  ideally  dis¬ 
sociating  gas  before  the  onset  of  dissociation  is  cp/cv  3  1.33,  and 
not  1.4,  as  in  the  case  of  real  two-atomic  gases  in  the  absence  of  an 
excitation  of  vibrational  degrees  of  freedom.  In  addition,  it  is  not 
hard  to  see  that  for  an  ideally  dissociating  gas,  the  specific  heat 
capacities  at  constant  volume  per  unit  mass  for  molecules  and  atoms 
turn  out  to  be  identical:  cyA  a  CVA2*  since  the  number  of  the  degrees 
of  freedom  of  the  molecules  (6)  is  twice  as  large  as  the  number  of 
degrees  of  freedom  of  atoms  (3). 


In  various  gas-dynamic  investigations,  including  studies  of 
boundary  layers  in  dissociating  gases,  it  is  useful  to  introduce  the 
characteristic  pressure  of  an  ideally  dissociating  gas,  pd 

Pi  =3  PdL^d'  (4 .81) 

The  values  of  pd  for  oxygen  and  nitrogen,  along  with  other  quantities 
describing  the  properties  of  ideally  dissociating  oxygen  and  nitrogen, 
are  given  in  Table  18. 
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TABLE  18 


T, j.  *K 

°dL<g/cw? 

pd.  atm 

0, 

59000 

150 

2,3-10’ 

N, 

113200 

130 

4,1-10’ 

An  expression  for  the  equilibrium  concentration  of  atoms  in  an 
ideally  dissociating  gas  as  a  function  of  temperature  can  be  easily 
obtained  from  Equation  (4.68)  by  using  the  equation  of  state  for  a 
binary  mixture,  transformed  with  the  aid  of  Formula  (4.81),  to  the 
form 


fCA)'  (4.82) 

Eliminating  the  density  p  for  Equations  (4.68)  and  (4.82),  after 
simple  transformations  we  obtain 

Ck  *:[1  +  -^-“5rexp”r]  •  (4.83) 

In  concluding  this  section  (see  Figure  59),  we  shall  give  the 
results  of  calculating  the  equilibrium  concentration  of  oxygen  atoms 

at  the  pressure  p  ■  1  atm  and  vari¬ 
ous  temperatures  for  an  ideally 
dissociating  gas  [dashed  curve  cor¬ 
responds  to  Formula  (4.83),  odL  * 

150  g/cm3]  and  for  a  partially 
excited  dissociating  gas  [solid 
curve  corresponds  to  Formula  (4.67), 
Pd  ■  151  g/cm3]. 

As  seen  in  Figure  59,  adapted 
from  an  earlier  quoted  paper  by 
Qlass  and  Takano,  the  difference  between  the  equilibrium  concentrations 
of  an  ideally  dissociating  and  partially  excited  dissociating  gas  is 
snail . 


Figure  59 
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S  22.  Statement  of  the  Problem  of  a  Turbulent  Boundary 
Layer  In  a  Dissociating  Gas 


Remarks  concerning  the  dynamic  structure  of  a  turbulent  boundary 
layer  at  high  supersonic  velocities.  The  results  of  measuring  velocity 
profiles  in  a  turbulent  boundary  layer  on  a  f^tt  plate  for  large  Mach 
numbers  (up  to  =  10)  and  various  values  of  the  temperature  factor 
(see  Section  11)  indicate  that  the  velocity  profile  —  constructed  in 
$erms  of  universal  coordinates  —  in  a  laminar  sublayer  can  be  satis¬ 
factorily  described  by  a  linear  relationship,  and  in  a  turbulent  core 
(at  least  in  its  internal  portion)  it  is  of  the  logarithmic  type. 

As  already  noted  above,  a  characteristic  feature  of  velocity 
profiles  for  large  Mach  numbers  is  the  fact  that  the  width  of  the 
buffer  zone  between  the  laminar  sublayer  and  the  turbulent  core  is 
very  small.  The  buffer  zone  is  in  essence  almost  completely  non¬ 
existent,  and  there  is  a  sharp  transition  from  the  sublayer  to  the 
core. 


Another  important  feature  of  velocity  profiles  at  large  Mach 
numbers  is  the  increase  in  the  relative  thickness  of  the  laminar 
sublayer. with  increasing  Mach  number.  In  an  incompressible  fluid, 
the  thickness  of  the  laminar  sublayer,  as  we  know,  does  not  exceed 
2  -  3*  of  the  thickness  of  the  entire  boundary  layer.  According  to 
the  data  obtained  by  Hill  and  given  in  Section  11,  at  M  •  9,  the  sub¬ 
layer  thickness' may  be  about  151  of  the  entire  thickness  of  the  boundary 
layer. 

i 

These  features  of  the  experimental  velocity  profiles  for  high 
supersonic  velocities  will,  of  course,  be  taken  into  consideration 
when  constructing  the  semi-empirical  theory  of  a  turbulent  boundary 
layer.  The  very  possibility  of  formulating  a  semi -empirical  theory 
of  the  turbulent  boundary  layer  for  high  supersonic  velocities  is  to 
an  extent  based  on  the  existence  of  a  sufficiently  extended  logarithmic 
section  of  the  velocity  profile  in  the  turbulent  core.  Hie  existence 
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of  such  a  section  permits  us  to  use  the  semi-empirical  formulas  of 
Prandtl  and  Karman  in  the  theory  of  the  turbulent  boundary  layer  for 
high  Mach  numbers,  since  these  formulas,  as  shown  in  Section  10, 
always  result  in  a  logarithmic  velocity  profile,  no  matter  what  the 
density  distribution  in  the  boundary  layer  is. 

The  sharp  transition  from  the  laminar  sublayer  to  the  turbulent 
core  (disintegration  of  the  buffer  zone)  Justifies  the  use  of  the 
Prandtl  double-layer  scheme  (laminar  sublayer-turbulent  core)  in  a 
theory  of  the  turbulent  boundary  layer  for  high  supersonic  velocities. 

Finally,  the  latter  feature  of  velocity  profiles  for  high  super¬ 
sonic  velocities  (increase  in  the  relative  thickness  of  the  laminar 
sublayer)  indicates  the  increasing  role  of  the  laminar  sublayer  in  the 
heat  and  mass  transfer  in  the  boundary  layer.  As  a  result,  when  cal¬ 
culating  the  heat  and  diffusive  fluxes,  one  must  take  proper  account 
of  the  thermal  and  diffusive  properties  of  the  sublayer  (deviation  of 
the  Prandtl  and  Schmidt  numbers  from  unity).  As  far  as  the  computa¬ 
tion  of  friction  for  large  supersonlo  velocities  is  concerned,  here  It 
is  apparently  permissible  to  consider  the  flow  in  the  laminar  sub¬ 
layer  assuming  that  the  Prandtl  and  Schmidt  numbers  are  equal  to  unity. 

Equation  of  the  turbulent  boundary  layer  in  a  dissociating  gas. 
Boundary  conditions .  The  general  equations  of  the  turbulent  boundary 
layer  in  a  multicomponent  mixture  of  chemically  reacting  gases  were 
obtained  in  Chapter  II,  In  the  present  chapter,  we  shall  confine  our 
attention  to  stationary  flows  In  boundary  layer  under  the  assumption 
that  the  turbulent  Prandtl  and  Schmidt  numbers  are  equal  to  unity. 

The  fundamental  equations  will  be  written  in  the  following  form: 
equation  of  continuity 


'**  "jy  (fw*v)  -  d. 


ik.m) 


m 
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momentum  equation 


3u  .  9n  dp  -  3  f,  ,  .  4«  1 

‘"■to  +  P’lj  ”  “  S’  f  +  e>  iSTJ » 

energy  equation 

+  w  +  S(U*  “ 4)  + 

+(Pr-i)^(4)l. 

equation  of  the  conservation  of  species  i 


(4.85) 


(4.86) 


equation  of  state 


Total  enthalpy  H  is  given  by  the  expressions 

^e*+-y.  A**5k*o  *»**  +  *?. 


(4.88) 


(4.89) 


yor  a  nonpemeable  surface,  the  boundary  conditions  for  the 
velocities  have  the  usual  fora 


a  -  r  «  0  for  jtaB, 
«  -*■  C*,  for 


1 

y 


(4.90) 


the  boundary  conditions  for  the  total  enthalpy  can  be  easily 
obtained  from  Equation  (4.89).  At  the  wall,  we  have 


H  -  *r-  $  **  {  4  for  y-0. 


(4.91) 


«  i 


at  the  outer  edge  of  the  boundary  layer 
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(4.92) 


//  -*  11,  -  h,  +  “  --  2  C  cHdT  +  2  fcA°  4-  4 

i  »  i 

for  u-*oo. 

Ths  boundary  conditions  for  total  enthalpy  (4.91)  and  (4.92)  contain 
concentrations  cf  species  i  at  the  wall,  c^w,  and  at  the  outer  boun¬ 
dary,  cifi.  The  concentration  of  species  i  at  the  outer  boundary  is 
usually  known  from  the  solution  for  the  outer  flow.  Therefore,  the 
boundary  condition  for  concentrations  at  the  outer  boundary  has  the 
form 


-r  tu  for  °°- 


(4.93) 


The  concentration  at  the  wall  ciw  in  the  presence  of  surface 
catalytic  reactions  is  generally  unknown  beforehand  and  must  be  deter¬ 
mined  when  solving  the  problem  with  the  aid  of  the  boundary  condition 
(4,36)  (for  air,  at  not  too  high  wall  temperatures,  the  condition 
simplifies  to  (4,65)3.  The  boundary  conditions  for  concentration  at 
the  wall  are  known  In  two  extreme  cases:  1)  surface  is  absolutely 
noncatalyt'c  <kwi  *0),  In  this  case,  in  view  of  the  condition  (4,36) 

.tiieO  forked;  (4,94) 

2)  surface  is  absolutely  catalytic  (kwl  *  -).  In  this  case,  in  view 
of  the  same  conditio::  (4.36),  we  have 

f,  «  for  >  (4.9$) 

sir.  ofld  not  too  high  surrooo  totporoti.ro.  <>'  -  0  for  >•  .  0. 
Therefore,  condition  (4.9$)  simplifies  to 


for  9  s  0. 


(4.96) 


■  in  the  theory  of  the  turbulent  boundary  layer,  it  is  useful  in 
many  cases  to  use  the  energy  equation  and  the  equation  of  conservation 


?n 
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of  species  i  in  terms  of  the  Crocco  variables  (2.63),  (2.6*0.  Below 
the  flow  in  the  turbulent  boundary  layer  will  be  discussed  within 
the  framework  of  the  double-layer  Prandtl  scheme  (laminar  sublayer- 
turbulent  core).  For  this  reason,  it  will  be  convenient  to  write 
these  equations  separately  for  the  sublayer  and  the  core,  making  use 
of  the  assumption,  stated  earlier  in  this  chapter,  that  the  turbulent 
Prandtl  and  Schmidt  numbers  are  equal  to  unity. 


In  the  laminar  sublayer,  we  have; 
the  energy  equation 


'■ {*  i’KT'S  ^  -RT  2 (lt‘  “  *>*•  W  +  (*  “  w)  M!)  * 


(*i.97) 


the  equation  of  conservation  of  species  i 

-154 


(MB) 


In  the  turbulent  core,  the  equations  of  energy  and  conservation 
of  species  i  in  terns  of  the  Crocco  variables  become 


P*  2g  #•'««**  * 

.  lift  ,  ** 

t*rr  sr* 


C*i.99) 

(t.100) 


The  boundary  conditions  for  Equations  -  (t.lOO)  wi)l  be 

written  in  the  following  fora: 

//  s*  K,  <r(  *  fev  *  <&■  j 

e,-***  for  u r>(  (t.ioi) 

it  should  be  noted  that  the  consents  aade  at  the  beginning  of 
the  present  lection  regarding  the  boundary  conditions  for  concentra¬ 
tions  at  the  wall  are  valid  also  in  this  case. 
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Damkohler's  number.  Equilibrium,  frozen,  and  nonequilibrium  flows. 
The  flow  in  the  boundary  layer  with  chemical  reactions  occuring  in  the 
outer  flow  and  in  the  boundary  layer  itself  depends  on  the  relation 
between  the  rates  of  the  diffusive  and  chemical  processes. 


Consider  the  equation  of  conservation  of  an  atomic  species  (4.87), 
assuming  for  simplicity  that  the  mixture  is  binary  and  consists  of 
atoms  and  molecules.  The  expression  in  (4.60)  will  be  used  to  repre¬ 
sent  the  mass  rate  of  formation  of  the  atomic  species.  Substituting 
this  expression  in  the  equation  of  conservation,  we  have 


pu- 


as 


to. 

+p'>-w 


JL 


a 

Let  us  pass  in  this  equation  to  dimensionler :  quantities,  introducing 
as  the  unit  of  length  the  cnaracteristic  dimension  of  the  body  L;  as 
the  unit  of  velocity,  the  velocity  of  the  incident  flow  Um;  as  the 
unit",  of  density  and  viscosity,  the  density  and  viscosity  of  the 
incident  flow  and  \im.  Upon  making  this  substitution  and  performing 
simple  algebra,  we  obtain 


-- 

pa  — -f 
to 


He  re 
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The  dimensionless  parameter  Da,  appearing  on  the  right-hand  side 
of  the  equation  thus  obtained,  is  called  the  Damkohler  number.  The 
meaning  of  the  Damkohler  number  is  easy  to  aee  by  considering  separately 
the  numerator  and  the  denominator  of  the  last  equation.  In  fact,  iu 
easily  seen  that  quantity  L/Uw,  in  the  numerator,  characterises  the 
time  spent  by  a  particle  In  the  boundary  layer,  ^’piov/^*  quantity 
in  the  denominator,  1/f-^K^k  *  also  hus  the  dimension  of  time. 
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This  quantity  characterizes  the  lifetime  of  an  atom  and  is  the 
characteristic  time  giving  the  rate  of  a  chemical  process. 

Thus,  the  Damkohler  number  is  the  ratio  of  two  characteristic 
times:  time  spent  by  the  particle  in  the  flow  (time  of  diffusion)  and 
the  duration  of  a  chemical  reaction,  i.e., 

L 

Da  »  -%2g!L.=  _JSL— ,  (4.102) 

lXUM  _ 1 _ 

p 

If  Da  0,  then  the  duration  of  a  chemical  reaction  is  much  longer 
than  the  time  spent  by  the  particle  in  the  flow  (tchem  >>  tflovJ)>  and 
consequently,  the  effect  of  chemical  reactions  in  the  gas  phase  on 
the  flow  in  the  boundary  layer  is  insignificant.  In  this  case,  the 
gas  mixture  in  the  boundary  layer  may  be  considered  chemically  inert, 
and  the  boundary  layer  may  be  regarded  as  of  chemically  "frozen."  The 
products  of  dissociation,  atoms,  in  this  case  appear  in  the  boundary 
layer  only  due  to  their  diffusion  from  the  outer  flow.  For  a  chemically 
frozen  boundary  layer,  the  equation  of  conservation  of  species  i  is 
simplified,  since  the  term  expressing  the  mass  rate  of  formation  of 
species  i  is  equal  to  zero,  (v±  a  0). 

If  the  Damkohler  number  is  very  large,  Da  •>  »,  then  the  duration 
of  a  chemical  reaction  is  much  smaller  than  the  time  spent  by  a  particle 
in  the  boundary  layer  (tchem  <<  tj,low),  Consequently,  there  will  be 
enough  time  for  a  local  thermodynamic  equilibrium  to  be  established 
at  each  point  of  the  boundary  layer.  The  distribution  of  the  concen¬ 
trations  of  each  species  will  not  depend  on  transfer  processes  (con¬ 
vection  and  diffusion),  but  will  only  depend  on  the  local  values  of 
the  temperature  and  pressure.  The  similarity  to  the  equation  of  con¬ 
servation  of  species  i  will  not  occur  in  this  case,  and  the  distribution 
of  concentrations  will  be  determined  from  the  condition  w^  ■  0  (the 
equality  sign  must  not  bo  confused  with  the  identity  sign  in  the  case 
of  a  frozen  flow).  The  boundary  layer  in  which  thermodynamic  equilib¬ 
rium  is  established  is  called  an  "equilibrium"  layer. 
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When  the  Damkohler  number  has  a  finite  value,  the  rates  of  the 
chemical  process  and  the  transfer  processes  turn  out  to  be  of  the  same 
order  ^  1 ) ‘  Therefore,  the  thermodynamic  state  of  the 

boundary  layer  will  differ  from  its  equilibrium  state.  Such  a  boundary 
layer  will  be  briefly  called  "nonequilibrium"  layer.  To  determine 
the  concentration  distribution  in  this  case,  one  must  use  the  equa¬ 
tion  of  conservation  of  the  individual  species  in  their  general  form. 


§  23.  Velocity  Profile,  Integral  Thicknesses,  and 
Friction  on  a  Flat  Plate 


Returning  to  Section  12,  it  is  not  hard  to  see  that  many  of  the 
results  obtained  there  are  also  valid  in  the  case  of  flow  of  a  dis¬ 
sociating  gas  over  a  flat  plate.  In  fact,  the  expression  lor  the 
velocity  profile  in  the  turbulent  core,  (3.28),  was  obtained  from 
the  Karman  formula  without  any  assumptions  about  the  density  variation 
in  the  turbulent  core.  Therefore,  it  can  also  be  used  to  calculate 
the  velocity  profile  on  a  plate  in  the  presence  of  dissociation.  This 
expression,  using  the  assumption  (3.1)  according  to  which  friction  x 


is  constant  across  the  boundary  layer  and  equals  t  ,  becomes 


’ll  +  "y~ 


W 


KS  / £ 


duj  da. 


(4.103) 


U3ing  Equation  (4.103)>  we  find  the  derivative  dn/d4>  in  the 
turbulent  core  which  will  be  found  necessary  below 


$  =  -fe*p(x;  jj  j/JLda) 


(4.104) 


In  the  laminar  sublayer,  we  shall  use  a  linear  relation  for  the 
velocity  profile,  similar  to  the  one  used  in  Section  12. 


<p  “  ip 


(4.105) 


This  relation  was  Justified  on  the  basis  of  experimental  data  in 
Sections  11  and  13. 
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The  derivative  dn/d4>  in  the  laminar  sublayer  is  obviously  equal  to 


*L=1  (4.106) 

d<f 

To  determine  the  Reynolds  numbers,  constructed  from  the  momentum 
loss  thickness  and  the  displacement  thickness,  as  well  as  the  form 
parameter 

H *  =  6*/fl** 

one  can  use  the  expressions  (3.42),  (3*44),  and  (3.45),  obtained  in 
Section  12  for  an  arbitrary  density  distribution  in  the  boundary 
layer. 


For  convenience,  we  list  these  expressions  here 


Here 


(4.107) 
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It  is  easy  to  see  that  to  calculate  friction  one  can  use  formulas 
obtained  in  Section  12.  One  must  not  try,  however,  to  be  specific  about 
the  functional  dependence  of  the  gas  density  in  the  boundary  layer  on 
the  velocity  in  these  formulas.  This  refers  to  the  function  K  which, 
for  an  arbitrary  density  distribution  in  the  boundary  layer,  should 
be  written  in  the  form 


(4.108) 


The  form  of  the  functions  P,  G,  and  N  which  are  necessary  to  calculate 
friction  remains  the  same  in  this  case  of  a  flow  of  a  dissociating  gas. 
For  convenience,  we  shall  list  all  the  relations  necessary  for  calcu¬ 
lating  friction 


F  »  0,242 t'ii\  C~  !?(-—). 

•V  4-  Ig  iV  ta  Ig  +  +  6). 


(4.109) 


It  will  be  recalled  that  the  local  friction  coefficient  on  a  plate 
in  an  incompressible  fluid  can  be  calculated  either  using  the  Karman 
Formula  (3*59)  or  Formulas  (3*80).  The  dynamic  viscosity  coefficient 
can  be  determined  using  the  power  law  (3*61).  The  function  ti  can  be 
easily  calculated  using  the  last  of  Equations  (4.109)  and  a  table  of 
decimal  logarithms. 


In  a  similar  fashion,  all  the  formulas  for  the  local  and  average 
friction,  obtained  in  Section  12,  may  be  extended  to  the  case  of  a 
dissociating  gas.  The  effect  of  the  theraoehemical  state  of  flow  in 
the  boundary  layer  on  the  drag  will,  of  course,  be  manifested  through 
p(u)  and  the  viscosity  u.  Thus,  the  problem  of  calculating  the  drag 
reduces  to  establishing  a  relationship  between  the  temperature  and 
density,  and  the  velocity. 


The  next  section  of  the  present  chapter  will  be  devoted  to  the 
derivation  of  these  relations  for  frosen,  equilibrium,  and  nonequi lib¬ 
rium  flows  In  the  boundary  layer. 


?29 
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§  24.  Longitudinal  Flow  Around  a  Plat  Plate  with 
Prandtl  and  Schmidt  Numbers  Equal  to  Unity 


Relationship  between  velocity  profiles  and  total  enthalpy.  Let  us 
consider  the  longitudinal  flow  of  a  gas  around  a  flat  plate  (dp/dx  =  0) 
at  supersonic  velocity  (Figure  22).  The  Prandtl  and  Schmidt  numbers 
(consequently,  also  the  Lewis  number)  will  be  assumed  to  be  equal  to 
unity.  In  this  case,  the  differential  equations  of  momentum  (4.85), 
energy  (4.86),  and  conservation  of  species  i  (4.87)  become 


(4.110) 

(4.111) 


(4.112) 


Equations  (4.110)  and  (4. ill)  and  the  boundary  conditions  (4.101) 
imply  a  similitude  relation  between  the  velocity  field  and  the  total 
enthalpy  field 


«  H  —  * 


(4.113) 


Solving  Equation  (4.113)  for  H,  we  get 


H  (//,  —  l^*1  ^r|  (4.114) 

Equilibrium  flow  of  an  Ideally  dissociating  gas.  In  the  case  of 
complete  thermodynamic  equilibrium,  the  concentration  of  the  atomic 
species  in  the  mixture  is  uniquely  determined  by  the  local  \ slues  of 
pressure  and  temperature.  This  relation  of  concentration  to  pressure 
and  temperature  for  an  ideally  dissociating  gas  is  given  by  Equation 
(4. S3).  Since  the  pressure  is  constant  across  the  boundary  layer,  the 
pressure  p  in  this  equation  must  be  set  equal  to  its  value  at  the  outer 
edge  of  the  boundary  layer  p^.  As  a  result,  we  have 


r.  1  v* 


(4.115) 
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Here  and  are  the  characteristic  pressure  and  temperature  (for 
oxygen  and  nitrogen,  the  values  of  these  quantities  are  listed  in 
Table  18) . 

The  relation  between  the  velocity  profiles,  temperatures,  and 
concentrations  can  be  easily  obtained  by  substituting  the  expression 
for  the  enthalpy  of  an  ideally  dissociating  gas,  (A. 74)  into  the  left- 
hand  side  of  Equation  (4.114).  The  substitution  followed  by  simple 
algebra  yields  the  following  relation: 

Vu*-(i7,-hlC)U-hltt+&  +  cA{i  +  T)=  o.  ng) 

Here 


a~ 

^  — 25-  * 

£»  —  — jy-  C\u  -f  (4  +  C\i»)  ?U1 

Jl,  -ft.  » tx$  f  (4  +  eAt)  f,  -f 

«  r 
7  m  ~T7' 


(4.117) 


Equations  (4.115)  and  (4. 116)  enable  us  to  establish  the  relation 
between  velocity  and  temperature  and  concentration.  Placing  Equation 
(4,115)  in  Equation  (4.116),  we  obtain  the  following  quadratic  equa¬ 
tion  in  terns  of  dimensionless  velocity: 


—  ai  +  6  «*  0. 


(4.118) 


Here 

a  f,  - 

6  ^  4f  a  it  l  4.  f)  4.  £  f-i  cup  (i-jl  - 
“  .  to 

to-  t;  • 

Solving  Equation  (4.11$)  for  u,  we  get 


(4.119) 


(4.120) 


an 
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The  sign  in  front  of  the  radical  in  Equation  (4.120)  is  chosen  to 
satisfy  the  condition  u  <_  1. 

After  a  relationship  between  the  velocity  and  temperature  is 
established  with  the  aid  of  Equation  (4.120),  one  can  use  Equation 
(4.115)  to  establish  a  relation  between  the  velocity  and  concentration. 

The  density  distribution  in  the  boundary  layer  can  be  easily 
determined  for  the  known  temperature  and  concentration  by  using  the 
relation 


i_/n-'i  +  cA,  (4.121) 

e.  \TJ  1  +  ca  ' 

which  can  be  obtained  from  the  equation  of  state  (4.88),  assuming  that 
the  pressure  is  constant  across  the  boundary  layer. 

Using  the  density  distribution  and  Formulas  (4.108)  and  (4.109), 
one  can  determine  the  local  friction  coefficient. 

Frozen  flow  of  an  Ideally  dissociating  gas  over  a  catalytic  plate. 
In  a  froaen  flow,  the  rate  of  chemical  reactions  is  negligibly  small 
compared  with  the  rate  of  diffusion  (wA  5  0).  For  this  reason,  the 
concentration  distribution  is  completely  detennined  by  diffusion 
processes . 

The  equation  for  the  conservation  of  the  atomic  species  (4.112) 
in  this  case  becomes 


15“  +  P* -Jp  «*  [tp  +  t)  . 


(4.122) 


Hie  conservation  of  molecular  species,  c*  ,  in  this  case  is 

*2 

unnecessary,  since  for  a  binary  mixture  the  concentration  cA  **  1  -  eft. 

Equations  (4.110)  and  (4.122),  as  well  as  the  boundary  conditions 
(4.101),  imply  similitude  between  the  velocity  and  concentration  fields 
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(4.123) 


In  order  to  determine  the  atomic  concentration  at  the  wall,  we  use 
the  boundary  condition  (4.65)  which,  assuming  that  the  order  of  the 
catalytic  reaction  is  equal  to  unity  (which  is  true  for  air,  for  not 
too  high  wall  temperature),  after  simple  algebra  can  be  written  in 
the  form 

(4.124) 

Evaluating  the  derivative  (dcA/du)w  from  Equation  (4.123),  we  obtain, 
according  to  Equation  (4.124),  the  following  expression  for  the  con¬ 
centration  at  the  wall: 

Cav-Ca.(1  + A.r\  (4.125) 

Por  kw  *  °»  which  corresponds  to  the  case  of  an  absolutely 
noncatalytlc  wall,  c.  *  o.  ,  i.e.,  the  atomic  concentration  in  the 

boundary  layer  is  constant  over  its  cross-section  and  equal  to  the 
value  at  the  outer  boundary  [this  follows  from  Equation  (4.123)}. 

Por  kw  •*  which  corresponds  to  the  case  of  an  absolutely 
catalytic  wall,  cA  ■*  0,  i.e.,  all  atoms  which  diffuse  toward  the  wall 

become  recombined. 

Solving  Equation  (4.123)  for  cA,  we  obtain  the  dependence  of  the 
atomic  concentration  on  the  velocity 

f*  ■  (4.1?6) 

Substituting  expression  (4.126)  into  Equation  (4.116)  and  solving  the 
latter  for  temp . rature ,  we  obtain 

f  __  t  ^ 


?n 
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Here  (3,  Ew,  Hg  are  given  by  Equations  (4.117),  and  cA  is  given  by 
Equation  (4.125).  W 

The  density  and  friction  can  be  found  using  Equations  (4.121)  and 
(4.108),  (4.109). 

Nonequilibrium  flow  of  an  ideally  dissociating  gas  [14].  In  order 
to  determine  the  dependence  of  density  on  velocity,  one  must  establish 
a  relation  between  the  temperature  and  the  velocity  and  concentration, 
and  of  concentration  with  velocity  and  temperature.  The  dependence  of 
the  temperature  on  velocity  and  concentration  can  be  easily  obtained 
from  Equation  (4.116),  and  is  arrived  at  without  any  assumptions  as  to 
the  therraochemical  state  of  flow  in  the  boundary  layer,  by  solving  it 
for  the  temperature 

f  »  (7/,  — Aju—  eAp1-  (4.128) 

In  order  to  establish  the  dependence  of  concentration  on  velocity 
and  temperature,  we  turn  to  the  equation  of  conservation  of  the  atomic 
species,  written  in  terms  of  Croceo  variables.  It  is  not  hard  to 
obtain  this  equation  from  Equations  (4.98)  and  (4.100),  by  setting 
dp/dC  *  0,  SCj  ■  1  in  the  latter.  Combining  Equations  (4.98)  and 
(4.100),  thus  simplified,  into  one  equation,  we  have 


For  simplicity,  we  shall  assume  that  concentration  is  a  function 
of  only  the  velocity  u  and  dees  not  depend  on  the  longitudinal  coordin¬ 
ate  i.e.,  acA/u  *  6  (implicit  dependence  on  the  physical  coordinate 
a  remains,  since  cA  *  eA  (u(x,y)).  To  Justify  this  assumption ,  we  note 
that  it  is  strictly  valid  if  the  flow  in  the  boundary  layer  la  froacn 
or  if  it  is  in  a  state  of  equilibrium  (see  the  preceding  sections  of 

the  present  chapter).  Consequently,  we  are  entitled  to  expect  that  the 

f  61 

explicit  dependence  c^U)  is  so  weak  that  it  may  be  neglected  . 
footnote  (6)  appears  on  page  H9. 
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With  this  assumption.  Equation  (4.129)  becomes 

(4.130) 

Integrating  Equation  (4.130)  twice  and  determining  the  integration 
constants  from  the  conditions  as  the  wall ,  we  obtain 

ca  ~  cam+  (’rfr-);,- w*'iu-  (4.131) 

•  « 

Making  use  of  the  boundary  condition  (4.124)  and  the  condition 
at  the  outer  boundary  (cA  ■  cA  for  u  *  Ue),  we  find  an  equation  for 

the  concentration  of  atoms  at  the  wall  in  the  presence  of  surface 
catalytic  reactions 

V,  u 

ca»“^a»+  ^  du  \-^p-WA +  A*)"*,  (4.132) 

where  is  given  by  Equation  (4,125) 

For  later  use,  it  will  be  more  convenient  to  write  Equation  (4.131) 
in  the  following  form,  which  is  easily  obtained  if  one  uses  the 
conditions  at  the  outer  edge  of  the  boundary  layer i 

<A  *  *A*  4  I  (“a,  -  «A»  f  /  (t))  u  —  /  (&y 

(4.133) 

Here 

/  (d)  -  bl  v*  &  (4.134) 

Equation  (4.133)  implies  that  the  influence  of  nonequilibrium  dissoei- 
atlon  on  the  distribution  of  atomic  concentration  in  the  boundary  layer 
can  be  taken  into  account  by  calculating  1  (u).  In  the  particular 
ease  of  a  fresen  flow,  in  the  boundary  layer  (wA  so)  X  (u)  so,  and 
the  distribution  of  the  atomic  concentration  is  given  by  Equation 
(4.126). 


23*S 
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In  order  to  determine  I  (u),  we  write  it  in  the  form 


im-  (4.135) 

0  0  T- 

By  transferring  in  the  integral  of  Equation  (4.135)  to  the  universal 
coordinates  (3.8)  and  substituting  the  expression  for  the  mass  rate  of 
formation  of  the  atomic  species,  w^  (4.6G),  we  have 


•  9  * 


du. 


(4.136) 


Here 


9 


(4.13?) 


The  quantity  C  .  as  can  be  easily  seen,  represents  the  Damkohler  num¬ 
ber  (4.102).  The  physical  interpretation  of  this  number  was  discussed 
in  detail  in  Section  22,  In  those  cases  when  we  do  deal  with  dissoci¬ 
ation  reactions,  is  sometimes  called  the  recombination  parameter. 

If  the  parameter  is  large,  the  flow  will  be  steady;  if  it  is  steal),  it 
will  be  frocen. 


The  derivative  dn/d*,  in  Equation  (4.136),  is  given  by  Equation 
(4.104)  in  the  case  of  the  turbulent  core,  and  by  (4, 106)  in  the  lami¬ 
nar  sublayer.  The  friction  parameter  c  is  given  by  Equation  (3.8), 
and  the  equilibrium  atom  concentration  ej^  is  determined  by  Equation 
(4.68). 


To  calculate  the  concentration  profile  using  Formula  (4.433),  one 
can  use  the  method  of  successive  approximations .  First,  the  character¬ 
istics  of  the  boundary  layer  c^  (u),  f  (u),  a  <u),  c^.,  t  are  computed 
for  frozen  and  steady  flows  (see  the  preceding  sections  of  the  present 


chapter) .  As  the  aero-order  approximation  for  the  atomic  concentra¬ 
tion,  we  can  use  either  the  atomic  concentration  in  the  frozen  flow 
(parameters  of  the  frozen  flow  will  be  denoted  below  with  the  subscript 
f),  l.e.,  c<0)  *  cj^,  or  the  arithmetic  mean  of  the  concentrations 
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in  the  frozen  and  steady  flows,  i.e.,  ■  1/2  (cj^  +  cj^)  (the 

subscript  e  will  refer  to  equilibrium  values).  After  using  Formula 
(*1.133)  to  find  the  dependence  of  concentration  on  velocity  in  the 
first  approximation,  we  use  formulas  (4.128)  and  (4.121)  to  deter- 

mine  the  temperature  and  density,  TXii  and  .  Having  the  density 
distribution,  we  use  Formulas  (4.109),  (3.8),  (4.104)  and  (4.106)  to 
determine  the  values  of  (dn/d$)^,  etc. 

Figures  60  -  64  give  the  results  of  calculating  flow  in  the 

boundary  layer  on  a  wedge  with  this  semi-angle  at  the  vertex  equal  to 

30°  immersed  in  a  flow  of  oxygen  at  the  velocity  U  *  ?  kra/see  with  the 

«  -4 

pressure  and  temperature  in  the  oncoming  flow  equal  to  p  »  2.85*10 

( 7 )  m 

atm  and  T  ■  22Q°KV‘  .  The  temperature  of  the  wall  was  assumed  to  be 

?20*K.  The  values  of  the  characteristic  parameters  and  the  rate  of 

recombination  for  oxygen  were  assumed  to  be  the  same  as  those  in  Tables 

16  and  14.  In  these  figures,  the  letters  (e),  (f),  (ne)»  refer  to 

plots  describing  the  equilibrium,  froten.  and  nonequllibrium  flows, 

respectively .  in  the  boundary  layer. 

Figure  69  illustrates  the 
dependence  of  the  concentration  of 
oxygen  atoms  on  the  velocity  at  a 
coot ion  of  the  boundary  layer  on  a 
completely  catalytic  wall  (kv  *  *). 

To  illustrate  the  convergence  process 
for  nonequi librium  flow  calculation, 
the  same  diagram  includes  plots 
(dashed)  -obtained  In  various  approximations  (the  numbers  in  the  diagrams 
indicate  the  order  of  ths*  approximation) .  As  can  be  seen  in  Figure  6b* 
the  convergence  of  the  method  is  completely  satisfactory. 

For  the  same  flow  conditions  (k^  »  *),  Figure  61  shows  the  depend¬ 
ence  of  the  temperature  on  velocity  in  the  boundary  1  ayes'}  Figure  62 


Footnote  t?)  appears  on  page  270. 
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Figure  §3  Figure  64 

shows  the  velocity  profiler  for  euuiklbrlua,  f.-oeen*  and  nonesuilibriur 
flows  in  the  boundary  layer  (see  Formulas  (*U103)  and  (4. 105 >3 »  In 
addition,  Figure'  62  shows  the  velocity  profile  for  an  Sneo^preasible 
fluid  (see  Formsla  (3*4);  this  profile  is  indieaied  by  the  symbol  Cnc)j 
and  the  velocity  profile,  calculated,  for  the  sa»e  external  conditions 
and  conditions  at  the  surface  of  the  wedge,  a*  in  the  easr  of  the 
plots  Ce),  (f),  and  <ne),  but  without  taking  into  account  the  dissocia¬ 
tion  in  the  boundary  layer  (see  Formula  (3.99);  this  profile  is 
designated  by  the  sys&ol  (c) }.  the  plots  in  Figure  62  were  obtained 
for  kw  *  -*. 

Figure  63  gives  the  plots  of  the  local  friction  coefficient  on  the 
wedge  (k^  *  »}  as  functions  of  the  longitudinal  coordinate,  it  can  be 
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seen  from  the  diagram  that  in  this  ease  the  friction  in  an  equilibrium 
flow' is  much  greater  (approximately  1.3  times  greater)  than  the  fric¬ 
tion  for  a  frozen  flow.  This  indicates  that,  when  calculating  the 
drag,  one  must  take  proper  account  of  the  thermochemical  processes  in 
the  boundary  layer. 

Figure  64  gives  the  dependence  of  the  concentration  of  oxygen 
atoms  on  the  velocity  in  the  boundary  layer  at  a  completely  noncataly- 
tic  wall  (kw  =  0).  When  calculating  nonequilibrium  flow  for  this 
case,  the  concentration  distribution  in  frozen  flow  was  used  as  the 
zero-order  approximation.  As  can  be  seen  in  the  diagram  (the  notation 
is  the  same  as  in  Figure  60),  the  fact  that  we  took  into  consideration 
the  nonequilibrium  character  of  dissociation  resulted  in  a  slight 
change  of  the  concentration  profile  as  compared  with  the  frozen  flow. 

.  The  methods  of  calculating  friction  in  an  ideally  dissociating 
gas  presented  in  this  section  may,  if  necessary,  be  extended  to  the 
case  of  a  partially  excited  dissociating  gas  whose  properties  were 
described  in  Section  21. 

S  2$.  Heat  and  Mass  Transfer  In  the  Boundary  Layer 
on  a  Flat  Plate  for  Prandtl  and  Schmidt  Numbers  Different 

From  Unity 

It  was  already  noted  above  (Section  22)  that,  at  hypersonic 
velocities,  the  relative  thickness  of  the  laminar  sublayer  increases, 
and  as  a  result  m  observe  an  increasing  role  of  the  molecular  heat 
conductivity  and  diffusion  in  the  processes  of  heat  and  mass  transfer 
in  a  turbulent  boundary  layer.  This  fact  makes  it  necessary  in  certain 
cases  to  rigorously  take  into  account  the  thermal  and  diffusive  prop¬ 
erties  of  the  laminar  sublayer  when  determining  the  heat  and  mass 
transfer  on  the  surface. 

In  the  first  approximation,  this  can  be  done  by  abandoning  tne 
assumption  that  the  Prandtl  and  Schmidt  numbers  are  equal  to  unity, 
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considering  these  numbers  constant  across  the  laminar  sublayer  and 
equal  to  their  values  at  the  wall.  However,  if  the  laminar  sublayer 
occupies  a  significant  portion  of  the  entire  turbulent  boundary  layer 
(20  -  30$  and  more),  such  an  approximation  may  be  insufficient.  The 
problem  is  that  the  Prandtl  and  Schmidt  numbers  in  dissociating  air 
depend  on  the  degree  of  dissociation.  The  approximate  estimations 
made  by  Dorrance  [15]  for  dissociating  oxygen  lead  to  the  following 
dependence  of  these  criteria  on  the  degree  of  dissociation: 


Pr «  pf  0  +0'25  cq)  0  +  ‘p) 

0  l+l,02eo  : 


Sc  =  Scq  (1  -f-  Cq). 


(4.138) 


Here  Cq  is  the  concentration  of  atomic  oxygen.  From  these  expressions, 
it  is  easy  to  estimate  the  dependence  of  the  Lewis  number  on  the 
degree  of  dissociation 


Le  =  Le,. 


1  +  0,25  Cq 
l+l,62e0  * 


(4.139) 


The  results  of  the  calcula¬ 
tions  based  on  the  above  formulas 
are  shown  in  Figure  65*  The  dia¬ 
gram  makes  it  clear  that  the 
Prandtl  number  varies  relatively 
little  with  the  degree  of  disso¬ 
ciation.  The  same  Prandtl  number 
may  change  by  approximately  a 
factor  of  two.  A  subsequent  com¬ 
parison  of  these  relationships 
with  the  more  accurate  results 
showed  that  the  variation  of  the 
Pr  and  Sc  numbers,  as  described  above,  is  similar  also  in  the  case  of 
the  dissociating  air.  Thus,  if  the  variation  of  the  atomic  concen¬ 
tration  is  such  that  the  Prandtl  number  undergoes  a  noticeable  change 
across  the  laminar  sublayer,  then  it  might  be  necessary  to  take  this 
change  into  account  in  the  calculations. 


Figure  65 
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The  deviation  of  the  Prandtl  and  Schmidt  numbers  from  unity 
implies,  within  the  framework  of  the  double-layer  turbulent  boundary 
layer  model,  that  the  dynamic,  thermal  and  diffusive  thicknesses  of 
the  laminar  sublayer  are  generally  different.  It  is  not  hard  to  show, 
using  the  equations  of  motion,  energy,  and  conservation  of  species  i 
in  the  laminar  sublayer  that 


V  ypp  »  ’ha  ~  "plf  '  (4.140) 

The  subscripts  "th"  and  "d"  here  stand  for  "thermal"  and  "diffusive", 
respectively. 

Inspection  of  (4.140)  indicates  that  if  Pr  <  1  and  Sc  <  1  (as  is 
the  case  in  dissociating  air),  then  the  thicknesses  of  the  thermal 
and  diffusive  laminar  sublayers  are  greater  than  the  thickness  of  the 
dynamic  sublayer.  In  this  case,  the  thermal  and  diffusive  sublayers 
occupy  a  portion  of  the  turbulent  core  with  a  logarithmic  velocity 
distribution  (Figure  66).  Taking  this  fact  into  account,  it  is  easy 
to  estimate  the  differences  among  the  dimensionless  velocities  at  the 
boundaries  of  the  dynamic,  thermal  and  diffusive  sublayers.  In  fact, 
assuming  approximately  the  logarithmic  velocity  profile  in  an  incom¬ 
pressible  fluid  (3.100)  for  the  turbulent  core,  in  view  of  (4.140), 
we  obtain 

<P  n  « <P«  -  2.875  Iff  Pr,  <r.,s  «  <ptt  -  2,875  |g  Sc. 

(4.141) 


Setting  Pr  ■  0.7?,  So  ■  0.5, 
♦j  «  11.5,  we  find 


1.03. 


ftti 


1.07. 


This  approximate  analysis 
implies  that  for  Pr  <  1  and 
Sc  <  1  (for  air),  it  is  not  neces¬ 
sary  to  take  into  account  the 
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discrepancies  in  the  velocities  at  the  boundaries  of  the  dynamic, 
thermal,  and  diffusive  laminar  sublayers,  and  consequently  these 
velocities  may  be  determined  from  Equation  (3.31). 

The  relationship  of  total  enthalpy  to  velocity  and  concentration. 
Reynolds  similitude.  Recovery  enthalpy.  In  order  to  establish  an 
approximate  relation  among  total  enthalpy,  velocity,  and  concentration 
we  turn  to  the  equations  of  energy  in  the  Crocco  variables,  (4.97) 
and  (4.99), 


For  a  flat  plate  (dp/d£  =  0),  these  equations  become 


puJL'H 

F  X  di 


+ 


dH 

du 


•  £{’  [ir-sr  +  *>*.  +  (l  ■ -  D  «]} 


(4.142) 


in  the  laminar  sublayer,  and 


p  u 


dH 


x IjW 

8  ftj’ 


(4.143) 


in  the  turbulent  core. 

Next  we  shall  make  a  simplifying  assumption:  we  assume  that 
total  enthalpy  is  a  function  of  only  the  longitudinal  velocity,  i.e., 
H  =  H(u).  To  justify  this  assumption,  we  note  that  it  is  strictly 
valid  if  the  Prandtl  and  Schmidt  numbers  are  equal  to  unity.  In 
this  case,  as  shown  in  the  preceding  section,  there  is  an  integral  of 
the  energy  Equation  (4,119),  which  is  similar  to  the  Crocco  integral. 
Consequently,  one  can  expect  that  for  small  deviations  of  the  Prandtl 
and  Schmidt  numbers  from  unity,  the  dependence  of  total  enthalpy  on 
the  longitudinal  coordinate,  H  (C),  will  be  sufficiently  weak. 

In  addition  to  the  above  assumption,  we  make  as  before  the 
assumption  that  the  friction  stress  is  constant  across  the  layer, 
i.e.,  T  =«  COnSt  «  T  . 
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Here 


Using  these  assumptions,  Equations  (4,142)  and  (4.143)  become, 
respectively. 


i  [tst +  S  (L*‘  ~ 4)  + (Pr  - *) «]  =  °. 


<PH 


»  ««  _  A 

^T  =  0. 


(4.144) 

(4.145) 


Integrating  Equation  (4.144)  and  determining  the  constant  of  integra¬ 


tion  from  the  condition  at  the  wall  (for  u  =  0  q  =  qw),  we  find 


(4.146) 


(H.W) 


is  the  thermal  flux  at  the  wall.  Equation  (4.147),  as  can  be  easily 
seen,  follows  from  the  definition  of  heat  flux  in  a  multicomponent 
mixture,  (1.79)  taking  into  account  only  the  energy  transfer  due  to 
heat  conductivity  and  mass  diffusion. 


Performing  integration  from  0  to  u  in  (4.146),  and  determining 


the  integration  constant  from  the  condition  H  =  H  at  v  =  0,  we  obtain 

W 


a  relation  between  the  total  enthalpy  and  velocity  and  concentration 
in  the  laminar  sublayer 


H  ^hm  +  Pr-±(Hr-ffw)u- 


(4.148) 


cf  is  the  Reynolds  similitude  parameter, 


I 


c*  *  p  AX-O 


(4.149) 


ch  is  the  dimensionless  heat  transfer  coefficient  (Stanton  number), 
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Hr  is  the  equilibrium  enthalpy  of  a  thermally  insulated  wall  or  the 
recovery  enthalpy  (definition  of  Hr  and  2ch/cf  will  be  given  below). 

In  the  turbulent  core,  the  relation  of  the  total  enthalpy  to 
velocity  and  concentration  will  be  found  by  integraing  Equation  ( *1.1*15) 
twice.  The  first  constant  of  integration  will  be  determined  assuming 
that  the  heat  flux  is  constant  across  the  boundary  layer  and  equal  to 
its  value  at  the  wall,  i.e.,  q  *  const  =  qw.  The  second  integration 
constant  will  be  determined  from  the  condition  at  the  outer  edge: 
for  u  Ue,  H  -*•  He.  As  a  result,  we  obtain 


(*1.150) 


Furthermore,  let  us  consider  the  case  when  there  is  no  heat 
transfer  between  the  gas  and  the  wall  (hw  «  Hr).  Wo  equate  total 
enthalpies  from  Equations  (*1.1*1 8)  and  (b.150)  at  the  boundary  of  the 
laminar  sublayer  and  solve  the  resulting  equation  for  ttr.  This 
yields 


Nr  m  K  41  “1)|  At-jjp  tfd. 


(**.151) 


We  note  that  in  formulating  (*4.1§1),  we  made  use  of  the  approximate 
relation  (3.150),  The  expression  for  the  enthalpy  of  recovery, 
(**.151)  is  sufficiently  general  in  the  sense  that  it  may  be  used  for 
calculating  the  equilibrium,  frosen,  and  nonequilibrium  flows. 


If  we  introduce  the  recovery  factor  r,  Just  as  for  a  homogeneous 
gas,  i.e., 


M* 


(H.1S2) 


then  by  equating  Equations  (*J.15D  and  (*i.152),  we  obtain  an  expression 
for  the  recovery  factor  in  a  multicomponent  mixture  of  gases 


r  *  Pr^*  +  22(t* 


t  l  * 


(**.153) 
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To  determine  the  Reynolds  similitude  parameter,  we  equate  the 
total  enthalpies  from  Equations  ( . 1^8 )  and  (4.150)  at  the  boundary 
of  the  laminar  sublayer  and  solve  the  resulting  equation  for  the 
parameter  in  question.  This  yields 


-  Pr'Mi/,  -  A*)'1  [A.  +  Pr^-y-  -  Au  + 

“a 


(4.154) 


In  deriving  relation  (4.154),  we  use  tha  approximate  expressions 
(3.150),  (3.159). 

Making  use  of  Equations  (4.149)  and  (4.154),  we  find  an  expres¬ 
sion  for  the  heat  flux  at  the  wall: 

4** ~  A*  4* 

<A 

+  (4.155) 

The  definition  of  total  enthalpy  (4.39),  under  the  assumption 
that  the  specific  heat  capacities  of  the  individual  species  do  not 
depend  ©r.  the  temperature,  yields  an  expression  for  the  temperature 

r  •  f #  -  -  xKf  «**)"'•  ( « •  ««) > 

The  above  expressions  for  the  total  enthalpy  in  the  laminar  sub¬ 
layer  and  the  turbulent  core,  recovery  factors,  Reynolds  similitude 
parameter,  heat  flux,  and  temperature  contain  the  concentrations  of 
the  individual  species,  which  are  a*  yet  unknown.  Thus,  the  problem 
reduces  to  establishing  a  relationship  between  the  concentration  and 
velocity  in  the  laminar  sublayer  and  the  turbulent  core.  The  form 
of  this  relationship  will  be  different  depending  on  thermocheaical 
state  of  flow,  i.e, ,  on  whether  the  flow  will  be  steady,  frozen  or 
nonsteady. 
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Steady  flow  of  an  ideally  dissociating  gas  [16].  We  shall  con¬ 
sider  the  steady  flow  of  an  ideally  dissociating  gas.  For  later  uses 
we  note  that  the  difference  between  the  enthalpies  of  the  atomic  and 
molecular  species  may  be  approximately  considered  to  be  equal  to  the 
dissociation  energy.  In  fact,  taking  the  fact  into  account  that 


*4 


we  find 


ft*  —  ft*  w  f  --  -f  Dszt).  (  .1 

For  such  gases  as  oxygen  and  nitrogen,  the  approximation  made  in 
(ii.l5?)  does  not  result  in  any  noticeable  errors  in  calculations. 

Naking  use  of  Equation  (ft.  157),  we  obtain  from  the  relation 
(ft.lftS)  the  following  expression  for  total  enthalpy  in  the  laminar 
sublayer 


5  ^  (ft,  -  P 

+  0  -  *)?£*— (U I)(c4  -  ^  ) 

the  dimensionless  quantities  hw,  ana  F  are  given  by  Equations 

(ft. 117). 


The  Reynolds  similitude  parameter  and  the  recovery  enthalpy 

Hr,  generally  given  by  Equations  (ft. lift)  and  (ft. 151),  became 

“  KP  &  4  pv*  —  £* + 

4(U-  *)(«*,-«**».  (ft. 159) 

fit*  ^  ^*»4@^HU-l)(^  «***&.  (ft. 160) 

It  will  be  recalled  that  in  Equations  (ft. 159)  and  (ft. 160)  the  subscript 
r  refers  to  parameters  calculated  for  the  case  when  there  is  no  heat 
transfer  between  the  gas  and  the  wall. 
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The  expression  for  the  heat  flux  (4.155)  in  an  Ideally  disso¬ 
ciating  gas  becomes 

qa  ■  x 

*  IK  +  -  S*  u  (U  -  i)(eAi  -  cAJ |.  .  (  k ' 1 

The  total  enthalpy  in  the  turbulent  core  (4.150),  in  view  of 
Equation  (4.159),  can  be  written  in  the  form 


fi  *»  -g.  «  /?,  —  Pr'v’|^  -f  (FPr*—  +• 

+  (U  -  l)(r „ •  -  e4v)?(i  -  u). 


(4.i62) 


A  similar  transformation  of  the  expression  for  the  total 
enthalpy  in  the  laminar  sublayer,  (4.158),  yields 


fi  **  'jp  »  fl*  f  —  I,  -f* 

+  (u- !)(•*, -e*»u+ (i-^*-(U-iXv  CA*>'  (4,l63) 

For  Pr  «  Le  «  1  Equations  (4.162)  and  (4.163)  reduce  to  Equation 
C^.114)  of  the  preceding  section. 


The  dependence  of  the  atomic  concentration  on  the  pressure  and 
temperature  is  in  this  ease  given  by  Equation  (4.115), 

Equations  (4,162),  (4.163),  (4,156)  and  (4,115)  permit  us  in 
principle  to  determine  the  dependence  of  enthalpy,  temperature,  and 
concentration  on  the  velocity  in  the  boundary  layer.  However,  for 
convenience  in  calculations  it  is  useful  to  make  certain  modifications 
Substituting  the  expression  for  the  enthalpy  h,  (4.74),  into  the  left- 
hand  side  of  Equation  (6.163),  after  simple  algebra  we  obtain  the 
following  equation  for  the  velocity  u,  in  view  of  (4. 115): 


pi*  -  in  —  1  >= 


(6.164) 


where 


?47 
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« -  Pr-'MA,  +  i*Pry‘-  K  f  (U -  l)(cAa_  cAJ J, 

*  -  {*-  +  (L*  -  *>«*.  “  »-[l  +  -g-^exp(^)]}-V*.  , 


(4.l6‘,) 


Solving  Equation  (4.164),  we  find  the  dependence  of  velocity  on  tempera¬ 
ture  in  the  laminar  sublayer 


a._ 

*  *  (4.166) 

Similarly,  substituting  Equation  (4.74)  into  the  left-hand  side 
of  Equation  (4.162),  we  obtain,  in  view  of  (4.115),  an  equation  relat¬ 
ing  the  temperature  and  velocity  in  the  turbulent  core 


{fu‘  —  au  —  c  a  0. 


(4.167) 


where  a  is  given  by  the  first  of  Equations  (4.165),  and  c  has  the 
form 


C  **  /?,-«-  iT  -  [l  +  P,T-'  OXp  (y  )  J  \ 


(4.168) 


Solving  Equation  (4.167)  for  u,  we  find  a  relation  between  the  tem¬ 
perature  and  velocity  in  the  turbulent  core 


tt  ”*7— 


(4.169) 


In  Equations  (4.166)  and  (4.169),  the  sign  in  front  of  the 
radical  is  chosen  to  satisfy  the  condition  u  <  1. 

The  determination  of  the  concentration  and  temperature  for  the 
flow  around  a  thermally  Insulated  wall  is  simpler  than  for  a  thermally 
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conducting  wall,  since  the  coefficient  a  in  Equations  (4.166)  and 
(4.169)  becomes  zero.  The  value  of  the  temperature  at  the  boundary 
of  the  laminar  sublayer  can  in  this  case  be  found  from  the  condition 


t 


-  b)„  (4.170) 

where  the  dimensionless  velocity  at  the  boundary  of  the  laminar 

sublayer,  (u  ),  is  given  by  Equation  (3. 31) . 
c 

If  the  above  computational  procedure  is  to  be  followed,  we  must 
be  given  the  values  of  the  parameters  at  the  outer  edge  of  the  boun¬ 
dary  layer, (Ug,  Te,  pQ),  and  at  the  wall,  <TW ) .  The  atom  concentra¬ 
tion  at  the  outer  edge,  cAq,  must  also  be  given.  Assuming  that  the 
outer  flow  is  in  a  state  of  equilibrium,  cAg  can  be  determined  from 
Tg  and  pe  using  Formula  (4.115),  The  atom  concentration  at  the  wall 
eAw  can  be  similarly  obtained  from  Tw  and  pe.  In  the  case  of  thermo- 
chemical  equilibrium,  the  occurrence  of  catalytic  processes  on  the 
wall,  taking  place  at  a  finite  rate,  will  obviously  not  influence  the 
distribution  of  concentration  in  the  boundary  layer. 


The  distribution  of  parameters  in  the  boundary  layer  can  be 
found  from  the  above  relations  by  using  the  method  of  successive 
approximations.  As  seen  from  Equations  (4,165),  the  concentration  at 
the  boundary  of  the  laminar  sublayer,  is  the  quantity  which  will 

be  approximated  in  the  calculation.  As  the  sero-order  approximation 
for  cA^,  one  can  use  the  value  obtained  for  Pr  •  Sc  *  1  (see  the  pre¬ 
ceding  section).  From  the  same  calculation  we  adapt  the  value  of  the 
friction  parameter  q  ,  which  is  necessary  from  the  very  beginning,  to 
determine  the  dimensionless  velocity  at  the  boundary  of  the  laminar 
sublayer,  uf  [Formula  (3*31)3*  In  this  connection,  we  note  that  it 


is  not  necessary  to  obtain  a  better  approximation  for  u.,  since  a 
alight  deviation  of  the  Prandtl  and  Schmidt  numbers  from  unity  has 
very  little  effect  on  the  value  of  friction  (q). 
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After  Uj  is  determined,  we  use  Equations  (4.166)  for  0  <  u  <  u^ 
and  (4.169)  for  <  u  <  1  to  establish  a  relationship  between  the 
temperature  and  velocity  in  the  boundary  layer  in  the  first  approxi¬ 
mation.  When  calculating  the  flow  over  a  plate  at  zero  angle  of 
attack,  the  values  of  the  temperature  Equations  (4.165)  and  (4.168) 
must  be  given  in  the  interval  ranging  from  the  temperature  of  the  wall 
to  the  stagnation  temperature.  In  calculating  the  flow  over  a  plate 
at  a  nonzero  angle  of  attack,  when  the  temperature  at  the  edge  of  the 
boundary  layer  may  set  equal  to  the  temperature  behind  the  front  shock 
wave,  the  values  of  the  temperature  must  be  given  in  the  interval 
ranging  from  the  temperature  of  the  wall  to  the  temperature  of  the 
outer  edge,  (In  this  ease,  the  temperature  in  the  boundary  layer 
usually  varies  monotonically) . 

Upon  establishing  a  relationship  between  the  velocity  and  the 
temperature  with  the  aid  of  Formula  (4.115),  one  can  determine  the 
dependence  of  concentration  on  velocity,  etc. 

Given  the  distribution  of  concentration  and  temperature,  we  can 
find  the  dependence  of  density  on  velocity  [Equation  (4,121)),  and 
then  also  the  local  friction  coefficient  (4,109).  Qiven  the  friction 
coefficient  and  the  values  of  the  parameters  at  the  wail,  boundary  at 
the  laminar  sublayer,  and  the  outer  edge  of  the  boundary  layer,  we 
can  use  Equation  (4.161)  to  calculate  the  heat  flux. 

■The  Prandti,  Schmidt,  and  Lewis  numbers  can  tee  found  for  a  given 
atom  concentration  at  the  wall  using  the  approximate  formulas  obtained 
by  Torrance,  (4, 156)  and  (4.139),  assuming  Pr8  *  0.?,  Se0  «  0.5, 

^*0  *  1*^» 

frozen  flow  of  an. ideally.. di,s##ciailng  gab  at  a  catalytic 
wall  [1?J.  In  the  preceding  subsection  it  was  shown  that,  in  the 
case  of  frozen  flow  in  the  boundary  layer  (w^  1  0),  and  under  the 
assumption  that  the  deh&sdt  number  is  equal  to  unity,  we  have  a 
particular  integral  of .the  equation  of  conservation  of  species  l 


(4.126),  according  to  which  the  concentration  depends  only  on  the 
velocity,  i.e.,  cA  *  c^(u).  In  the  case  of  frozen  flow  along  a  flat 
plate  with  the  Schmidt  number  different  from  unity,  we  shall  assume 
approximately  that  the  concentration  as  before  depends  only  on  the 
velocity,  and  does  not  depend  on  the  longitudinal  coordinate.  One  can 
expect  that  for  small  deviations  of  the  Schmidt  number  from  unity, 
the  dependence  of  concentration  on  the  longitudinal  coordinate  cA  (O 
will  be  sufficiently  weak.  In  addition,  we  also  make  the  simplifying 
assumption  (3*1)  stating  that  the  friction  stress  is  constant  across 
the  boundary  layer;  r  *  const  * 

Using  these  assumptions,  we  obtain  from  Equations  (4.98)  and 
(4.1Q0)  the  following  relation  for  the  concentration  in  the  laminar 
sublayer  and  the  turbulent  core: 

As  the  boundary  condition  on  the  concentration  at  the  wall  we  use 
Expression  (4,65),  assuming  that  the  order  of  the  catalytic  reaction, 
n,  is  unity,  After  simple  algebra,  we  write  the  expression  in  the 
fora 


integrati «g  liquation  (4. HU  once,  in  view  of  Equation  (4.1  ?U*  we 
find 


\  *  # 

“gf  St  .tV'Wv.  d, 


(4,175) 


Integrating  (4, US)  and  determining  the  integration  constant  fr§®  the 
condition  at  the  wall  stating  that  c^  *  c^  for  y  *  0,  we  - 

the  dependence  of  concentration  on  velocity  in  the  ix&lnas  voaiaytr 


’Si 


The  derivative  of  concentration  with  respect  to  the  dimensionless 
velocity  at  the  boundary  of  the  laminar  sublayer  on  the  side  of  the 
turbulent  core,  (dcA/du)-  _  -  +  will  be  found  from  the  condition 

that  the  diffusive  flows  of  the  atomic  species  in  either  direction 
from  the  boundary  of  the  sublayer  and  the  core  be  equal: 


f  \  _  1  f  de*\ 


-0 


(6.175) 


Using  this  relation  and  the  condition  at  the  outer  edge:  cft  * 
at  u  »  0ol  we  find  the  relationship  between  the  concentration  and 
velocity  in  the  turbulent  eore 


(6,176) 


Equating  the  concentration  values  obtained  from  Equations  (6,173)  and 
(*i,176)  at  the  boundary  of  the  laminar  sublayer,  we  obtain  an  expres¬ 
sion  ftr  the  atom  concentration  at  the  wall  as  a  function  of  the 
parameter  of  catalytic  recombination, 


***  ««*<»  + 


(6.177) 


In  obtaining  the  relation  (6.177),  we  made  the  approximation 


I  “(I  —  (6.170) 

♦ 

Assuming  that  Se  *  0.5,  with  the  velocity  ranging  from  0.6  to 
0.S6,  the  computational  error  when  formula  (6.178)  is  used  does  not 
exceed  ♦lot. 

Expressions  (6.176)  and  (6.176)  may  be  transformed  to  a  form  not 
containing  the  parameter  of  catalytic  recombination  by  eliminating 
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this  parameter  with  the  aid  of  Equation  (4.177).  After  simple 
rearrangements,  we  obtain 


CA=-CA„  +  ^HcAe~CAa)u, 

CA  “  ~  Sc-V>(cAe  ~  CAJ(  1  -  S). 

The  first  of  these  equalities  is  valid  in  the  laminar  sublayer;  the 
second  —  in  the  turbulent  core.  When  the  Schmidt  number  is  equal  to 
unity,  the  equalities  reduce  to  the  relation  (4.126)  which  was 
obtained  earlier. 


(4.179) 


Formulas  (4.174),  (4.176)  and  (4.170  imply  that  for  k1T  *  0 

w 

(this  corresponds  to  flow  around  an  absolutely  noncatalytic  wall) 
cAw  =  cAe5  i*e,j  atom  concentration  in  the  boundary  layer  is  con¬ 
stant  over  the  cross-section  and  equal  to  its  value  at  the  outer  ,'dge. 
For  kw  ■*  °°  (this  corresponds  to  a  flow  around  an  absolutely  catalytic 
wall  '  cAw  0j  i.e.,  all  atoms  that  diffuse  toward  the  wall  become 
recombined. 


Using  Equations  (4.174)  and  (4.177),  as  well  as  the  relations 
(4.160),  (4.159)  and  (4.161),  which  are  valid  in  the  case  of  a  frozen 
flow,  we  obtain  expressions  for  the  recovery  enthalpy,  Reynolds  simili 
tude  parameter,  and  heat  flux  in  a  frozen  turbulent  boundary  layer  on 
a  flat  plate  with  arbitrary  catalytic  properties  of  the  surface: 


;7r «  n,+  ppr”’f  ((Lev<-i)$c'Vj>Jr, 
-  Pf'!'(HT-7wyl  x 

X  |/i„  +  (TPrv*  -  K  +  (Le,/*  -  1 ) Scv* c^J, 
<jw  =  -^-Cj[)eUt?r'uli  X 


(4.180) 

(4.181) 


X  \Ti,  H-pPr’/>-/7u)  +  (Le’/*-  DSc'^Xl- 


(4.182) 


In  Equations  (4.180)  -  (4,182)  we  use  the  approximation 

1  +  (U  -  l)u*  «  Le\  (4.183) 
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it.Wn.lU  ,! 


and  introduce  the  function 


(4.184) 


It  is  easy  to  see  that,  for  an  absolutely  catalytic  wall  (k  ■*  “), 
the  function  i|»  ->  1,  and  for  an  absolutely  noncatalytic  wall, 

(k„  -  0)  *  0. 


If  the  effect  of  the  catalytic  properties  of  the  wall  on  friction 
(cf)  and  the  Prandtl  and  Lewis  numbers  is  disregarded,  then  using 
relation  (4.182),  it  is  easy  to  obtain  the  expression  for  the  ratio 
of  the  heat  flux  (for  an  arbitrary  catalytic  recombination  rate)  to 
the  heat  flux  on  an  absolutely  catalytic  wall 

_ =r- 

Wv-hm-KO 


=  1. 


(le'/'— •1)Sc'V1,D 


Ul 


■  (1  -  '!>«-)• 


h,  +  Pr'l‘-~+  (La’'*  -  1)  Sc\a,D  - 


(4.185) 


Formula  (4.185)  allows  us  to  estimate  the  effect  of  the  catalytic 
capacity  of  the  wall  on  the  local  heat  flux.  Figure  67  illustrates 
the  result  of  the  calculation  based  on  (4.185)  for  air  flow  over  a 
flat  plate.  The  computation  was  made  for  a  pressure  corresponding  to 
an  altitude  of  45  km  above  sea  level  and  the  temperature  of  the  wall, 

T  =  700°  K.  On  the  abscissa  axis,  we  plotted  the  rate  of  catalytic 
recombination  and  indicated  the  range  of  1<W  for  a  number  of  materials 
(for*  more  details,  see  Figure  58).  Figure  67  shows  that  the  catalytic 
capacity  of  a  wall  has  a  very  strong  effect  on  the  heat  flux.  This 
fact  permits  us  to  conclude  that  a  suitable  choice  of  the  material 
used  for  spacecraft  skin  may  significantly  reduce  the  heat  transfer 
to  surface.  The  fact  that  the  curve  calculated  for  the  flight  velocity 
of  2.5  km/sec  lies  below  the  curve  for  3  km/sec  is  explained  by  saying 
that  nitrogen  begins  to  dissociate  after  the  entire  oxygen  in  the 
outer  flow  had  already  dissociated^. 


Footnote  (8)  appears  on  page  270, 
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Figure  67 


Next  we  shall  establish  a  relationship  between  the  temperature 
and  velocity.  Substituting  in  the  left-hand  side  of  Equation  (b.163) 
the  expression  for  enthalpy  of  an  ideally  dissociating  gas,  , 

and  solving  the  resulting  equation  for  the  temperature,  we  obtain  an 
expression  for  the  temperature  as  a  function  of  velocity  in  the 
laminar  sublayer: 


F  *  (i  4  4,  4  Ifr"* — 4* 

4  (U*-  4  <u ~  (b.lS6) 

Here  cA  and  eftw  are  given  by  Equations  (&.!?«)  and  {§.!??). 


Similarly,  Equation  (b.l$2)  can  be  used  to  obtain  the  relation 
between  the  temperature  and  velocity  in  the  turbulent  core 


t  - <*  +  f4)  * <//, <•  4 

Here  cft  and  cftw  are  given  by  Equations  ($.176)  and  < % . X?? > . 


($.10?) 
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The  dimensionless  quantities  h  ,  h  3,  T  in  Formulas  (4.186) 

c  W 

and  (4.187)  are  given  by  Equations  (4.117)  and  (4.162). 

Given  the  dependence  of  the  temperature  on  velocity  and  Equation 
(4.121),  we  can  determine  the  dependence  of  the  density  on  velocity, 
which  in  turn  enables  us  to  calculate  the  local  friction  coefficient 
from  Formulas  (4.109). 

A  convenient  correlation  formula  for  the  friction  coefficient  of 
frozen  flow  in  the  boundary  layer  was  obtained  by  Dorrance  [18]  who 
calculated  friction  for  wide  parameter  ranges  (106<Re<108; 

0,04  <  TJT„  <  l) ,  The  formula  has  the  form 


(4.188) 


Here  cfQ  is  the  friction  coefficient  calculated  without  considering 
dissociation  (but  considering  the  effect  of  the  Mach  number  and  the 
temperature  factor).  The  difference  between  the  results  based  on 
Formula  (4.188)  and  the  exact  results  does  not  exceed  4?.  Formula 
(4.188)  implies  that  dissociation  changes  the  friction  coefficient  by 
no  more  than  +2236  as  compared  with  c^Q.  In  addition,  inspection  of 
Formula  (4.188)  shows  that  an  increase  in  the  catalytic  capacity  of 
the  wall  (cAw  -*•  0)  leads  to  an  increase  in  the  friction  coefficient. 

Figures  68  -  72  give  the  results  of  calculating  the  boundary 
layer  characteristics  according  to  the  method  presented  above  for  a 
flow  of  dissociating  oxygen  around  a  plate  [19]. 


Figures  68  and  69  give  the  plots  of  the  local  coefficient  versus 
the  Reynolds  number  for  two  Mach  numbers:  M.  »  4  and  M„  =  10.  The 

V  w 

following  values  were  used  in  the  calculation:  T  ■  3600°  K,  p  «  1 
atm,  Pr  •  0.72,  Le  ■  1.4,  cAw  «  0.  Skin  friction  was  calculated 
without  considering  dissociation  effects  according  to  a  method  presented 
in  Section  12.  As  seen  in  the  plots,  the  friction  coefficients  for 
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Figure  70- 


Figure  71 


a  frozen  flow  of  a  gas  differ  from 
lated  for  the  same  conditions,  but 
no  more  than  20% ,  which  is  in  good 
by  Dorrance  [Formula  (*1.188)].  In 
the  difference  may  amount  to  40% . 


the  friction  coefficients  calcu- 
in  the  absence  of  dissociation,  by 
agreement  with  the  results  obtained 
the  case  of  equilibrium  dissociation. 


Figures  70  and  71  are  the  plots  of  the  concentration  and  tempera¬ 
ture  versus  the  velocity  in  a  frozen  (curves  A,  B)  and  equilibrium 
(curves  C,  D)  boundary  layer,  calculated  for  the  conditions: 


2.51 
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0.  Curves  A 


Me  =  2.2,  Te  =  3600°  K,  Tw  =  500°  K,  cAe  =  0.3,  c Aw  = 
and  C,  obtained  by  Dorrance  [20],  are  also  given  in  Figures  70  and  71 
for  comparison.  The  difference  between  curves  B  and  D,  calculated 
using  the  methods  of  the  present  section,  and  Dorrance' s  curves  A  and 
C,  is  due  to  the  fact  that  Dorrance  used  the  relation  connecting  total 
enthalpy,  concentration,  and  velocity  which  is  obtained  for  Pr  =  Sc  =  1 
[Equations  (4.114)  and  (4.126)].  Therefore,  Dorrance's  method  is  very 
similar  to  the  methods  presented  in  Section  24.  The  deviation  of  the 
Prandtl  and  Schmidt  numbers  from  unity  was  considered  by  Dorrance  only 
in  the  expression  for  the  Reynolds  similitude  parameter  and  through 
the  introduction  of  the  recovery  factor.  It  should  also  be  noted  that 
in  his  paper  Dorrance  did  not  take  into  account  the  contribution  of 
the  vibrational  degrees  of  freedom  to  the  heat  capacity  of  molecules. 

Figure  72  is  a  plot  of  the 
heat  transfer  coefficient  versus 
the  Reynolds  number  obtained  ac¬ 
cording  to  the  method  presented 
(frozen  flow)  for  the  conditions: 

Me  VTe  -  °'!.  cAe  *  °-31 
(ch  1  is  plotted  on  the  axis  of 
ordinates).  For  comparison,  the 
same  figure  includes  a  plot  ob¬ 
tained  by  Dorrance  (dashed  curve). 
The  difference  between  the  theo¬ 
retical  plots  is  due  to  both  the 
reasons  indicated  in  the  discussion 
of  Figures  70  and  71  and  to  the  fact  that,  in  calculating  skin  friction, 
Dorrance  used  a  formula  from  the  semi-empirical  Prandtl  theory,  in 
contrast  with  Karman's  formula  used  in  the  present  method.  Figure  72 
also  includes  the  experimental  points  obtained  by  measuring  heat 
transfer  on  a  cylinder  with  a  spherical  nose.  The  measurements  were 
done  by  Rose  et  al.  [21]  in  a  region  where  the  longitudinal  pressure 
gradient  was  close  to  zero.  The  distribution  of  the  experimental 
points  is  characterized  by  a  large  scatter.  Nevertheless,  the  agree¬ 
ment  between  the  theoretical  results  and  the  experimental  data  may  be 
considered  satisfactory. 
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Figure  72 
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Nonequilibrium  flow  of  an  ideally  dissociating  gas.  The  results 
of  calculating  the  equilibrium  and  frozen  flows  in  the  boundary  layer, 
given  in  the  preceding  subsections  of  the  present  section,  showed  con¬ 
vincingly  that  the  thermochemical  state  of  a  gas  may  have  a  substantial 
effect  on  the  drag.  It  is  obvious  that  the  flow  in  the  boundary  layer 
assumes  an  even  greater  importance  in  heat  transfer  calculations.  Of 
course,  it  is  possible  to  estimate  the  heat  flux  to  the  surface  in 
the  two  limiting  cases  considered  in  the  preceding  subsections  — 
namely,  for  steady  and  frozen  flows.  However,  with  the  aid  of  the 
methods  presented  in  these  subsections,  it  is  impossible  to  analyze 
the  character  of  flow  in  the  boundary  layer.  In  many  cases  important 
in  practice,  it  may  be  necessary  to  estimate  heat  transfer  with  the 
dissociation  reaction  proceeding  at  a  finite  rate  comparable  with  the 
rate  of  diffusion,  which  results  in  a  nonequilibrium  flow  in  the 
boundary  layer.  The  nonequilibrium  flow  of  an  ideally  dissociating 
gas  under  the  assumption  that  the  Frandtl  and  Schmidt  numbers  are 
equal  to  unity  was  considered  in  the  preceding  section.  In  heat 
transfer  calculation,  as  was  pointed  out  many  times  above  (Chapter  III), 
it  is  necessary  to  consider  the  deviation  of  the  Prandtl  and  Schmidt 
numbers  from  unity. 

The  general  expressions  for  the  heat  flux  qw,  enthalpy  of 
recovery  Reynolds  similitude  parameter  2ch/cf,  as  well  as  the 
relation  of  total  enthalpy  to  concentration  and  velocity  for  arbitrary 
Prandtl  and  Schmidt  numbers,  wore  established  at  the  beginning  of  the 
present  section.  To  salve  the  problem  in  question,  we  must  establish 
a  relation  between  concentration  and  velocity.  It  seems  Justified, 
on  the  basis  of  considerations  given  in  the  discussion  of  nonoquill- 
brium  flow  for  Pr  ■  Sc  ■  1  (Section  2*0,  and  frozen  flow  for  Pr  t 
i  So  t1  1  (Section  25),  to  make  the  simplifying  assumption  that  the 
concentration  depends  only  on  velocity  in  the  boundary  layer,  and  does 
not  depend  on  the  longitudinal  coordinate,  i.e.,  eA  *  eft(u).  In 
addition,  we  shall  make  the  usual  assumption  that  the  friction  stress 
is  constant  across  the  boundary  layer,  i.e.,  t  *  const  a  tw.  With 
these  assumptions,  Equations  (4.96)  and  (4.100)  become,  respectively 
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(4.189) 


The  first  of  these  equations  is  valid  in  the  laminar  sublayer;  the 
second  —  in  the  turbulent  core.  Integrating  the  first  of  Equations 
( 4 . 189 )  and  using  the  boundary  condition  (4.124),  we  have 


*» 

TST 


(4.190) 


Here 


/.(*)- 5(4-)^ (»l.  (4.191) 

and  Aw  is  given  by  the  second  of  Equations  (4.12*>). 

It  should  be  noted  that  the  concentration  of  the  atomic  species 
at  the  wall,  (cAw),  is  as  yet  unknown,  and  will  be  determined  later. 

Integrating  Equation  (4.199)  and  determining  the  integration 
constant  for  conditions  at  the  wail,  (e^  »  eAw  for  u  «  0),  we  find 
the  distribution  concentration  in  the  laminar  sublayer 


(4.192) 


where 


MS) 

Now  we  proceed  to  determine  the  concentration  profile  in  the 
turbulent  core.  Integrating  the  second  of  Equations  (4.1E9)  once, 
we  get 
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(4.193) 


Here  is  the  dimensionless  veloci^  at  the  boundary  of  the  laminar 
sublayer  given  by  Equation  (3.31). 


The  derivative  of  concentration  with  respect  to  the  dimensionless 
velocity  at  the  boundary  of  the  laminar  sublayer  on  the  side  of  the 
turbulent  core,  (dcA/du)-  m  -  +  Q,  will  be  determined  from  the  condi¬ 
tion  that  the  diffusive  flows Jof  the  atomic  species  in  both  directions 
—  from  the  boundary  between  the  sublayer  and  the  turbulent  core  — 
are  equal,  (4.175).  Using  this  condition  and  Equation  (4.190),  we 
find 


/«(»«). 


(4.194) 


Substituting  Expression  (4.194)  in  Equation  (4.193),  and  perform¬ 
ing  the  resulting  integration,  after  determining  the  integration  con¬ 
stant  from  the  condition  at  the  outer  boundary  (cA  *  cAe  for  u  »  1),  we 
shall  obtain  the  distribution  of  concentration  in  the  turbulent  core 


where 


*A  *■  «*  +  Ml) -  M«) - <4  -  a> ~  (*■•)!• 


(4.195) 


“a  «« 


Equating  the  values  of  concentration  from  Equations  (4.192)  and 
(4.199)  at  the  boundary  between  the  sublayer  and  the  turbulent  core, 
and  solving  the  resulting  equation  for  concentration  at  the  wall,  we 
obtain  the  following  expression  for  it 
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(4.196) 


CAw  H1  +  ScVM„)_l  X 

X  [^+7t(l)  -f  Sc /,,(«  ,)+  (1  -U.,)  4  («;,)]• 


In  deriving  (4.196),  we  used  Equation  (4.178). 

The  concentration  distribution  in  the  laminar  sublayer,  (4.192), 
and  in  the  turbulent  core  (4.195),  may  in  certain  cases  be  conveniently 
used  in  the  form  that  does  not  involve  the  parameter  of  catalytic  re¬ 
combination  A,r.  Eliminating  A,,  from  Equations  (4.192)  and  (4.195) 
w  w 

with  the  aid  of  the  Expression  (4.196),  we  shall  have  in  the  laminar 
sublayer 


4-%  +  Scv*(cH<-^Ju  +  Sc,/*[/T(l)  +  Sc/J1(a,)  + 

+  (* -flu) 4(u.i)]ij- Sc I„ (a),  (4.  (4.197) 

and  in  the  turbulent  core 

" <4*- Sc'A(4. “ caw) (*-*>  +  4(1) - 4(») - 
-  Scv‘[/r(i)  +  Sc  /«(afl)|(i  -  a)  +  Sc'/*al,/.,(aJ,)(i  -  a).  (  * 198 } 

In  the  frozen  flow  (w^  s  0),  the  functions  Ith> Ij  and  become 
zero,  and  Equations  (4.197)  and  (4.198)  reduce  to  relation  (4.179)  of 
the  present  section. 

The  dimensionless  integral  quantities  1^  and  It^[(4.l92)  and 
(4.195)],  appearing  in  the  concentration  distributions,  characterize 
the  total  "power"  of  the  sources  of  formation  of  the  atomic  species, 
contained  within  a  certain  volume,  whose  extension  in  the  y-direction 
is  determined  by  the  limits  of  integration,  and  the  base  area  may  be 
assumed  to  be  equal  to  unity.  The  expressions  for  these  quantities 
can  be  obtained  similarly  to  the  expression  for  the  quantity  I  (u) 
(4.136)  in  the  preceding  section.  For  this  reason,  leaving  out  simple 
algebra,  we  shall  merely  state  the  expressions  for  these  quantities 
in  their  final  form: 
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(4 . 199) 

(4.200) 

Here  r,  is  the  friction  parameter  (3.8),  Cr  is  the  recombination 
parameter  (4.137),  Rexw  is  the  Reynolds  number  (4.137),  dn/d<|i  is  given 
by  liquation  (4.104)  in  the  turbulent  core  and  by  (4.106)  in  the 
laminar  sublayer.  The  equilibrium  atom  concentration  c^e^  is  given 
by  (4.68). 

The  quantity  (u) ,  which  it  also  necessary  to  calculate  the 
concentration  distribution,  is  given  by 


0  0 


'’(a| "  j  ■ “  I  c'(k )’<* + 


uji 


/«(4)^  •-jj'— .  (4.201) 

The  velocity  at  the  boundary  of  the  laminar  sublayer,  uf,  can 
be  determined  from  Equation  (3. 31). 


The  concentration  profile  can  be  calculated  using  the  method  of 
successive  approximations  applied  to  Formulas  (4.19?)  and  (4, 198}  or 
to  (4.192)  and  (4.195).  The  order  of  calculation  remains  the  came  as 
in  nonequilibrium  flow  calculations  for  Pr  *  So  •  1  (see  Section  24)., 

In  Equations  (4,197)  and  (4.198),  the  first  two  terms  on  the 
right-hand  sides  give  the  contribution  of  diffusion  to  the  concentra¬ 
tion  distribution,  and  the  remaining  terms,  containing  I,,  1 »,  I,, 

v  vv*  v 

give  the  contribution  of  the  chemical  reactions  to  this  distribution. 
The  mutual  effect  of  diffusion  and  chemical  reactions  on  each  other 
is  manifested  through  the  concentration  at  the  wall  (4.196), 
which  depends  on  the  rates  of  both  processes.  Th«  flow  ir,  the  boundary 
layer  will  bo  determined  by  the  relative  contributions  of  diffusion 
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and  chemical  reactions  to  the  concentration  distribution.  If  the 
recombination  parameter  Is  Cr  =  «,  the  contribution  of  the  chemleal 
processes  will  be  infinitely  large  compared  with  the  contribution  of 
diffusion  (the  sum  of  the  terms  containing  the  Integral  quantities 
in  Equations  (4.197),  (4.198)  will  be  infinitely  large  compared  with 
the  diffusive  terms).  In  this  case,  the  flow  will  be  steady  and  the 
concentration  distribution  can  be  determined  from  the  condition  wft  *  0. 
In  the  other  extreme  case,  when  the  recombination  parameter  is  equal 
to  sero  (Cr  »  0),  the  diffusion  process  will  be  the  dominant  factor 
(frozen  flow).  Thus,  the  objective  of  the  computation  reduces  to 
establishing  the  role  of  diffusion  and  chemical  reactions  in  the 
transfer  processes  in  the  boundary  layer. 

Given  the  concentration  distribution  (4,197),  (4,198),  it  is 
easy  to  obtain  the  expressions  for  the  Reynolds  similitude  parameter, 
recovery  enthalpy  and  heat  flux  for  a  nonstaady  flow  in  the  boundary 
layer.  For  this  purpose,  we  use  Equations  (4,159)  and  (4. ill),  sub¬ 
stituting  in  them  as  given  by  (4,19?), 

As  a  result,  we  obtain 

~  «  *’>(»,  -  JU  *  &  4  4 

4  (U*-  l)Se*%(«t, ~  eAv)  +  a** -  4* 

+  Se  4(1-4,)  U4,)J  “(U-  1)Sc  /*{£*)}> 

*  K  4  4  - 1 )  Sc>A.  -  4 

4  (Us -  l}fc'|  1,(1)  +  Sc  /.ti.0  4  (i  -  4d  /*(4d|  - 

4  (U*-  l)ScV*.  -  tAJ 4  (U^-  * 

4  Sc /,{«,) 4  («  »  4*) - (U -  ))U M**% 

The  concentration  at  the  wail  In  Equations  {4.202)  -  (4,204)  is  given 

a 

by  Equation  (4,196),  and  the  Integral  quantities  j»  2$  by 
Equations  (4,\$9)  -  (4,2(51?.  The  subscript  r  in  the  Expression 
(4.203)  refers  to  conditions  at  a  theraaily  insulated  wall. 


(4.202) 


(4.203) 


(4.204) 
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The  distribution  of  enthalpy  In  the  boundary  layer  is  determined 
by  Equations  (4.163)  in  the  laminar  sublayer  and  (4.162)  in  the  tur¬ 
bulent  core  upon  a  substitution  of  the  concentrations  as  given  by 
(4.1$?)  and  (4.198),  respectively. 

The  temperature  distribution  can  be  obtained  from  the  enthalpy 
distribution  by  solving  Equation  (4.?4)  for  temperature.  As  a  result, 
we  obtain 


f  4 


(4.20$) 


Furthermore,  Equations  (4.121)  and  (4.10$)  can  be  used  to  deter¬ 
mine  the  density  in  the  boundary  layer  and  the  local  fristi&n  coeffi¬ 
cient  at  the  wall. 


Figure  IS 


Figure  ?3  give©  the  results 
of  calculating  local  heat  fluxes 
on  a  wedge  with  the  30?  hair-angle 
at  the  eerie  it,  isssersed  in  a 
Stress  of  oxygen  mv ing  at  the 
velocity  »  V  ha/*e«,  for  the 
preasssrt  and  temperature  in  the 
oncoming  flew  pm  *  2, #5* id-*  atm 
and  7  *  fS’C*  it.  tv«®  wall  t$h$sr» 
ai'-ir*  1  assumed  i©  fejus*  E . 

A  ®©£$mia%.len  ©f  heat  fi&axe©  far 
frfefcen  Cse*  S^uittdsft 
dashed  rurvea )  and  i 1 itr 

Ca«e  Sd'catibh  (ft.j-ca j;  a©ii-i 
curved )  fie*  a  in  the  boundary 
layer  was  done  f©r  a  nuM;«r  ©f 
values  »r  th®  -catalytic  r«©is$&in» 
alien  parameter  In  the  rang© 
freai  o  t#  *  if  this  $ara*)ct©F 


?«4 
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differs  from  the  catalytic  recombination  parameter  A,,  used  in  the 
present  section  [see  Formula  (*1.125)]  in  only  an  additional  factor 
<\i  '  S02/3  *»)’• 

It  will  be  recalled  that  the  value  A  j  »  0  corresponds  to  flow 
over  an  absolutely  noncatalytie  surface,  and  the  value  Aw^  «  «  to  flow 
over  an  absolutely  catalytic  surface.  The  value  of  the  heat  flux  for 
a  steady  flow  in  the  boundary  layer  (dot-dash  curve)  was  determined 
using  Formula  (4.161). 

It  will  be  noted  that  the  values  of  the  local  friction  coeffi¬ 
cient,  which  are  necessary  for  calculating  the  heat  flux  from 
Formulas  (4.161),  (4.182)  and  (4.204),  were  calculated  using  a  method 
presented  in  the  preceding  section  (i.e.,  under  the  assumption  that 
the  Prandtl  and  Schmidt  numbers  are  constant  and  equal  to  unity). 

%  26.  conclusion 

The  methods  of  calculating  skin  friction  and  heat  transfer  in 
the  turbulent  boundary  layer  of  a  dissociating  gas,  presented  in  this 
chapter,  are  easily  seen  t©  be  an  extension  of  the  tact  hods  used  in 
the  theory  of  a  homogeneous  gas  flow,  presented  in  Chapter  in 
(Sections  12  and  15),  At  tht  sass  time,  one  can  point  to  a  number  of 
papers  written  fey  Soviet  and  foreign  workers  in  which  the  approach 
t©  the  problem  of  the  turbulent  boundary  layer  in  a  dissociating  gas 
differs  to  a  greater  or  less©.-  degree  fro®  the  approach  used  in  this 
chapter. 

The  case  of  equilibrium  dissociation  in  a  turbulent  boundary 
layer  on  a  flat  plate  was  discussed  by  S.  1.  hosterin  and  Yu.  a. 
ftesh&arov  (225 .  Their  analysis  was  based  on  a  node!  of  an  ideally 
dissociating  gas  and  on  the  seal -«&p 1  r  5  e  a  i  frandtl  theory .  The 
Prandti,  Scheldt  numbers  and  their  turbulent  analogs  were  assumed  to 
be  equal  to  unity,  s.  I .  Foster in  and  Yu.  a.  K«sh&ard© 1  s  method  is 
largely  similar  to  the  method  used  in  .feet ion  2b, 


The  effect  of  equilibrium  dissociation  on  skin  friction  and  heat 
transfer  on  a  flat  plate  for  the  Prandt 1  and  Schmidt  numbers  different 
from  unity  was  discussed  in  the  paper  by  I.  P.  Ginzburg  [23]-  The 
calculation  of  friction  in  that  paper  was  based  on  the  semi -empirical 
Prandtl  theory. 

The  method  of  calculating  skin  friction  and  heat  transfer  on  a 
flat  plate  in  equilibrium  and  frozen  flows  was  proposed  by  Dorrance. 

The  basic  features  of  this  method  and  some  of  the  results  of  the  cal¬ 
culation  were  discussed  in  Section  25  (see  the  footnote  on  Dorrance' s 
paper) . 

Heat  transfer  from  a  nonequilibrium  turbulent  boundary  layer  to 
a  catalytic  surface  was  calculated  by  Kulgein  [24].  In  this  paper, 
the  deviation  of  the  dissociation  process  from  equilibrium  was  taken 
into  account  only  in  the  laminar  sublayer,  and  in  the  turbulent  core, 
the  flow  was  assumed  to  be  frozen.  A  computer-assisted  calculation 
of  heat  transfer  was  made  for  various  conditions  of  flow  in  the  external 
stream  and  at  the  wall. 

The  methods  of  calculating  friction  and  heat  transfer  in  an 
ideally  dissociating  gas  presented  in  Sections  24  and  25  (for  a  binary 
mixture  of  atoms  and  molecules)  can  be  easily  extended  to  the  case  of 
a  flow  of  a  multicomponent  dissociating  mixture.  It  is  for  that 
reason  that  Section  25,  in  particular,  gives  the  expressions  for  total 
enthalpy,  Reynolds  similitude  parameter,  recovery  enthalpy,  and  heat 
flux  in  a  multicomponent  mixture.  The  computation  of  the  concentration 
fields  for  steady  and  frozen  flows  in  a  multicomponent  mixture  is  in 
principle  no  different  from  the  calculation  of  the  same  fields  in  a 
binary  mixture.  To  calculate  the  nonequilibrium  flews  of  a  multicom¬ 
ponent  mixture,  data  on  the  mass  rates  of  formation  of  species, 
presented  in  Section  20  of  Chapter  IV,  must  be  used. 

The  method  .  can  be  easily  extended  to  the  flow  of  a  partially 
excited  dissociating  gas  whose  properties  were  described  in  detail  in 
Sections  20  and  21. 
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Finally,  in  the  approximation  used  in  Sections  17  and  18  making 
use  of  the  formulas  obtained  in  Sections  17,  18,  and  in  Chapter  IV, 
it  is  possible  to  calculate  skin  friction  and  heat  transfer  in  the 
presence  of  a  longitudinal  pressure  gradient.  The  necessary  expres¬ 
sions  for  the  integral  thicknesses  and  the  form  parameter  H*  are  given 
in  Section  23. 

An  almost  complete  lack  of  experimental  data  on  the  character¬ 
istics  of  the  turbulent  boundary  layer  in  a  dissociating  gas  prevents 
us  from  estimating  the  accuracy  of  the  computational  methods  presented. 
Nevertheless,  the  good  agreement  between  the  theoretical  and  experi¬ 
mental  data  in  the  absence  of  dissociation  (Chapter  III)  leads  us  to 
hope  that  the  methods  of  Chapter  IV,  which  are  an  extension  of  the 
methods  of  Chapter  III,  will  also  give  satisfactory  results. 
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FOOTNOTES 


Footnote  (1)  on  page  186. 


Footnote  (2)  on  page  18 9 • 

Footnote  (3)  on  page  199. 
Footnote  (t)  on  page  200. 


Footnote  (5)  on  page  200. 


Footnote  (6)  on  page  23*1. 


For  more  details  about  thermodynamic 
properties  of  gases  at  high  tempera¬ 
tures,  see  the  monograph:  Zel’dovich, 
Ya.  B.,  Rayzer,  Yu.  P.,  Fizika  udarnykh 
voln  i  vysokotemperaturnykh  gidrodinami- 
cheskikh  yavleniy  (Physics  of  Shock 
Waves  and  High-Temperature  Hydrodynamic 
Phenomena),  Fizmatgiz,  Moscow,  1963. 

Figure  56,  prepared  by  Hansen,  has  been 
reprinted  from  the  book:  Dorrance,  W.H. 
Hypersonic  Flow  of  a  Viscous  Qas,  1966. 

See  the  paper  by  M.S.  Zakhar 'yevskiy 
which  was  already  cited  in  this  section. 

A  presentation  of  the  theory  of  the 
absolute  reaction  rates  goes  beyond  the 
objective  of  the  present  book.  Those 
interested  in  the  theory  are  advised  to 
consult  the  monograph  by  Glesston, 
Leidler,  and  Eyring,  which  was  already 
cited  in  this  section. 

Concerning  this  question,  we  recommend 
the  paper  by  Rosner  which  contains  a 
summary  and  an  extensive  bibliography: 
Rosner,  D.  Convective  Diffusion  as  an 
Intruder  in  Kinetic  Studies  of  Surface 
Catalyzed  Reactions,  AIAA  J.  2,  No.  *1 
(196*0;  Russian  translation:  Raketn. 
Tekhn.  i  Kosmonaut.,  Nov.  t,  196*1. 

The  principle,  used  here  as  the  basis 
for  our  analysis  of  a  nonequi librium 
flow,  might  be  called  (by  analogy  with 
the  well-known  principle,  introduced  by 
L,  Lees  in  the  theory  cf  the  laminar 
boundary  layer)  the  principle  of  local 
similitude  for  the  turbulent  boundary 
layer.  According  to  this  principle, 
the  concentration  and  temperature 
(enthalpy)  profiles  are  similar  to  the 
velocity  profiles  in  each  section. 
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Footnote  (7)  on  page  237.  The  calculations  were  done  at  the 

request  of  the  author  by  0.  K.  Zakharova. 

Footnote  (8)  on  page  251*.  A  similar  result  was  obtained  for  the 

laminar  boundary  layer  near  the  front 
stagnation  point,  as  reported  in 
Goulard's  paper  quoted  earlier  in  this 
chapter. 
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CHAPTER  V 


TURBULENT  BOUNDARY  LAYER  WITH  MASS  TRANSFER 
BETWEEN  THE  GAS  AND  THE  SOLID  SURFACE. 


§  27.  Introduction 


In  Chapter  III  and  Chapter  IV  we  discussed  the  properties  of  the 
turbulent  boundary  layers  which  are  formed  on  bodies  of  various 
shapes,  in  the  absence  of  mass  transfer  between  the  gas  and  the  solid 
wall.  When  bodies  move  at  very  large  supersonic  velocities  through 
the  dense  layers  of  the  atmosphere,  the  processes  of  mass  transfer 
between  the  gas  and  surface  begin  to  play  an  important  role.  Strong 
heating  may  lead  to  a  change  of  the  state  of  a  solid  body:  to  its 
melting,  vaporization,  and  the  subsequent  removal  of  the  surface 
material  by  the  gas  flow.  The  first  data  on  mass  transfer  for  bodies 
moving  at  very  large  supersonic  velocities  were  obtained  more  than 
forty  years  ago  as  a  result  of  studies  done  on  the  motion  of  meteors. 
In  recent  decades,  interest  in  the  problem  has  grown  even  more  due 
to  the  advances  in  rocket  and  space  technology.  The  phenomena  which 
occur  when  moving  bodies  are  heated  to  very  high  temperatures  became 
the  subject  of  extensive  experimental  and  theoretical  studies.  One 
of  the  most  important  results  of  those  studies  was  the  conclusion 


that  it  is  possible  to  use  special  ablating  coverings  in  order  to 
thermally  insulate  the  front  portions  of  rockets  and  spacecraft.  At 
the  present  time,  it  has  apparently  been  accepted  that  the  heat 
protection  of  hypersonic  vehicles  by  means  of  ablating  coverings  is 
the  most  effective  method  from  a  weight  and  design  standpoint.  Mass 
transfer  plays  an  important  role  in  cooling  the  walls  of  combustion 
chambers,  supersonic  air  scoops,  nozzles,  rocket  engines,  etc. 

Heat  protection  coverings  are  widely  made  of  construction  syn¬ 
thetics,  synthesized  on  the  base  of  thermoreactive  phenol-formaldehyde 
and  epoxy  resins  [1].  With  respect  to  resin-reinforcing  fillers,  use 
is  made  of  textolite,  glass-textolite,  asbestos,  chromium,  high-melting 
oxides  of  magnesium,  aluminum,  nylon,  Terylene,  and  other  materials. 

Materials  that  decompose  at  relatively  low  temperatures  (up  to 
1000°  K)  are  of  great  interest  today:  teflon  kapron,  polyethylene, 
organic  glass.  When  heat  protection  coverings  made  of  these  materials 
undergo  decomposition,  the  boundary  layer  becomes  'filled  with  gases 
of  various  molecular  weights,  which  in  many  cases  leads  to  a  strong 
"blowing  effect"  that  reduces  the  heat  flux  to  the  surface.  By  now  a 
great  number  of  various  heat  proof  materials  have  been  investigated 
and  applied.  However,  regardless  of  the  diversity  of  these  materials, 
it  was  noted  that  heat  protection  coverings  decompose  basically  due 
to  the  following  physical-chemical  processes:  surface  pyrolysis  of 
the  binding  depolymerization,  vaporization,  sublimation,  conbustion, 
melting,  erosion.  In  a  majority  of  cases,  the  rate  of  combustion  of 
the  coke  residue  of  the  binding  resin  is  used  as  the  defining  rate 
of  decomposition,  of  a  synthetic  covering.  Removal  processes  in  the 
liquid  phase  may  play  an  important  role  if  a  covering  has  a  large 
percentage  of  quartz  and  glass  fillers.  An  example  of  such  a  heat 
protection  covering  is  an  asbestos-textolite  covering  in  which  the 
following  processes  are  observed  upon  heating:  coking,  dehydration 
of  asbestos,  chemical  interaction  of  coke  residue  with  oxygen  and 
nitrogen,  sublimation  of  coke  residue,  flow  of  melted  silica  fiber 
(Si02),  vaporization  of  melted  SiO^.  The  result  of  all  those 
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processes  is  that  the  composition  of  the  gas  mixture  in  the  boundary 
layer  becomes  very  complicated  [2].  Depending  on  the  conditions,  the 
mixture  may  contain  the  following  components:  02,  0,  N2>  N,  C,  C^, 

C3,  CO  C02,  CN,  HCN ,  H2,  H,  Si,  SiO,  Si02>  ScC,  SiC2,.Si2C  and  others 


The  process  of  surface  decomposition  through  the  mechanisms 
indicated,  all  at  the  same  time  or  some  of  them,  has  come  to  be 
called  mass  removal.  One  of  the  possible  mechanisms  resonable  for 
mass  removal  is  illustrated  in  Figure  74,  a. 
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Figure  74 


In  certain  cases,  a  surface  may  be  cooled  by  forced  injection  of 
a  substance  into  the  boundary  layer  through  the  porous  wall  (’Figure 
74,  b).  One  may  use  air,  water  vapor,  light  gases  (hydrogen, 
helium),  and  other  gases  and  vapors  [3J  as  the  cooling  material  in 
porous  cooling. 


The  presence  of  lateral  mass  flow  in  the  boundary  layer,  caused 
by  the  injection  of  mass  through  the  porous  wall,  sublimation  of  a 
solid  surface,  or  vaporization  of  a  liquid  film,  has  an  effect  on 
the  structure  of  the  boundary  layer,  (velocity,  temperature  profiles, 
etc.)  which  is  proportional  to  the  intensity  of  the  flow.  Along  with 
the  change  of  the  local  characteristics  of  fcho  boundary  layer,  its 
integral  eharaeterisjtics  are  modified.  In  particular,  the  injection 
usually  leads  to  a  reduction  of  friction  and  neat,  flux  on  the  wail. 
Exceptions  may  occur  only  in  those  cases  when  the  mass  Injected  Into 
the  boundary  layer  reacts  chemically  with  the  components  of  the 
fundamental  flow,  and  the  heat  thus  released  may  in  the  final  analysis 
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result  in  an  increase  of  heat  flux  on  the  wall.  The  phenomenon  in 
which  friction  and  heat  flux  are  reduced  upon  the  injection  of  mass 
into  the  boundary  layer  is  sometimes  called  the  "blocking  effect". 

The  present  chapter  will  be  devoted  to  a  description  of  some  of 
the  phenomena  mentioned  above  and  to  a  presentation  of  the  methods 
of  calculating  friction  and  heat  transfer  for  the  case  of  mass 
injection  into  the  boundary  layer.  We  shall  discuss  flows  near  a 
porous  (or  sublimating)  plate  immersed  in  a  supersonic  gas  stream, 
with  no  chemical  interaction  between  the  mass  injected  and  the  gas  of 
the  fundamental  flow. 

In  conclusion,  we  note  that  a  solution  of  this  problem,  either 
of  an  experimental  or  theoretical  nature,  is  still  far  from  realiza¬ 
tion.  In  fact,  only  the  first  few  results  have  been  obtained.  Many 
theoretical  and  experimental  aspects  of  the  problem  remain  unclear. 

In  view  of  this  fact,  it  seems  advisable  to  give  a  brief  survey  of 
the  basic  approaches  used  in  this  area  of  the  theory  of  the 
turbulent  boundary  layer. 

§  28.  Basic  Trends  in  the  Study  of  the  Turbulent 
Boundary  Layer  with  Mass  Transfer 
Between  the  Qas  and  the  Surface 


This  area  of  investigations  has  developed  primarily  during  the 
past  ten  to  fifteen  years.  An  acquaintance  with  papers  related  to 
this  area  proves  that  the  development  has  followed  the  same  paths 
as  the  development  of  the  theory  of  the  turbulent  boundary  layer  in 
a  compressible  gas  in  the  absence  of  mass  transfer  between  the  gas 
and  the  surface  (some  results  of  these  investigations)  were  discussed 
in  Chapter  III).  Similarly  as  before,  there  are  three  principal 
trends:  rl)  semi-empirical,  baaed  on  a  generalization  of  the  Brand tl 
and  Karman  Formulas,  (?.6S)  and  (2.69),  to  the  flow  of  a  compressible 
ga3  with  mass  transfer  between  the  gas  and  the  wall  (this  approach 
may  also  be  characterised  as  one  using  the  logarithmic  velocity 
profile  ;  (2)  semi-empirioal ,  based  on  power-law  velocity  profiles i 
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(3)  empirical,  based  on  direct  use  of  experimental  data. 

Thus  far,  the  first  approach  has  been  followed  the  most.  In  a 
majority  of  papers  following  this  approach,  the  following  expression 
for  the  friction  stress  in  the  boundary  layer  is  used 

i  +  (p»)w«.  (5.1) 


Here  (pv)  is  the  mass  flux  at 

W 


Equation  (5.1)  can  be  easily  obtained  using  the  following  simple 
considerations.  We  expand  (x  -  Pwvwu)  into  a  Taylor  series 

t(s.  y) -  p»v<(|.  y)  1(|.  0)  +  j^-(t  -  e  y  +  ... 

Noting  that  the  equation  of  motion  (2.52)  for  a  flat  plate  apd  the 
second  of  the  boundary  conditions  (2.73)  imply  that 


[~(t~  p^u) 


)]  «0. 


we  arrive  at  Equation  (5.1)*  The  fact  that  expression  (5-D  la 
used  for  the  friction  stress  means  essentially  that  we  assume  the 
mass  flux  in  the  boundary  layer  so  be  constant 

«  const  ««  (pv)u>. 

Equation  (5.1)*  as  can  be  easily  seen,  leads  to  invalid  results  at 
the  outer  edge  of  the  boundary  layer,  where  we  must  satisfy  the  condi¬ 
tion  r  a  o  for  u  «  U  . 

The  actual  character  of  the  friction  stress  distribution  in  the 
boundary  layer  with  mass  addition  may  be  seen  in  Figure  75  P»J,  which 
shows  the  results  of  the  friction  measurements  for  various  values 
of  the  injection  parameter  B,  defined  by 


It 


\r« 
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The  distribution  of  the  tan- 


Pigure  75 


gential  stresses  was  given  in 
Figure  75  as  a  function  of  the 
dimensionless  distance  from  the  wall 
y/6,  where  5  is  the  thickness  of  the 
boundary  layer.  It  can  be  seen  from 
the  diagram  that  in  the  absence  of 
mass  addition  (B  =  0),  the  maximum 
of  the  friction  stress  t  will  occur 
at  the  wall.  With  an  increase  of 
the  injection  parameter,  the  friction 
stress  at  the  wall  decreases 
noticeably,  and  in  the  boundary 


layer  it  noticeably  increases,  attaining  a  maximum  in  a  region 
adjacent  to  the  wall.  The  same  results,  given  in  the  form  of  the 
relation  t/tw  a  f(u),  are  shown  in  Figure  76.  We  can  see  that  in 
the  region  u  <  u.5  the  distribution  of  the  friction  stresses  is 
described  well  by  Equation  (5.1)  (dotted  straight  line)  written  in 
the  form 


T  43  Xi#  (t  fifi).  ( 5 . 3 ) 

Disregarding  the  faet  that  Equation  (5*3)  poorly  describes  the 
distribution  of  tangential  stresses  in  the  outer  region  of  the 
boundary  layer,  it  turns  out  to  be  fully  .applicable  in  the  calcula¬ 
tion  of  the  Integral  characteristics  of  the  boundary  layer  (friction, 
displacement  and  momentum  loss  thicknesses,  etc).  This  can  be 
explained  using  the  same  considerations  as  those  presented  in  Section 
10  because  of  Equation  C 3 . 1 ) . 

Using  Equation  (5«3)»  the  brand tl  and  Karman  Formulas,  (2.68)  and 
(2 .'69),  may  be  used  to  obtain  the  following  expressions  for  the 
velocity  profiles  in  the  turbulent  core  of  the  boundary  layer: 


*  ’*  \*  * 


(5.*0 
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(5.5) 


-  C* -t-  «5e*p[«t5(-t-^7K-)  *»] 


•Id. 


Here  ,  C^,  Cg  are  the  constants  of  integration,  and  n  and  c  are 
giver,  by  Equations  (3.8)* 


It  is  not  hard  to  see  that, 
when  there  Is  no  injection  (B  «  0), 
Equations  (5.6)  and  (5*5)  reduce  to 
Equations  (3-6)  and  (3.7),  respec¬ 
tively,  which  gives  the  velocity 
profile  in  the  turbulent  core  on  a 
nonpertneable  wall. 


■'igure  76 


Equations  (5*6)  and  (5.5)  lead, 
respectively,  to  the  following 
expressions  for  the  momentum  loss 
thiekness (2.76) ; 


d“"  (Trip  **pf ^ 5  ^Trkr )  *]*• 

*- -  *1* 


(5.6) 


(5*7) 


In  the  absence  of  injection  (8  *  0)  Equations  (5.6)  and  (5.7)  reduce 
to  Equations  (3*9)  and  (3.10)  respectively^. 

The  differences  among  the  papers  written  by  various  worker?  are 
usually  related  to  the  determination  of  the  constants  sf  integration 
Cj,,  5/,  and  to  the  methods  of  evaluating  the  integrals  in  Equations 
(5*6)  and  ($.7)'  •  One  of  the  first  papers  sent&lning  an  analysis 

of  the  turbulent  boundary  layer  on  a  porc.ua  plate  with  addition  of 
mass  of  the  same  physics 1-efcemlcal  properties  as  those  of  the  gas  In 
the  oncoming  flow,  was  written  by  Dorrance  and  Done  (5).  The 
velocity  profile  in  that  paper  was  determined  on  the  basis  of  th<- 
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Prandtl  formula  [see  (5-1*)]  under  the  assumption  that  the  distribution 
of  tangential  stresses  in  the  boundary  layer  is  described  by  Equation 
(5.3)-  The  friction  coefficient  was  found  using  the  usual  method  with 
the  aid  of  the  Integral  momentum  relation  (2.80),  which  in  the  case 
of  a  flow  over  a  flat  plate  becomes 

~  (5*8) 

The  Dorrance  and  Pore  method  was  extended  to  the  case  where  a  sub¬ 
stance  with  properties  different  from  those  of  the  oncoming  flow  was 
added  to  the  boundary  layer,  by  V.  P.  Motulevich  [63*  Later  V.  P. 
Hotuievich  extended  this  method  to  the  ease  of  the  sublimation  e«* 
the  plate  surface,  at  the  time  improving  his  computational  procedures 
£73. 


1.  ¥©.  Kalikhman  (83  investigated  the  turbulent  boundary  layer  in 
an  incompressible  fluid  with  the  addition  of  a  substance  with  the 
same  physical  properties  as  those  of  the  tat  flowing  over  the  surface. 
He  obtained  a  solution  on  the  basis  of  the  sesi-empiricai  Prandtl 
theory  C2.6S)  using  the  boundary  condition  at  the  wall,  similar  to 
the  condition  in  the  boundary  layer  of  a  free  streamline,  which  is 
equivalent  to  assuming  that  there  is  no  laminar  sublayer  near  the 
wail. 


the  question  of  the  effect  *t  the  frandtl  and  Lewis  rowers  on 
skin  friction  of  a  flat  plate  with  injection  through  the  porous 
wall  of  a  substance  inert  relative  the  gas  in  the  fundamental 
flow  was  studied  In  the  paper  by  1.  P.  Sinsfeurg*  §.  'V,  gecheryahenkev, 
and  fi.  i.  ?ferdvineva  £f  j.  . 

An  analysis  of  the  problem  in  question  on  the  basis  of  the 
Halting  fri'stion  and  heat  transfer  laws  can  be  found  in  the  papers 
by  g.  S.  ftutateladee  and  A,  1.  Ls-ent * yev  et  al .  £S'S|. 

fbe  sewi-etfspirical  theory  ef  the  turbulent  boundary  layer  on  a 
chemically  active  ablating  Surface  was  developed  by  Penison  [111 
and  applied  to  ablating  gr&fhS*e  surfaces. 


The  second  approach,  based  on  power-law  expressions  for  velocity 
profiles,  has  not  been  pursued  to  a  great  extent.  Among  the  papers 
using  the  second  approach,  we  shall  mention  one  written  by  V.  D. 
Sovershennyi  [12]  in  which  —  in  addition  to  a  flow  near  a  porous 
plate  —  he  discussed  flow  on  a  permeable  surface  with  a  small 
longitudinal  pressure  gradient. 

The  empirical  theory  of  friction  and  heat  transfer  on  a  porous 
plate  with  injection  of  air  into  air  was  proposed  by  V.  P.  Mugalev 
[13].  The  method  is  based  on  the  similarity,  established  by  the 
author  experimentally,  between  the  flow  with  a  longitudinal  positive 
pressure  gradient  and  the  flow  on  a  porous  plate  with  injection. 

The  similarity  is  seen  in  the  velocity  profiles  in  the  boundary  layer 
for  the  flows  indicated  above.  Introducing  the  form  parameter  f  = 
(Pw‘Wi>etfc)  He** v.  P.  Mugalev  brings  the  integral  momentum  relation 
to  a  form  allowing  its  linearization,  similarly  as  it  was  done  in  the 
well-known  L.  G.  Loytsyanskiy  method  [14],  The  rest  of  the  compu¬ 
tation  proceeds  in  the  same  way  as  in  the  case  of  a  boundary  layer 
with  a  longitudinal  pressure  gradient. 

The  empirical  theory  of  heat  and  mass  transfer  on  a  flat  plate 
in  the  presence  or  absence  of  chemical  reactions  in  the  boundary 
layer  was  developed  by  Spalding,  Auslander,  and  Sandarom  (see  their 
paper,  already  quoted  in  this  section).  Their  method  is  tc  an 
extent  similar  to  Spalding  and  Chi's  method  of  calculating  friction 
on  a  nonpermeable  plate,  discussed  in  Section  14.  Just  as  in  the 
latter  case,  in  the  paper  in  question  some  of  the  determining 
functions  are  chosen  on  the  basis  of  an  analysis  of  the  semi-empirical 
methods  of  computation,  and  others  on  the  basis  of  experimental  data. 

As  an  aid  in  the  computation  of  the  drag,  heat  transfer,  and 
consumption  of  the  cooling  substance,  tables  and  graphs  were  con¬ 
structed  for  Mach  numbers  ranging  from  0  to  12,  and  the  temperature 
factor  (T  /T^)  ranging  from  0.05  to  20.  The  cases  considered 
involved  injection  of  air,  helium,  and  hydrogen  into  the  air.  For 
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hydrogen,  two  groups  of  tables  are  given:  one  in  which  combustion 
was  considered,  and  the  other  in  which  it  was  not. 

It  will  be  noted  that  Spalding,  Auslander,  and  Sandarom's  paper 
also  contains  a  detailed  analysis  of  many  semi-empirical  methods  * 

as  well  as  an  extensive  bibliography. 

§  29 .  Experimental  Investigations  of  the  Turbulent 
Boundary  Layer  with  Mass  Transfer 

At  the  present  time  we  have  at  our  disposal  a  fairly  large  amount 

of  experimental  data  on  the  effect  of  injection  of  various  gases  on 

the  characteristics  of  a  turbulent  boundary  layer  (velocity  and 

temperature  profiles,  friction,  heat  transfer,  etc.).  A  majority 

of  the  experimental  data  were  obtained  for  flows  without  longitudinal 

r  o  \ 

pressure  gradients  (plate,  cone)  .  Unfortunately,  great  technical 
difficulties  in  conducting  such  experiments  have  in  many  cases 
resulted  in  significant  errors  (up  to  100%),  which  is  indicated 
by  che  large  discrepancies  in  the  experimental  points  obtained  by 
various  workers  for  the  same  conditions.  The  basic  experimental 
method  of  determining  local  friction  had  for  a  long  time  involved 
measurements  of  the  velocity  and  temperature  profiles.  More 
accurate  direct  methods  of  measuring  local  forces  of  friction  with 
the  aid  of  a  "floating"  element,  used  extensively  in  the  investiga¬ 
tion  of  flows  on  nonpermeable  surfaces  (see  Section  11),  are  still 
very  imperfect.  In  a  number  of  papers,  the  accuracy  with  which 
various  characteristics  are  measured  is  insufficient.  These  circum¬ 
stances  resulted  in  a  situation  in  which  the  effect  of  individual 
parameters  on  friction  and  heat  transfer  still  is  unknown,  and  in 
certain  cases,  the  experimental  data  obtained  by  various  authors  are 
contradictory. 

In  the  present  section,  we  shall  mainly  discuss  the  results  of 
the  experimental  studies  of  the  boundary  layer  characteristics,  with 
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injection  at  supersonic  velocities.  The  experimental  data  for  sub¬ 
sonic  flows  will  usually  be  given  in  summary  diagrams. 

C  ij  \ 

V.  P.  Mugalev 's  experiments  .  V.  P.  Mugalev  obtained  extensive 
data  on  the  flow  structure  in  a  turbulent  boundary  layer  with 
injection,  and  on  the  effect  of  the  individual  parameters  (Me>  Rex 
numbers,  properties  of  the  injected  gas,  etc.)  on  heat  transfer. 

The  experiments  included  measurements  of  the  velocity,  temperature, 
concentration,  and  density  profiles  in  the  boundary  layer,  and  of 
heat  transfer  on  a  flat  porous  plate,  for  a  wide  range  of  flow 
parameters  and  injection  intensity. 


Figure  77  gives  the  velocity  profiles  for  conditions  involving 
addition  of  air  to  an  air  stream  moving  at  a  subsonic  velocity 
(U  =  51  m/sec).  We  can  see  that,  as  the  injection  increases,  the 
velocity  profiles  become  deformed  and  less  solid.  For  a  large 
intensity  of  injection  (v/U  >  0.02),  the  profiles  undergo  an 
inflection,  and  the  derivative  (9u/9y)w  tends  to  zero.  From  this 
variation  of  the  velocity  profiles,  V.  P.  Mugalev  concluded  that 
for  moderate  injection  intensities  (up  to  an  appearance  of  an 
Inflection  point),  the  effect  of  injection  is  similar  to  the  effect 
of  a  longitudinal  positive  pressure  gradient,  and  for  larger  injection 
intensities,  the  velocity  profile  becomes  similar  to  a  jet  profile. 


Footnote  (<4)  appears  on  page  321. 
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Figure  78  shows  the  velocity  and  temperature  profiles,  obtained 
under  identical  conditions  (M  =  0.08)  with  air  injection.  On  the 
axis  of  ordinates  in  this  diagram  we  plot  Y/Y.  and  Y/Y  .  ,  where 

,t  6  G  U 

l'  r!(“  and  Y  and  Y  ,  are  the  coordinates  of  the  boundaries 

j  ^  (r)  e  e  t  , 

of  the  dynamic  and  thermal  boundary  layers.  The  injection  parameter 

B**  is  given  by 


jr 


_  Ww 

p  fl. 


Re 


..0,25 


Ih_ 

Tt  ‘ 


A  comparison  for  the  velocity  profiles  and  the  stagnation  temperature 
gradients  shows  their  approximate  similarity.  At  the  same  time,  for 
large  values  of  the  injection  parameter,  heat  transfer  is  somewhat 
greater  than  momentum  transfer. 


In  Figure  79  a  similar  comparison  was  made  for  the  velocity  and 
relative  concentration  profiles  In  the  boundary  layer  for  injection 
of  carbon  dioxide  into  the  air  stream,  also  obtained  under  identical 
conditions  (Mg  =  2.5 ;  Tw/TrQ  ®  1.1).  We  can  see  that  the  velocity 
and  concentration  profiles  are  approximately  similar. 


Thus,  in  this  case,  we  may  conclude  that  injection  of  gases  into 
a  boundary  layer  has  a  similar  effect  on  the  velocity,  temperature, 
and  concentration  profiles.  At  the  same  time,  the  author  notes  that 
there  does  not  exist  any  similarity  between  the  profiles  indicated  in 
the  case  of  injection. 
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Figure  79 

Measurements  of  heat  transfer  were  made  in  the  wind  tunnels  with 
injection  of  cold  gases  (helium,  air,  carbon  dioxide,  argon  and 
krypon)  into  the  boundary  layer.  The  Mach  and  Reynolds  numbers 
varied  within  the  intervals  0  <  M  <3-7;  10^  <  Rev  <  10^.  The 
temperature  factor  Tw/TrQ  varied  for  0.5  to  1.  The  heat  transfer 
coefficients  for  transfer  to  porous  surface  were  determined  on  the 
basis  of  the  heat  balance  equation  from  the  measured  values  of  the 
temperatures  of  the  injected  gas  at  the  wall,  flow  rate  of  the 
injected  gas,  and  the  external  flow  parameters. 

The  results  of  the  experiments  in  which  the  effect  of  injection 
on  heat  transfer  was  measured  with  addition  of  various  gases  and  for 
various  Mach  numbers  of  the  external  flow,  are  given  in  Figure  80 
[1  -  helium  (Mg  =  2.5);  2  -  carbon  dioxide  (Mg  =  2.5);  3  -  argon 
(M  =  2.5);  4  -  krypton  (M_  »  2.5);  5  -  air  (M  £  0);  6  -  air  (M  = 
2.5);  7  -  air  (Mg  =  3*7)].  According  to  the  author's  estimate,  the 
maximum  possible  experimental  error  did  not  exceed  10  -  40$  for 

<V"2\o  *  °'5  '  5‘ 

On  the  basis  of  the  data  given  in  Figure  80,  we  conclude  that  the 
variation  of  the  parameters  MQ,  Rex,  and  ,Tw/TrQ  in  the  range 
investigated  does  not  have  any  effect  on  the  criterion  relations 

W(</.W o»/i(#i.)  and  ?,/(v  )oA^  =»  U  (/*,.«)■ 
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Figure  80 
for  heat  fluxes 


[Here  Bh  -  (P^l/p^; 

Bh0  “  (p»v»)/peUe  (ch5Bh  „  Q> 

qwJ  (QtJr  are  the  heat 

w  w  %  =  0 

fluxes  to  the  wall  in  the  presence 
and  absence  of  injection,  and 
Tw  =  idem]. 


On  the  basis  of  an  analysis 
of  the  experimental  data  on  the 
effect  of  injection  on  heat 
transfer,  V.  P.  Mugalev  proposed 
a  simple  approximate  formula 


^u)ut=0 


1-0,19  (-£)&,. 


(5-9) 


Here  M^  and  M2  are  the  molecular  weights  of  the  gas  at  the  outer 
edge  of  the  boundary  layer  and  of  the  injected  gas;  b  =  0.35  for 
0.2  <  (M1/M2)  <  1;  b  *  0.7  for  1  <  (Mj/Mg)  <  8;  b  -  1  for  (Mj/Mg  => 
14.5.  The  approximate  Formula  (5*9)  is  applicable  for  q,j(q„) U/1_u>  0,1  • 


Pappas*  and  Okuno's  experiments  [15].  These  authors  investigated 
the  dependence  of  the  mean  friction  hot  trarsfer  coefficients,  as 
well  as  of  the  recovery  coefficient  and  the  Reynolds  similitude 
parameter  on  the  injection  of  air,  helium,  and  freon-12  through 
a  porous  wall  of  a  cone  with  a  12°  angle  at  the  vertex  for  the  Mach 
numbers  of  the  air  stream  (on  a  cone)  0.7;  3.67;  *1.35  and  the 
Reynolds  numbers  on  the  order  9. 5*10®. 


The  results  of  the  measurements  made  by  Pappas  and  Okuno  are 
given  in  Figures  81  -  89.  The  following  notation  is  used  in  these 
figures:  is  the  mean  friction  coefficient;  cH  is  the  mean  heat 

transfer  coefficient;^  ■« 2p„p„/p, is  the  injection  parameter  for 


1 


FTD-HC-23-723-71 


286 


a  supersonic  flow;  #j\.  =  2ptl,vJpmU <*> [cF)B^a  is  the  injection  parameter  for 
a  subsonic  flow;  U  ,  pg  is  the  velocity  and  density  at  the  edge  of  a 
boundary  layer;  Mg  is  the  Mach  number  at  the  outer  edge  of  the 
boundary  layer  (in  the  case  of  a  subsonic  flow  M  *  M_);  r  =  (T  - 

Q  ™  I 

Tw)/T*  -  Tw)  is  the  recovery  factor;  Tp  is  the  recovery  temperature; 
T*  is  the  stagnation  temperature  in  the  outer  flow;  Re„  *  U„P„x/  u 
is  a  Reynolds  number  for  a  supersonic  flow,  Rex  *>  U^p^x/u^  is  the 
Reynolds  number  for  a  subsonic  flow;  x  is  the  distance  measured 
along  the  cone.  The  subscript  "zero"  refers  to  the  parameter  values 
in  the  case  of  no  injection. 

Figures  81  and  82  are  plots  of  c>>/(cp)w«,0  on  a  thermally  insulated 

surface  versus  the  Mach  number  for  various  values  of  the  injection 
parameter  BFQ. 

In  addition,  Figure  82  also  includes  the  experimental  point 
obtained  by  Mickley  and  Davis  [16],  obtained  by  measuring  local 
friction  on  the  basis  of  the  velocity  profiles  on  a  plate  in  incom¬ 
pressible  fluid.  Inspection  of  Figures  81  and  82  enables  us  to 
conclude  that  the  Mach  number  at  the  outer  edge  of  the  boundary  layer 
has  a  substantial  effect  on  the  ratio  .  This  effect  increases 

with  an  increase  of  the  injection  parameter  BFq. 

Figures  83  and  84  show  the  results  of  the  measurements  of  the 
heat  transfer  coefficients  for  various  injection  intensities  of 
helium,  air,  and  freon-12,  and  for  Mg  ■  3.67  and  4. 35.  The  same 
data  for  helium  and  air,  supplemented  by  data  for  «  0.7,  are 
shown  in  different  coordinates  in  Figures  85  and  86.  Figures  OS 
and  86  make  it  clear  that  for  Me  ranging  from  0.7  to  3*67,  the 
effect  of  the  Mach  number  on  the  ratio  <W(c M)«  „  is  small,  which  agrees 
with  the  data  obtained  by  V,  P.  Mugalev  considered  above.  For 
in  the  range  from  3*67  to  4,35,  the  character  of  this  dependence 
changes  sharply,  which  is  in  disagreement  with  other  results 
available,  as  well  as  with  the  results  obtained  by  the  same  authors 
in  the  interval  0.7  <  £  3*67.  Figure  87  is  a  plot  of  the 
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Figure  81 


Figure  82 
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Figure  86 


fit  recovery  factor  r  versus  the 

Figure  85  injection  parameter  for  the 

Mach  numbers  0.7  and  4.35.  As 

can  be  seen  from  the  diagram,  for  the  Mach  number  0.7,  the  recovery 
factor  for  air  and  freon  injection  decreases  with  an  increase  in 
the  injection  intensity.  For  helium  injection,  it  first  increases 
up  to  1.25,  and  then  falls  off.  For  Me  •  4.35,  the  recovery  factor 
first  decreases  for  all  injected  gases,  and  then  becomes  larger. 

The  fact  that  the  values  of  the  recovery  factor  exceed  unity  is 
particularly  striking. 

Figures  88  and  89  represent  slots  of  the  Reynolds  similitude  pa¬ 
rameter  2Cj|/cp  versus  the  injection  intensity  of  air  and  helium  for 
various  Mach  numbers.  Me  note  the  character  ©f  the  variation  of  the 
Reynolds  similitude  parameter  for  helium  injection  (Figure  89)  at 
supersonic  velocities.  First  the  parameter  increases,  attaining 
a  maximum  equal  to  1.35,  and  then  decreases  noticeably. 

An  analysis  of  the  experimental  data  obtain  by  fappas  and  s&fcun© 
shows  that  an  injection  of  a  substance  into  the  boundary  layer  leads 
to  a  significant  change  in  the  characteristics  of  the  boundary 
layer.  Moreover,  the  character  of  the  variation  of  such  quantities 
as  the  recovery  factor  and  the  Reynolds  similitude  parameter  differs 
significantly  from  the  behavior  of  these  quantities  when  ten?  Is 
no  injection. 
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Figure  88 

Foearoli  and  Saydah*s 
experiments  ti?3.  The  paper  by 
Pagaroli  and  Saydah  contains  the 
results  of  a  hypersonic  wind 
tunnel  investigation  of  the 
effect  ©f  air  injection  on 
friction  and  heat  transfer  in  a 
turbulent  boundary  layer  on  a 
porous  cone  at  Mach  numbers  equal 
to  f.$  and  8.1  on  the  cone,  and 
for  a  variation  of  the  injection 

parameter  #>\#  =  from  0  to 

20.  The  half-angle  at  the  vertex 
of  the  cone  was  7.5® » 


■— e— Flgus*e  f@  is  a  plot  of  the 
tt  L— —  *4=«  =-4“  —4  ratio  of  heat  flux  with  injection 

if  j|r  4=  'i  ''"5"  j  to  heat  flux  without  injection 

*  $i  =a|*^|==4—  *=■=  =«4““  *=»  versus  the  injection  parameter  for 

'  various  values  of  the  Haeh  number 
J  J _ at  the  edge  of  the  boundary  layer. 

#  2  4  f  tVcXVf* 

w  Figure  90  also  contains  the  data 
Figure  90  of  other  workers  (points  in  the 

diagram  have  no  names).  The 

scatter  of  the  experimental  points  is  fairly  large,  and  thus  it  is 
difficult  toestisxate  the  influence  of  the  Mach  muster  on  heat  flux. 


Figure  90 
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To  a  first  approximation,  we  can  apparently  assume  that  the  Mach 
number  does  not  have  an  effect  on  heat  flux.  The  curve  given  in  the 
figure  was  calculated  using  the  following  approximate  formula: 

*’  ['  T ,ik>)  '  *]  ~  4-^*0  (5.10) 


Experimental  data  obtained  by  other  authors.  Figure  91,  adapted 
r  '  re'S 

from  Nash's  paoerw  ,  is  a  summary  plot  of  the  experimental  data 
obtained  by  various  authors  who  measured  skin  friction  with  injection 
(v*  is  the  dynamic  velocity).  The  same  figure  includes  a  curve 
calculated  using  the  formula 


•oc  '  '*'■  [~  "■”(  oc)  I '  *  v,i: 


(5-11) 


Equation  (5,11)  was  obtained  by  Mash  as  a  generalisation  of  the 
Tureotte  formula  (1§3  introduced  for  an  incompressible  fluid. 


Examination  of  the  above  experimental  results  of  injection  of 
various*  substances  into  a  turbulent  boundary  layer  enables  us  to 
draw  the  following  concisions. 

Injection  of  a  substance  into  a  boundary  layer  lowers  the  skin 
friction  and  heat  transfer  on  the  surface.  An  Injection  of  light 
gases  has  the  greatest  effect. 


The  velocity  profiles  in  the  boundary  layer  undergo  distortion 
ue«n  injection,  becoaing  less  solid  as  the  intensity  of  injection 
increases.  For  intense  injection,  an  inflection  point  appears  on 
the  velocity  profile,  and  the  profiles  themselves  resemble  Jet 
pro  files. 

Injection  of  various  gases  into  the  boundary  layer  may  Have  a 
great  effect  on  the  recovery  factor  and  the  Reynolds  similitude 
parameter. 

Footnote  05)  appears  on  page  325, 
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The  Mach  number  at  the  outer  edge  of  the  boundary  layer  has  a 
noticeable  effect  on  friction  Cep/'tp)^}*  The  effect  is  greater* 

the  greater  the  intensity. 

A  majority  of  the  axperisumt&l  data  indicates  that  the  Paen 
number  hag  no  effect  (or  a  weak  ont)  on  heat  transfer  frW!***)#* 


In  conclusion*  we  note  that  all  the  data  considered  above  were 
obtained  in  experiment#,  involving  nenreaoting  gas  »i stores. 

The  nueifeer  of  studies  of  the  turbulent  boundary  layer  with  an 
injection  of  chemically  aetive  gases  is  at  the  present  tl»e  very 
United  tl§]. 


and,  at  the 
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The  Toma l  feoynaaey  conditions:  i>r  the  iongHudinai  velocity 
component,  concent  rat 5 on *  xnd  t«tal  entbaipy  In  the  presence  of  saass 
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transfer  between  the  surface  and  the  gas  can  be  written  in  the 
usual  form 


.1  —  0,  Cj  —  Ci„,  II  =  h ■„  for  y  —  0;  | 
u  -  i’t,  cj  =  cu,  II  =  //,.  for  y  -*  oo.  |  (5-12 

The  boundary  condition  for  the  normal  velocity  component  at  a 
permeable  wall  has  the  form 


v  -  vr  at  s  —  0 


(5-13) 


in  contrast  with  the  condition  v  =  0  at  y  =  0  at  a  nonpermeable  wall. 
The  surface  of  a  plate  is  usually  assumed  to  be  semipermeable,  i.e., 
permeable  for  the  injected  substance  and  nonpermeable  for  the  gas 
flowing  around  the  surface. 


The  expressions  for  the  enthalpy  at  the  wall  and  at  the  outer 
edge  of  the  boundary  layer  have  the  form 


K  ~  2  he  =-  ^  c„i  dT  +  til. 


(5-1^) 


H « 


h,-r4.  hit~^CpidT+h'l.  (5.15) 


The  species  concentrations  at  the  outer  edge  of  the  boundary 

layer,  c^  ,  are  usually  assumed  to  be  known  from  the  solution  for 

the  external  flow.  In  a  majority  of  cases,  it  is  assumed  that  the 

external  flow  is  in  a  state  of  thermochemical  equilibrium,  i.e., 

f;,  -  (t*.  Thus,  the  boundary  conditions  at  the  outer  edge  of  the 

boundary  layer  are  usually  completely  defined.  The  conditions  at 

the  wall  for  the  concentrations  c.  and  velocities  v  are  inter- 

iw  w 

dependent,  as  will  be  seen  later.  The  value  of  vw  may,  in  principle 
be  specified  if  we  deal  with  injection  through  a  porous  surface. 

The  values  of  concentration  at  the  wall,  c^w,  in  this  case  must  be 
determined  from  auxiliary  conditions  in  the  course  of  solving  the 
problem. 


In  the  case  of  a  flow  over  a  sublimating  surface,  the  normal 
velocity  component  vw  cannot  be  arbitrarily  specified  and  must, 
just  as  the  concentration  at  the  surface  Cjw»  be  determined  from 
auxiliary  conditions  in  the  course  of  solving  the  problem  (in  the 
case  of  equilibrium  sublimation,  one  of  these  auxiliary  conditions  is 
given  by  the  Clausius- Clapeyron  equation,  which  relates  the  concen¬ 
tration  of  the  sublimate  co  the  temperature  and  pressure  at  the  wall). 

In  order  to  derive  the  auxiliary  relations  connecting  the  flux 
of  a  substance  injected  into  the  boundary  layer  through  a  porous 
surface  (or  forming  due  to  s’ublimation)  to  the  concentrations  of 
the  st  ■  cles  at  the  wall,  we  shall  establish  the  condition  of  con¬ 
servation  of  species  i  at  the  gas-solid  interface  (Figure  92).  The 

figure  shows  ..that  species  i  travels 
fronrthe  gas  to  the  wall  by  diffusion. 
The  mass  flux  of  species  i  migrating 
in  this  way  is  obviously  equal  to 

,r  [  */  is  the  effective 

diffusion  coefficient  (1-58);  here 
we  consider  mass  diffusion].  At  the 
same  time,  species  1  travels  from 
the  surface  into  the  boundary  layer  with  the  flow  of  the  substance, 

(pv)  ,  injected  through  the  wall.  The  amount  of  species  i,  carried 
in  this  fashion,  is  obviously  equal  to  (Pv)wclw>  In  addition,  if 
species  i  becomes  a  component  of  the  mixture,  injected  into  the 
boundary  layer  through  the  porous  surface  (or  sublimating)  and  the 
concentration  of  the  species  inside  the  surface  is  (ciw),  then  the 
amount  of  species  i  entering  the  boundary  layer  through  injection 
will  be  equal  to  (pv)w  (ciw).  a  chemical  reaction  occurs  at  the 
wall,  as  a  result  of  which  an  amount  g^w  of  species  i  is  added  (or 
subtracted)  .(g^  is  the  mass  rate  of  formation  of  species  i  per  unit 
area),  then  the  condition  for  the  conservation  of  species  i  at  the 
wall,  taking  into  account  all  the  transfer  processes  indicated  above, 
can  obviously  be  written. in  the  form 

■•“iiu  ■- ■■  ■ c )  *!•  f».. t^ni.  —  («?<«-) -1*  (5.16) 
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Substituting  the  expression  g^w  (4.35)  into  the  left-hand  side  of 
Equation  (5*16),  we  get 


PlA  (Ctw)-1  — 

=  ^id  [(Pci)«i  m(pCj)u/]. 


(5.17) 


For  species  that  are  not  contained  in  the  mixture  injected  into 
the  boundary  layer,  the  value  of  (c^  )  may  be  set  equal  to  zero. 

When  only  one  species  is  injected,  (c^  )  =  1.  It  is  obvious  that 

for  an  injected  mixture  inside  the  wall,  we  always  have  S(ciip)-r"*. 

If  there  are  no  chemical  reactions  on  the  surface  (g^w  =  0), 
condition  (5-16)  becomes 

PA-  Ec<“>  ~  -  hPu.  (5.18) 

When  one  species  is  injected  through  the  wall  [(c^w)_  =  13 »  Equation 
(5*18)  can  be  written  in  the  form 


PnFui  —  PvPw^im 


(5-19) 


Now  we  proceed  to  consider  the  heat  balance  at  the  gas-solid 
interface  (Figure  93)-  The  heat  is  supplied  to  the  surface  of  the 
body  through  heat  conductivity  and  mass  diffusion 

{w)w  +  ), 


V* 

r 

1 

Solid 

Figure 

93 
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The  heat  is  carried  from  the 
surface  to  the  boundary  layer  by 
the  flux  of  the  substance  Injected 
into  the  boundary  layer:  (PA)2fiA-  ; 
the  following  heat  flux  flows  in  the 
direction  from  the  solid  body 
toward  the  interface:  t )■ 

i 

(temperature  gradient  in  the  body  is 
assumed  to  be  zero).  Thus,  the 
heat  flux  contributing  to  the  heating 
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of  the  wall  (inside  the  wall),  turns  out  to  equal 

+  Si- 

P\BVIO  2  .(CluAu)-)- 


(5.20) 


Taking  into  account  the  expression  for  the  heat  flux  from  the 
gas  to  the  wall,  (4.147),  we  bring  Equation  (5*20)  to  the  form 


For  sublimating  species  we  can  write 


(5.21) 


Vhm)-  —  —  Au, 


(5.22) 


where  hiL  is  the  heat  of  sublimation  of  species  i.  Substituting 
Equation  (5.22)  into  the  expression  (5.20),  we  get 

(-Si 


—  Cttit'iu  ^  4^,,  lr(,„  —  (cjm).  J  —  pwy„Ai, 
i 


where 


(5.23) 


(5.24) 


is  the  total  heat  of  sublimation. 


By  expressing  the  diffusive  flow  of  species  i  with  the 

aid  of  Equation  (5.1$),  we  obtain  from  Equation  (5.23)  the  following 
expression  for  heat  flux  which  is  useful  in  practical  calculations: 


9t  *■  —  I.  ~~ 


(5.25) 


In  conclusion,  we  note  that  the  analysis  done  here  for  a  sublimating 
surface  can  be  easily  extended  to  the  case  of  vaporization  with  a 
gas-liquid  interface.  One  roust  only  replace  the  heat  of  sublimation 
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with  the  heat  of  vaporization  hy. 

The  conditions  (5.16)  -  (5.19)  obtained  in  the  present  section 
relate  the  flux  of  the  substance  injected  into  the  boundary  layer 
(or  produced  due  to  sublimation)  to  the  concentrations  of  the  species 
at  the  wall.  Thus,  all  the  boundary  conditions  at  the  wall  are  now 
fully  determined. 


§  31.  Velocity  Profile  and  Friction  on  a  Flat  Plate 
with  Mass  Addition  to  the  Boundary  Layer 

The  expression  for  the  velocity  profile  in  the  turbulent  core, 

based  on  the  Karman  formula  (2.69)  and  on  the  distribution  of  the 

stresses  of  friction  in  the  boundary  layer  (5-3),  in  general  has 

the  form  (5.5).  In  order  to  determine  the  constant  of  integration 

C6  in  Equation  (5.5),  we  make  the  same  assumption  as  in  Section  12: 

we  assume  that  the  derivative  dn/d$  at  the  boundary  of  the  laminar 

sublayer  on  the  side  of  the  turbulent  core  has  the  same  value  as  in  an 

incompressible  fluid  in  the  absence  of  injection,  i.e.,  (dn/d$)n  +q  ■ 

X 

1/f  -  «x.  In  other  words,  it  is  assumed  that  (dn/d*)n  does  not 

X 

depend  on  compressibility,  heat  transfer  or  mass  injection.  The 
turbulence  constants  k  and  a  will  be  assumed  to  be  equal  to  their 
values  in  an  incompressible  fluid  («  -  (M,  a  ■  1?).  This  assumption 
about  the  value  of  the  derivative  at  the  boundary  of  the  sublayer 
and  the  turbulent  core,  as  indicated  by  the  slope  of  the  velocity 
profiles  In  the  case  of  injection  (Figures  7?  and  78),  will 
not  result  in  any  noticeable  errors  in  the  computation. 


Using  the  above  assumption,  one  obtains  the  following  expression 
for  the  velocity  profile  in  the  turbulent  core: 

a  m  yt 

‘i  n.  $  *f  l  1  (tt$*  ) 41 1*-  <*•**> 


The  slope  of  the  velocity  profile  in  the  turbulent  core  is  obviously 
given  by 
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v.y!  rj '•rvt  w'AVV-.--:  ■■-■-  .  T^- ; ■'V  •»  j  ■'vjK^TSt -> 


^ - 4-0xp f»e  ?  (ttSt)’'- "“J •  (5.27) 

“JI 

Here  u^  is  the  dimensionless  velocity  at  the  boundary  of  the  laminar 
sublayer  (the  question  of  the  determination  of  will  be  considered 
below) . 


In  the  case  of  a  flow  of  constant  density  over  a  plate  and 
injection  into  the  boundary  layer  of  a  substance  of  the  same 
composition  as  that  of  an  oncoming  flow  (p  *  const  *  pg),  the 
expression  for  the  velocity  profile  (5*26)  after  evaluation  of  the 
integrals  will  become 


q«n«-*  Vi  H.%  + 

+ « y  * + «.<p«p  (j£  ( y*  Hr  Kv  -  +  «.<?,)]  • 


(5.28) 


Here 


It 


(5. 29) 


In  order  to  determine  the  velocity  profile  in  the  laminar  sublayer, 
we  use  Equation  (3.106),  first  simplifying  it  by  assuming  that 
viscosity  is  constant  in  the  sublayer  (u  »  const  «  u¥)»  Next, 
substituting  the  relation  (5.3)  in  Equation  (3.106)  and  performing 
the  Integration,  we  obtain  the  following  expression  for  the  velocity 
profile  in  the  laminar  sublayer: 

(5.30) 

Por  small  injection  intensities,  expanding  the  exponent  in  a  series 
and  retaining  only  the  first  two  terms  of  the  series  we  find 


When  there  is  no  injection*  the  expressions  (5.30)  and  ($.31)  reduce 
to  the  expressions  for  the  linear  velocity  profile*  (3-30)  which 
were  obtained  earlier. 


I 
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The  velocity  profiles  in  the 
laminar  sublayer,  calculated  using 
Formula  (5*30),  are  given  in 
Figure  9^.  The  diagram  also 
includes  the  logarithmic  velocity 
profile  for  an  incompressible  fluid 
for  no  injection.  At  first  sight, 
the  character  of  the  variation  of 
velocity  in  the  laminar  sublayer  in 
Figure  9^  seems  to  be  paradoxical 
since  the  velocity  profile  here 
becomes  more  solid  with  an  increase 
in  the  injection  parameter,  which 
contradicts  the  experimental  data 
given  above  (Figures  7?  and  73).  However,  this  paradox  is  only 
apparent  since  Figures  77  and  78  deal  with  the  actual  velocities  u/Ue> 
and  Figure  with  the  velocity  profiles  expressed  in  terms  of  the 
universal  coordinates  $  •  u/v#. 


The  problem  of  the  thickness  of  the  laminar  sublayer  and  the 
velocity  at  its  boundary  in  the  turbulent  core  in  the  presence  of 
injection  is  the  least  understood  today.  The  scarce  experimental 
data  available  to  us  enable  us  to  conclude  that  the  relative  thick¬ 
ness  of  the  laminar  sublayer  decreases  with  an  increase  in  the 
injection  Intensity.  Unfortunately,  there  are  «e  numerical  data 
available  that  would  be  based  on  reliable  experimental  results. 

The  expression  for' the  velocity  profile  in  the  laminar  sublayer 
C§*|Q)»  based  on  the  law  ($.|)  for  the  distribution  of  tangential 
stresses,  which  is  in  good  agreement  in  the  laminar  sublayer  with 
the  existing  experimental  data  (Figure  7$) ,  can  apparently  be  consid¬ 
ered  sufficiently  reliable.  Thus,  if  the  thickness  of  the  lerinar 
sublayer  p.  is  calculated  on  the  basis  of  certain  considerations,  then 
from  we  can  find  a.  and  consequently, 

i*  » 


i^^^iYKTWeYH  r.T#g^>  > 


^tt^w'wgjr:  «j?  *g*i5-*=w 


Van  Driest  [20]  in  determining  the  thickness  of  the  laminar 
sublayer,  used  the  condition  similar  to  the  condition  (3.102), 
with  the  exception  that  the  friction  stress  at  the  boundary  of  the 
sublayer,  and  not  at  the  wall  as  in  Equation  (3*102),  was  the 
determining  factor.  In  analogy  with  condition  (3*102),  this  can  be 
stated  in  the  form 


6a  —  a 


(5.32) 


The  simultaneous  use  of  Equations  (5.32),  (5*3)>  and  (5*30)  leads  to 
the  following  expression  for  the  thickness  of  the  laminar  sublayer: 


n,«p(T*.n»)  (5.33) 

If  there  is  no  injection  (B*  ■  0),  Equation  (5*33)  reduces  to  the 
condition  ■  a,  which  was  assumed  below  (Chapter  III  and  IV). 

The  results  of  a  computation  of  and  ♦j  using  Equations  (5*33) 
and  (5*30)  are  given  In  Figure  95* 


In  addition  to  the  velocity 
profiles  in  the  laminar  sublayer 
calculated  using  Formula  (5 >30), 

Figure  9^  contains  the  velocity 
profiles  in  the  turbulent  core  cal¬ 
culated  using  Formula  (5.38)  for 
three  values  of  the  injection 
parameter  ft§  *  o;  0.2  and  1.  The 
boundary  of  the  laminar  sublayer  was 
here  determined  from  Equation  (5.33). 

siow  let  us  proceed  to  consider 
the  problem  of  calculating  the  friction  on  a  flat  plate  with  injection. 
It  is  not  hard  to  see  that  with  the  assumption  (c^  *  l/t),  made  in 
the  present  chapter,  the  expression  for  the  momentum  loss  thickness, 
(5*7),  becomes 
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6”  = 


Jjv 

petf, 


h  Si a(1  -  fi)°xp  [^  l  {ttm)  da- 


V'rfttl 


(5.3*0 


** 

Here,  as  earlier  in  Section  12  of  Chapter  III,  in  calculating  6  , 

we  assume  approximately  that  the  derivative  n  in  the  entire  boundary 
layer  is  given  by  Equation  (5*27),  which  was  obtained  for  the 
turbulent  core.  Here  we  skip,  as  it  were,  over  the  laminar  sublayer. 
The  lower  boundary  of  the  turbulent  core  is  accordingly  shifted  to 
the  wall  (uz  0).  Such  an  assumption,  as  was  shown  in  Chapter  III, 
is  applicable  to  a  flow  near  a  nonpermeable  surface,  and  it" is  even 
more  applicable  with  injection,  since  injection  lowers  the  relative 
thickness  of  the  laminar  sublayer.  The  integral  on  the  right-hand 
side  of  Equation  (5.3**)  can  be  evaluated  using  the  asymptotic 
expansion  (3*39).  After  some  calculations  we  find  the  first  approxi¬ 
mation 


r  (rTir),</a]  • 


(5.35) 


Furthermore,  substituting  the  expression  (5.35)  in  the  integral 
momentum  relation  (5.3),  and  following  the  procedure  indicated  in 
Section  12,  we  obtain  the  following  system  of  equations  which 
enables  us  to  determine  the  local  friction  coefficient  on  a  flat 

plate: 


it  . i 

A*ij(rT8?) 

A  «  0,1420** 

(5-36) 


Here  Is  the  friction  coefficient  on  a  plate  in  an  incompressible 
fluid  with  no  injection,  given  either  by  the  Kaman  Formula  (3.59) 
or  by  Formula  (3.&0),  The  viscosity  of  a  gas  mixture  at  the  wall 
ea«  be  calculated  us  in*;  the  relations  given  in  Chapter  X.  Chapter  I 
also  contains  a  description  of  techniques  that  can  be  used  to  calcu¬ 
late  the  viscosity  of  gas  mixtures.  The  function  N  is  easily  computed 
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using  a  table  of  decimal  logarithms  and  the  last  of  Equation  (5*36), 
in  which  the  right-hand'  side  is  known.  In  order  to  determine  the 
function  K  (see  the  second  of  Equation  (5*36),  it  is  necessary  to 
establish  a  relationship  between  the  intensity  of  the  gas  (gas  mixture) 
in  the  boundary  layer  and  its  velocity.  The  form  of  this  relation 
will  be  determined  by  the  flow  conditions  in  the  boundary  layer 
(presence  or  absence  of  chemical  reactions)  and  the  assumptions  made 
in  establishing  the  relation  between  the  velocity,  concentrations, 
and  temperature  (for  example,  assumptions  about  the  magnitude  of 
Prandtl  and  Schmidt  numbers). 


Letting  the  Reynolds  numbers  in  the  first  of  Equation  (5.36) 
go  to  infinity  (Rex  ■*■•),  we  obtain  [similarly,  as  was  the  case 
in  the  analysis  of  the  flow  around  a  nonpermeable  plate  (Section 
12)),  the  following  limiting  formula  for  the  ratio  Cj/c^: 


*<• 


(5.37) 


Equation  (5*37)  makes  it  possible  to  determine  the  limiting 
value  of  the  flow  rate  coefficient  <m  «*  »  at  which  the  friction 

at  the  wall  becomes  zero.  Recalling  that  by  definition  B  •  Sc^/Oj, 
we  can  write  Equation  (5. 37)  with  the  aid  of  the  second  of  Equation 
(5*36)  in  the  form 


Setting  on  the  right-hand  side  of  Equation  (5*38)  c^/c^g  "  0,  we 
obtain  an  expression  for  the  limiting  value  of  the  flow  rate  coeffi¬ 
cient 


L* 


(5.39) 


For  injection  into  the  boundary  layer  of  r  gav  of  the  same  density 
as  that  of  the  gas  in  the  oncoming  flow  (p  *  const  *  oe),  Formula 
(5‘39)  yields  • 
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Now  we  shall  consider  certain  particular  cases  of  the  flow  near 
a  flat  plate  with  injection  of  mass  into  the  boundary  layer. 


j  32.  Boundary  Layer  on  a  Flat  Plate  with 
Injectlbn  and  the  Prandtl  and  Schmidt 
Numbers  Equal  to  Unity  [121 


Let  us  consider  a  flow  of  a  gas  of  homogeneous  composition  over 
a  flat  plate.  The  gas  injected  through  a  porous  surface  into  the 
boundary  layer  will  also  be  assumed  homogeneous,  but  its  physical- 
chemical  properties  will  be  assumed  different  from  the  gas  in  the 
main  flow.  In  addition,  we  shall  assume  that  the  substance  injected 
is  inert  relative  to  the  gas  in  the  main  flow,  i.e.,  there  are  no 
chemical  reactions,  and  the  mixture  in  the  boundary  layer  may  be 
considered  binary.  We  shall  also  assume  that  the  specific  heat 
capacities  of  both  species  are  constant,  i.e.,  they  do  not  depend 
on  the  temperature.  The  Prandtl  and  Schmidt  numbers  and  their 
turbulent  analogs  are  assumed  to  be  equal  to  unity. 


With  those  assumptions  the  equations  of  the  boundary  (4,85)  - 
(4.8?)  become 


fr+^S,*,4[fo+,)’S]* 

**  ■jgrjV  +  olf]*  1 
***8 [(*+•)$]•  , 


(5.40) 


The  boundary  conditions  for  the  system  (5.40)  wJll  be  written 
in  the  form 


it 

it 


0, 

Ut. 


f  * 

//  ***  u 


H  **  //..  fo,r  It  »  0;  ) 
for  if  -*  oo.l 


(Ml) 


The  subscript  2  will  refer  here  and  below  to  the  parameters  of  the 
injected  substance,  and  the  subscript  1  to  the  parameters  of  the 
oncoming  flow. 
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Since  the  mixture  in  the  boundary  layer  is  binary,  the  convenience 
of  conserving  species  i  is  no  longer  present  (c^  =  1  -  c2).  The 
condition  for  the  concentration  C2  at  the  outer  boundary  indicates 
that  there  is  no  injected  substance  in  the  external  flow. 


The  equation  of  state  (1.86)  for  a  mixture  of  two  gases  becomes 

(5-42) 


P-P-&T, 


where 


if  MiMt 

**  Aft(t  —  e») 

is  the  molecular  weight  of  the  binary  mixture. 


(5.43) 


The  system  (5.40)  and  the  boundary  conditions  (5.41)  imply 
similitude  of  velocity,  total  enthalpy,  and  concentration  fields 


(5.44) 


Prom  Equation  (5*44)  we  can  derive  the  obvious  relations 


ff  -//„+  (*.-//,)  a, 
*•■***#  (l  —  A) 


(5-45) 

(5.46) 


According  to  the  definition  of  total  enthalpy,  we  have 

H  »>  e pT  4*  -!j-  ; 

■*  Wh  4-  (4  —  <“*)<>»  ^  4-  (h«  ~ 


(5.47) 


Since 


//#  »  e„rm  ■*«  f  (1  -  7**. 

Ui  tf* 

//,  *•*  e p,T,  +  y*  -  4*  y“> 


(5.48) 

(5.49) 
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from  Formula  (5.45),  in  view  of  Equations  (5.47)  -  (5.49),  we  obtain 
the  following  equality  giving  the  relation  between  the  temperature 
and  velocity 


j-  -  it  -  a* -  pa* -  0(1  -  a)i(i  -  0(1  - a))->. 


(5-50) 


Here 


P- 


^  (7-1)«wrf* 

0  w  Tjijf  (i  "  - 

V  ^B»  J 


(5.51) 


If  there  is  no  mass  injection  into  the  boundary  layer  (c^w  a  0) 

or  if  there  is  injection  of  a  gas  with  the  same  specific  heat 

capacity  as  that  of  the  oncoming  flow  (c  *  c  .),  Equation  (5.50) 

P«*  P* 

reduces  to  the  Crocco  integral  (3.4?). 


Furthermore,  using  the  equation  of  state  (5.42),  Equations  (5.4?) 
and  (5.50),  we  obtain  an  expression  for  the  density  in  the  boundary 
layer 


r^ynT=^iraT)^i  * 


(5.52) 


where 


(5.55) 


Expression  (5*52)  implies  that,  in  addition  to  the  Naeh  number  at 
the  outer  edge  of  the  boundary  layer,  M  ,  and  the  temperature  factor 
?U/Te,  the  third  important  parameter  which  deters ines  the  distribution 
of  the  density  in  the  boundary  layer  is  the  concentration  of  the 
injected  substance  at  the  wall,  e^. 


In  order  to  obtain  a  solution  in  a  closed  form,  one  must  find  a 
relation  between  the  injection  parameter  S,  defined  by  Squat Ion  (5,2), 
and  the  concentration  c^.  This  relation  can  be  obtained  from 
Equation  (5.19),  which  expresses  the  conservation  condition  for  the 
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injected  substance  at  the  wall.  Taking  into  account  the  assumption 
that  the  Schmidt  number  (S*  *=  is  is  equal  to  unity,  we  put  (5*19) 

in  the  form 


=  PwVwTtm  - (-^j-  \w .  (5.5^) 

Using  Equation  we  find  from  the  expression  ( 5 * 5^ )  the 

desired  relation  between  tne  injection  parameter  B  and  the  concen¬ 
tration  of  the  injected  substance  at  the  wall 

B 

*  r+f  (5.55) 


Equation  (5.55)  implies  that  the  concentration  of  the  injected 
substance  at  the  wall  for  a  finite  value  of  the  parameter  B  is  always 
less  than  unity,  and  in  the  limit  assumes  the  following  values: 

■*  0  for  B  -*  0,  ■*  1  for  B  *  ». 

Making  use  of  Equation  (5*S5)*  we  replace  in  Formula  (5.52) 
by  0.  Then  after  simple  algebra  we  obtain 

» ji+ »[«-{» y  <s.s?> 

w  |l  ■» wi««  $i*  “T^lf * 

if  the  gas  has  a  low  velocity  (6*0)  and  if  there  is  no  heat 
transfer  between  the  gas  and  the  wall  (w  *  6),  Equation  (5.5?) 
become. 

_  1  _ 

**  1  ■*  #|» 

The  function  K,  which  determines  friction,  is  generally  given  by  the 
second  of  Equations  (5. 34),  and  In  the  case  of  «  *  #  *  0  it  becomes 
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$3$ 


(5.59) 


for 


and 


for  MX<J If*. 


(5.60) 


W':  en  the  injected  gas  has  the  same  molecular  weight  as  the  gas  in  the 
mi  in  flow,  (M,  =  M0),  assuming  that  u  =  g  -  0,  the  expression  for 
K  becomes 


(5.61) 


In  the  general  case,  when  the  density  is  given  by  Equation  ( 5 • 57 ) > 
the  integral  in  the  expression  for  K  (5.36)  can  be  evaluated 
numerically  or  graphical] v. 


When  calculating  the  friction  coefficient,  we  assume  that  the 
injection  parameter  B  is  given.  After  we  determine  the  friction 
coefficient  c^,  with  the  aid  of  the  system  (5.36)  using 


huhl'  1  i. 


(5-62) 


we  can  determine  the  relative  flow  rate  of  injected  gas.  Thus,  a 
computation  for  various  values  of  the  injection  parameter  B  enables 
one  to  establish  a  relation  between  the  friction  and  the  flow  rate 
of  the  injected  substance,  i.e.,  to  determine  the  relation 

ei  *■' ci  (^fyr)  for  given  flow  conditions. 


Figure  ?6  gives  the  plots  of  the  friction  coefficient  versus 
the  injection  parameter  for  injection  of  various  gases  (freon-12,  air, 
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Figure  96 


Figure  97 


helium,  and  hydrogen)  into  an  air 
boundary  layer.  The  calculation 
was  made  for  the  conditions:  Me  = 
0,  Tw/Te  =  1,  Rex  -  107. 

Figure  97  describes  the 
effect  of  the  ratio  of  molecular 
weights  on  the  injection  parameter 
for  a  fixed  value  of  the  friction 
coefficient.  The  figure  shows  that 
a  change  from  injection  of  heavy 
gases  to  injection  of  light  gases 
permits  one  to  significantly 
reduce  the  value  of  the  injection 
parameter. 

Figure  98  illustrates  the 
dependence  of  friction  on  the 
relative  flow  rate  of  the  injected 
gas  for  the  conditions  Mg  ~  3> 

Rex  =  1J-106,  Tw/Tg  =  1.1.  The 


upper  curve  was  obtained  for  the 
injection  of  air  into  air,  the 
lower  one  for  injection  of  helium 
into  air. 

This  method  of  calculating 
friction  on  a  porous  plate  can  be 
relatively  easily  extended  to  the 
Figure  98  case  of  sublimation  of  a  surface 

immersed  in  a  stream  of  high- 

temperature  gas  [22].  We  know  that  if  the  surface  temperature  is 
lower  than  the  temperature  at  the  triple  point  in  the  phase  diagram, 
then  in  a  flow  of  a  mixture  of  gases  over  a  solid  body,  with  the 
partial  pressure  of  the  vapors  emanating  from  the  solid  in  the 
oncoming  flow  lower  than  the  pressure  of  the  saturated  vapors  at  the 


T.,  .-.--  —n --.---- TT-IT-^""^  ^y^yr.<v-^.yi>vi~<aT^gsj~T !y»^sy^fo^Tvryg^:^.v^tt^ys'w,^^^3^<roigK*g»»*y*TO?;?wW;3^ 
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surface  temperature,  the  body  will  be  vaporized  (will  sublimate)  by 
skipping  the  liquid  phase.  The  mechanism  of  the  transfer  of  various 
quantities  (momentum,  heat  and  mass)  in  the  boundary  layer  with 
addition  of  mass  through  a  porous  surface  and  sublimation  is  identical. 
Only  the  boundary  conditions  will  be  different.  If,  for  a  porous 
addition  the  concentration  of  the  injected  substance  at  the  wall  may 
change  in  an  arbitrary  way,  then, for  sublimation,  the  concentration 
of  the  substance  forming  at  the  wall  depends  on  the  heat  of  subli¬ 
mation  and  the  surface  temperature. 


The  concentration  of  the  sublimating  substance  at  the  wall,  , 
is  given  in  terms  of  the  partial  vapor  pressure  p^  by 


Cjtt. 


M3  p3 

M\a  PB 


(5-63) 


where  M  is  the  molecular  weight  of  the  mixture  at  the  wall  [see 
Equation  (5.**3)].  For  equilibrium  sublimation,  the  partial  pressure 
of  the  sublimate  at  the  wall,  p2,  is  equal  to  the  partial  pressure 
of  the  saturated  vapors,  p#,  at  the  temperature  Tw,  given  by  the 
Clausius-Clapeyron  law  [233: 


.  .  ,  W* 
l'<  p.t  -  -  i 


(5.64) 


where  b  is  an  experimental  constant,  h^  is  the  latent  heat  of  subli¬ 
mation.  Substituting  in  Equation  (5*63)-for  the  molecular  weight  1^— 
its  value  from  Formula  (5- *13)  and  keeping  in  mind  Equation  (5.6*0,  we 
obtain  an  expression  for  the  concentration  of  the  sublimate  at  the 
wall  given  in  terms  of  the  wall  temperature  and  the  boiling  temperature 


TK(Pe) 


1  S' [8xtJ “TT' (jF7 ~  17) ~ !]|  ' •  (5.65) 


If  the  temperature  of  the  wall  is  equal  to  the  boiling  temperature, 
(T  =  Tk),  the  concentration  of  the  sublimating  substance  at  the 
wall  will  become  equal  to  unity,  which  corresponds  to  a  type  of 
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boiling  in  which  the  vapor  flow  rate  and  the  concentration  are  no 
longer  related  by  a  boundary  diffusion  condition. 


Given  the  sublimate  concentration  at  the  wall,  (e2w)»  it  is 
easy  to  determine  the  value  of  the  injection  parameter  B,  related 
to  c0w  by  Equation  (5.56).  Making  use  of  this  equation,  we  obtain 
the  following  expression  for  the  injection  parameter  for  the  case  of 
sublimation  of  the  surface  material 


B  - 


El 

Mi 


exp 


hLMi 


£-*)-*)"• 


(5.66) 


Thus,  this  method  of  computing  friction  on  a  porous  plate  can  be 
used  in  its  entirety  to  calculate  the  equilibrium  sublimation,  the 
only  difference  being  that  the  parameter  B  may  not  be  specified 
arbitrarily  but  instead  it  must  satisfy  the  condition  (5.66). 


§  33.  Heat  and  Mass  Transfer  in  a  Boundary  Layer  on  a 
Flat  Plate  with  Injection  and  the  Prandtl  and 
Schmidt  Numbers  Different  from  Unity 

In  this  section,  in  contrast  with  the  preceding  one,  we  shall 
discuss  a  flow  in  the  turbulent  boundary  layer  on  a  flat  plate 
with  injection  and  the  Prandtl  and  Schmidt  numbers  different 
from  unity.  The  necessity  of  this  type  of  analysis  is 
due  to  the  fact  that  for  injection  into  the  boundary  layer  of  gases 
which  differ  in  their  physical-chemical  properties  from  the  gas  in 
the  oncoming  flow,  and  in  particular,  for  injection  of  light  gases 
such  as  helium  and  hydrogen,  the  Prandtl  and  Schmidt  numbers  may 
differ  significantly  from  unity.  For  example,  the  Schmidt  number 
for  the  gas  mixture  hydrogen-air,  calculated  for  the  conditions: 

T  «  273°  K  and  p  ■  1  atm,  ranges  from  0.2  to  1.7  depending  on  the 
species  concentration.  The  Schmidt  number  for  the  mixture  helium-air 
can  also  range  from  0.2  to  1.7,  and  the  Prandtl  number  for  the  same 
mixture  varies  from  0.5  to  1.1  depending  on  the  species  concentration 
(see  Figure  99,  mass  concentration  of  helium  is  plotted  on  the 
abscissa  axis). 
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As  was  noted  many  times  in  the 
preceding  chapters,  the  deviation  of  the 
Prandtl  and  Schmidt  numbers  from  unity 
in  the  laminar  sublayer  is  usually  of  no 
great  significance  when  computing  friction 
but  it  may  have  a  substantial  influence 
on  the  heat  and  mass  transfer  between 
the  gas  and  the  wall. 


Figure  99 

To  simplify  the  analysis,  we  shall 
assume  that  the  Prandtl  and  Schmidt  numbers  are  constant  over  the 
cross-section  of  the  laminar  sublayer  and  equal  to  their  values  at 
the  wall.  Otherwise,  the  analysis  will  be  similar  to  the  analysis 
done  in  the  preceding  section  (chemical  reactions  are  absent,  specific 
heat  capacities  of  the  species  are  constant,  the  mixture  is  binary). 


In  order  to  establish  an  approximate  relation  between  the  velocity, 
total  enthalpy,  and  concentration  profiles,  we  shall  use  the  equations 
for  a  turbulent  boundary  layer  expressed  in  terms  of  the  Crocco 
variables,  (*1.97)  -  (*1.100),  at  the  same  time  simplifying  them  by 
means  of  the  assumption  of  local  similitude,  ,  which  was 

often  used  in  the  preceding  chapters.  In  this  case,  the  conservation 
equation  for  the  injected  species  and  the  energy  equation  in  the 
laminar  sublayer,  (*1.98)  and  (4.97),  become 

tWa‘(Sc“1>'5r'3r’  (5.67) 

9X  dll 

du  du  =  du  '  (5.68) 


Here 


-  -f[t5T + (*—  i>“  +  0*  - 1)«*  -  «*>  r-8r]  •  (5.69) 

The  quantity  q  may  be  called  a  generalized  heat  flux. 

In  the  turbulent  core  the  same  equations  can  be  written  in  the 

form 
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<PH 

du * 


0. 


(5.70) 


§-0.  (5-71) 

The  boundary  conditions  for  Equations  (5.67)  -  (5.70)  have  the  form 

for  u  —  0  H  —  Hm  fj  = 

for  «=»!/,  H  =  H„  c,=0.  j  (5-72) 

The  problem  of  determining  heat  transfer  reduces  in  this  case,  as 
usual,  to  a  determination  of  the  friction  coefficient  and  of  the 
relation  between  friction  and  heat  transfer. 


The  relation  between  the  concentration  and  total  enthalpy 
profiles,  and  the  velocity  profile  in  the  laminar  sublayer.  Assuming 
that  the  distribution  of  the  friction  stresses  in  the  boundary  layer 
is  given  by  Equation  (5.3),  we  put  Equation  (5.67)  in  the  form 

'i  (Se-I)fl 

TT"  i  +  w  ‘  (5.73) 


Here  primes  signify  differentiation  with  respect  to  the  dimensionless 
velocity  u  =>  u/U  . 

V 


Integrating  Equation  (5*73)  once  and  determining  the  constant  of 
integration  from  the  condition  (5.19),  which  in  this  case,  (Sc  +  1), 
becomes 


(iff-)*  ”  ~  7?  Se  (1  — 


(5.7*0 


we  obtain 


ci »  -  iiSe  (i  -  etm)  (1  f  (5.75) 

Integration  of  Equation  (5.75),  using  the  second  of  the  boundary 
conditions  (5*72),  leads  to  the  following  relation  which  relates  the 
concentration  and  velocity  profiles  in  the  laminar  sublayer: 
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we  bring  the  equation  to  the  form 


where 


c,==l-(l -<*)(!  f  liu)\ 


(5.76) 


It  should  be  noted  that  Equation  (5.76)  cannot  be  used  in  this  form, 
since  we  have  not  established  the  relation  between  the  injection 
parameter  B  and  the  concentration  at  che  wall,  c2w« 

Now  we  turn  to  the  energy  Equation  (5.68).  Introducing  the 
dimensionless  quantities 


77  ll  —  r  -  all,  .  u 


(5.77) 


rff  rl/f  _  d7t 

da  da  “  da  ’ 


(5.78) 


■R-[ir+(Pf-1)x-a+ 


+  (*■•■"  l)(ci*~ ci>\)cv  [ll  —  . 


(5.79) 


In  Equation  (5*79)»  in  contrast  with  (5*69),  temperature  T  is  given 
In  terms  of  total  enthalpy  and  velocity  by 


(5.80) 


Making  use  of  the  expression  ( 5 . 3 ) »  we  integrate  Equation  (5.78) 
and  determine  the  constant  of  integration  from  the  condition  at  the 
wall.  As  a  result  we  get 


(5.81) 


-  %u. 

.  .  _ _ 

C,t' 
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C,  :~- 


P*Ut  ' 


(5.82) 


I 
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Qw  is  the  heat  flux  from  the  gas  to  the  wall,  given  by  Equation 
(4.147),  Hr  is  the  equilibrium  enthalpy  of  a  thermally  insulated  wall, 
or  the  enthalpy  of  recovery  (a  definition  of  the  last  quantity  will 
be  given  below). 


We  substitute  the  expression  for  q  given  in  Equation  (5.79) 
into  Equation  (5.81),  and  after  simple  algebra  we  obtain 

S-+, *-*)£“+ 

+  (U-1  8-  (5.83) 

~  r+"Ba  (5.83 

Equation  (5.83)  is  a  linear  equation  of  first  order  with  variable 
coefficients  which  can  be  integrated  by  quadratures.  However,  in 
order  to  obtain  the  final  result  in  a  simpler  form,  we  shall  limit 
ourselves  to  an  approximate  determination  of  the  distribution  of 
total  enthalpy  in  the  laminar  sublayer.  Thus  we  shall  assume  that 
H  can  be  expanded  in  a  series  involving  powers  of  the  longitudinal 
velocity  u.  Since  u  <  1,  we  retain  only  three  terms  of  the  series. 
In  this  case  we  get 


H  -jj—  do  4‘  *1*1 4* 


(5.84) 


Using  the  condition  at  the  wall  H  *  hw  at  u  *  0,  we  find  that 
a0  "  hw/he  °  V  Then  differentiating  the  expression  (5.84)  with 
respect  to  u  and  setting  u  ■  0,  we  obtain 

(iB\  .  t 

a‘“l-3a7w’  •‘"TVSrJ.-  (5.85) 


The  coefficient  a1  will  be  found  from  Equation  (5.83)  for  u  »  0: 


8‘ m  (lF  + 


(5.86) 


Here 


A  -  (>  -(,aa)s«(L»  -U 

~  *pi  +  ('w  *W 


(5.87) 
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An  expression  for  the  coefficient  a2  will  be  obtained  by 
differentiating  Equation  (5-83)  with  respect  to  u,  and  then  setting 
u  *  0.  The  result  will  be 

gg)w=  Pr(A  +  Pr  -  i)Bf„  +  (1  -  Pr)(T-  *)*.’+ 

f  iJ*^AtA  +  A(U-l)^  +  Sc-l  +  Pr];  ^  QQ) 

(t— 

Substituting  the  values  of  the  coefficients  aQ,  a^  and  a2  in 
(5.8*0,  we  obtain  a  relation  connecting  the  velocity  profile  and  the 
total  enthalpy  profile  in  the  laminar  sublayer: 

R  -  =  K+  (Pr?. + B\K)&  + 

+  <Pr(A  +  Pr - 1  )Bffm  f  (1  -  p,)(r_  ( 5.89 ) 

+  WHvA  (A  +  A(U~  l)-»  +  Sc  —  1  +  PrJ}y. . 

A  relation  between  the  concentration  and  total  enthalpy  profiles, 
and  the  velocity  profile  in  the  turbulent  core.  In  order  to 
establish  a  relation  between  the  concentration  and  velocity  profiles, 
we  integrate  Equation  (5.71)  once 

TTraC-  (5.90) 

The  constant  of  integration  C  will  be  determined  from  the  condition 
of  continuity  for  the  diffusive  flows  of  the  injected  species  at 
the  boundary  of  the  laminar  sublayer 

i(-zr)v. "  (5.91) 

Using  Equations  (5.9D  and  (5.75)*  and  integrating  (5.90),  we 
find  a  relation  between  the  concentration  and  velocity  in  the 
turbulent  core 


e,  -  tf(i -e*)(l  +  Bi*)u-'(i~a). 


(5.92) 


Equating  the  concentrations  obtained  from  Formulas  (5.92)  and  (5.76) 
at  the  boundary  of  the  laminar  sublayer,  we  obtain  a  relation  between 
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the  injection  parameter  B  and  the  concentration  at  the  wall,  c2w: 

Cm=  i-V  +  Br^i  +  Dua)1'*.  (5.93) 

It  should  be  noted  that,  if  the  Schmidt  number  is  equal  to  unity, 
Equation  (5-93)  will  reduce  to  Equation  (5*55)  of  the  preceding 
section.  Using  Equation  (5*93).  we  bring  Equation  (5.92)  to  the  form 

ct  =  TTF(1-*)-  <5.9*0 

Now  we  establish  a  relation  between  the  total  enthalpy  and  the 
velocity  in  the  turbulent  core.  Integrating  Equation  (5. 70)  once, 
we  obtain 

const  «s  4- .  (5.95) 

The  constant  of  integration  in  the  expression  (5.95)  will  be 
determined  from  the  condition  that  the  generalized  heat  fluxes  are 
equal  at  the  boundary  of  the  laminar  sublayer.  Using  this  condition 
and  Equation  (5.8),  we  find 

TT  **  irW  “  *•)!'  (5.96) 

Integrating  Equation  (5*96),  and  determining  the  constant  of 
integration  from  the  condition  at  the  outer  edge,  we  obtain  a  relation 
between  total  enthalpy  and  velocity  in  the  turbulent  core 

0  -  0, -  (i  +  0«,r‘  if- + <#*  -  <w)m  -  «)•  ( 5  97 ) 

It  i3  not  hard  to  see  that  if  there  is  no  injection  (B  *  0),  Equation 

(5.97)  will  reduce  to  Equation  (*».150)  of  the  preceding  chapter. 

Determination  of  the  enthalpy  of  recovery  Hr  and  the  Reynolds 
similitude  parameter  2c^/c^.  Letting  u  *  in  the  expression 

(5.97) ,  we  obtain, 
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n.,  =  <t  +  Bua)(  1 4-  B)'xff,  -  (1  -  au)(i  +  flrci.-  BK,). 


(5-98) 


Equating  the  values  of  H^,  determined  from  Formulas  (5-98)  and  (5*89) , 
at  the  boundary  of  the  laminar  sublayer,  we  obtain 

K  f  1 4-  BASm  -B(i-  a4)(i  +  b )*‘  + 


+  fi’A  IA  +  A(U  +  Sc  4*  Pr  -  i  1  4- 

4 & [ +  (1  -«„)(!  4-  B)’*  +  Pr(A  4-  Pr- 1)0^-]  « 
“  o + flkxt  4- 


(5-99) 


If  there  is  no  heat  transfer  between  the  gas  and  the  wall 
(q,.  *  0,  h„  *  H  ) ,  Equation  (5*99)  easily  implies  the  following 
expression  for  the  enthalpy  of  recovery: 

//,» (*,(l  4*Pr^JLyiM,*)  ~  tf,{i  4-  ny'd  -  it*)0}  X 

x  (i + mu,  -  »<i  -«(1 +*r*  +  (sim 

+  mAIA  +  A(U- H- «|^  j". 


Here  we  used  the  approximate  relation  (3.150). 

Substituting  the  relation  (5.82)  in  Equation  (§.99)  and  solving 
the  resulting  equation  for  the  Reynolds  similitude  parameter,  we 
get 

tJ-IH 

“*  4  fiUa  “  &  Yyi)‘  4  4*  I)*4  a. 

+  (§.101) 


Her»  we  used  the  approximate  relation  (3- 159). 

In  the  absence  of  injection,  (6  *  0),  the  expressions  (§.100) 
and  (§.101)  reduce  to  their  analogs  obtained  in  Chapter  Ill. 


PTD-HC-,2  3-72  3-71 


If  the  Prandtl  and  Schmidt  numbers  are  equal  to  unity,  we  have 
independently  of  injection  Hr  *  Hg  and  2ch/cf  *  1,  as  we  can  easily 
infer  from  Equations  (5.100)  and  (5.101). 


The  temperature  and  density  distribution  in  the  boundary  layer. 
Given  the  distribution  of  total  enthalpy  H  and  concentration,  as 
well  as  Equations  (5*80)  and  (5.*»7),  we  can  find  the  temperature 
distribution  in  the  boundary  layer 


(5.102) 


In  the  laminar  sublayer  H  and  c?  are  given  by  Equations  (5*89) 
and  (5*76);  in  the  turbulent  core-by  Equations  (5*97)  and  (5.9*0* 


Using  the  condition  of  constant  pressure  across  the  boundary 
layer,  the  equation  of  state  (5*^2),  and  Equations  (5.**3)  and  (5,102) 
we  obtain  the  density  distribution  in  the  boundary  layer 


A 


(5*103) 


The  friction  ear*  be  calculated  fre»  the  relation  between  the  density 
an£  velocity  using  Equation  (5*36).  It  will  be  recalled  that  the 
concentration  of  the  injected  species  at  the  wall,  c^,  can  be 
determined  from  the  injection  parameter  &  in  accordance  with  Equation 

t%m» 


onai  gruecdurt .*  As  the  initial  data  we  must  fee  given: 
the  flash  number  at  the  outer  edge  of  the  boundary  layer  Hc,  Reynolds 
number  fc*  *  tr  a/v . ,  temperature  of  the  wail,  tL,  temperature  at  the 

outer  of  the  boundary  layer,  ?^.  We  must  also  be  given  the 
molecular  weights  and  specific  heat  capacities  of  the  injected  gas  - 
end  the  gas  flowing  over  the  surface  of  a  plate. 

given  the  values  of  the  injection  parameter  It,  we  can  use  sne 
method  presented  in  Section  32#  l.e. #  assuming  that  the  Prandtl 

lid 


I 


and  Schmidt  numbers  are  equal  to  unity,  to  determine  the  local 
friction  coefficient  with  injection,  cf,  and  the  friction  parameter 
C,  which  is  related  to  by  Equation  (3*8)*  Then,  given  the 
values  of  B  and  c  we  determine  the  parameter  Bt  [see  Formula  (5.20 
„  (5.29)].  Formulas  (5.33)  and  (5*30)  can  be  used  to  calculate 

the  thickness  of  the  laminar  sublayer  and  the  velocity  at  the 
boundary  of  the  laminar  sublayer  Then,  using  the  Schmidt  number 

i  '  as  a  parameter,  from  Equation  (5.93)  we  find  e?w  as  a  function  of  b 

*  (Figure  lQQ,a).  Given  the  composition  of  the  mixture  at  the  wall, 

\  ( ) »  and  the  conditions  at  the  wall  (Tw,  p),  we  can  determine  the 

{  aetual  Schmidt  number  at  the  wall  (Scw>^  (Figure  lQQ,b),  Using 

j  the  data  of  Figures  190, a  and  100, b  (see  the  key  In  the  diagram),  we 

|  ean  find  ScK  as  a  function  of  the  injection  parameter  (Figure  10Q»e), 

After  the  relation  between  S  and  Scw  is  established,  Formula  (5.93) 

!  can  be  used  to  determine  the  actual  concentration  of  the  injected 

i  species  at  the  wall,  e^,  Similarly,  w©  can  determine  the  value  of 

the  Brandt 1  number  Br^.  However,  in  many  eases  this  is  not  necessary 

since  the  dependence  of  the 
Brandt!  number  on  the  competi¬ 
tion  is  much  weaker  as  sampared 
with  the  Schmidt  number,  and 
the  number  may  be  assumed 
constant,  Given  the  values  ®f 
the  Schmidt  and  Brandt 1  numbers  * 
we  can  calculate  the  Lewis 
number  (L§^  *  Br^/Se^).  then 

we  determine  the  following  in  this  order:  function  A  (using  S^uatl'aa- 
i $. It )J,  recovery  enthalpy  (using  Situation  ($.103) 3, 
similitude  parameter  (using. Station  heat  flux  fusing 

S^uation  enthalpy  and  concent rat  Sen  in  the  laminar  sublayer 

(using  s^uaf ions  ($.,8f  I  and.  ($.?&)),  and  in  the  turbulent  cere  (using 
Equations  (5-921  and  (5.?!) i»  temperature  and  density  in  the  boundary 
layer  (using  Equations  (*jLl©.2)  and  (5.i©3>  J,  friction  .(using  Equation 
($.36)). 

The  heat  flux  from  the  gas  to  the  wall  can  be  calculated  from 


Boctnete  *$)  appears  on  page  .122. 

?V® 


WW«-2M2Wi 


~ur 


(5.104) 


As  can  be  seen  from  Equation  (5.21),  the  heat  flux  which  con¬ 
tributes  to  the  heating  of  the  body  (inside  the  body)  is,  in  this 
case, equal  to 

”  (5.105) 


9. 


Figure  101  is  a  plot  of  the  ratio  Cp/(Cj.)gSQ  versus  the  flow 

rate  of  the  Injected  gas  (hydrogen),  obtained  for  Pr  a  Sc*  1  (solid 
line)  and  for  Pr  *  0.7»  Sc  *  Sew  (dashed  line).  A  comparison  of 
the?©  curves  shows  that  the  deviation  of  the  Prandtl  and  Schmidt 

numbers  from  unity  has  only  a  slight 
effect  on  the  value  of  the  friction 
coefficient.  Per  this  reason,  it 
is  not  necessary  to  use  higher- 
orde?  approximations  (for  ef, 

2eh/ef>  in  the  computation.  This 
fact  permits  us  to  expect  that, with 
an  accuracy  sufficient  in  practical 
calculations-,  the  friction  coeffi¬ 
cient  with  injection  a ay  in  many 
cases  be  calculated  using  a  .method 
based  on  the  assumption  that  the 
Prandti  and  Schmidt  numbers  are 
equal  to  unity  (Section  p). 


w'hen  calculating  the  parameters  characterising  tn .  heat  transfer 
between  the  gas  and  the  wail  (?c^/Cj<,  K^) ,  the  fact  that  the  frandti 
and  Schmidt  numbers  as-e  different  frees  unity  must  be  taken  into 
consideration. 


j.^s 


FOOTNOTES 


Footnote  (1)  on  page  279.  It  should  be  noted  that  the 

expressions  (5*6),  (5*7),  just  as 
(3.9)  >  (3.10)  are  approximate,  since 
they  are  obtained  if  one  neglects  the 
laminar  sublayer,  simultaneously 
extending  the  turbulent  core  up  to  the 
wall,  which  is  valid  in  the  case  when 
the  laminar  sublayer  is  relatively 
thin. 

Footnote  (2)  on  page  279.  A  detailed  analysis  of  these  discrepan¬ 

cies  may  be  found  in:  Spalding,  D.  B. , 
D.  M.  Aus lander  and  T.  R.  Sundarom, 

The  Calculation  of  Heat  and  Mass 
Transfer  through  the  Turbulent  Boun¬ 
dary  Layer  on  a  Flat  Plate  at  High 
Mach  numbers,  with  and  without 
Chemical  Reaction,  "Supersonic  Flow, 
Chemical  Processes  and  Radiative 
Transfer",  Oxford-London-New  York- 
Paris-Frankfurt,  pp.  211-276,  1964. 

Footnote  (3)  on  page  282.  It  should  be  noted  that  in  experiments 

involving  injection  at  high  supersonic 
velocities  it  is  not  always  possible 
to  obtain  gradient-free  flows  over  a 
plate  or  a  cone.  This  is  due  to  the 
effect  of  an  extended  boundary  layer 
on  the  external  flow.  We  note  inci¬ 
dentally  that  a  theory  of  the  inter¬ 
action  between  the  turbulent  boundary 
layer  and  the  hypersonic  external  flow 
is  at  the  present  time  in  its  infancy. 
See,  for  example,  Barnes,  J.  W.  and 
H.  H.  Tang.  Strong  and  Weak  Inter¬ 
action  Parameters  for  Turbulent  Flow, 
AIAA  Jourr..,  Vol.  4,  No.  iO  (1966); 
Russian  translation:  Raketn.  Tekh.  i 
Kosmonavt.,  No.  10,  1966. 

Footnote  (4)  on  page  283.  Mugalev,  V.  P.,  Experiuental'-Investi- 

gatiun  of  the  Turbulent  Boundary  Layer 
on  a  Plate  with  Injection  of  Air  and 
Carbon  Dioxide  at  Supersonic  Velocities. 
Trudy  Moskovskogo  fizicheski-tekhniches- 
kogo  institute,  Oborongiz,  No.  4,  1959* 
Mugalev,  V.  P.,  Experimental  Investiga¬ 
tion  of  the  Subsonic  Turbulent  Boundary 
Layer  on  a  Plate  with  Injection. 
Izvestiya  vyashikh  uchebnykh  zavedeniy, 
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-  Series  of  Aeronautics  Technology,  No. 

3>  1959.  Mugalev,  V.  P.,  An  Investi¬ 
gation  of  Heat  Transfer  and  Turbulent 
Boundary  Layer  Characteristics  on  a 
Porous  Surface.  Teplo-  i  massoperenos 
(Heat  and  Mass  Transfer),  Vol.  I, 
"Energiya"  Publishing  House,  Moscow, 

;•  '  1968. 

Footnote  (5)  on  page  291.  •Figure  91  and  Formula  (5.11)  are  given 

in  survey  article:  Squire,  L.  C. 

Some  Notes  on;  Turbulent  Boundary  Layers 
‘  with'  Fluid  Injection  at  High  Supersonic 
Speeds,  ARC.  CP, -  No.  .7^0,  1964.  >• 

Footnote  (6)  on  page  319.  The  methods  of  calculating  the 

diffusion  and  viscosity  coefficients, 
for  a  gas  mixture  were  discussed  in 
Chapter  I.  Handbooks  and  aids  that 
might  help  in  the  computation  are  also 
indicated  there  (see,  for  example,  the 
•  monograpn  by  Bretshnayder ,  [5]  on 
■page  39a. 
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NOTATION 


Roman  Letters 

A  —  see  Equation  (3.173); 

Ak  —  chemical  symbols  of  reactants.  Equation  (4.1); 
A  —  speed  of  sound; 


P.*. 


P  v 

"  in  ‘t/i 


7 


P  v 

n  _  *“* 

•°o  —  r- 


*~PA  Of  ’ 
1 


P#^«  (c/)fl^o  ’ 

„  Pu*\ii  2 

^-5*7  (‘fW 


B,  = 


B 


“  PeU,  ch 


fV%  1 


5,.»  = 


P»*.i, 


1 


1,0  P'U,  (chhh~a  ’ 

Pu,^  1 


m 


W-P/W  W0“pA& 


Ijj-0 


•  s  » 


injection  parameters; 


b  — impact  parameter.  Equation  (1.16); 

cp  — average  friction  coefficient,  Equation  (3.62); 

cH  —  average  heat  transfer  coefficient; 

cf  —  local  friction  coefficient,  Equation  (2.85); 

ch  —  local  heat  transfer  coefficient,  Equation  (2.91); 

^  — mass  concentration  of  species  i,  Equation  (1,29); 

flow  rate  coefficient  for  the  injected  substance, 

Equati »n  (2.86); 

recombination  parameter,  Equation  (4.137); 
specific  heat  capacity  at  constant  volume.  Equation  (1.43); 
specific  heat  capacity  at  constant  pressure; 
specific  heat  capacity  of  species  i  at  constant  pressure; 
specific  heat  capacity  of  species  i  at  constant  volume; 
energy  of  dissociation  per  unit  molecular  mass, 

Equation  (4.46); 

diffusion  coefficient  for  a  multicomponent  mixture, 
Equation  (1.53); 


'Pi 

:vi 
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—  diffusion  coefficient  for  a  binary  mixture, 

Equation  (1.59); 

*>i  —  effective  diffusion  coefficient.  Equation  (1.58); 

&}  —  thermodiffusion  coefficient; 

—  turbulent  diffusion  coefficient.  Equation  (2.31); 

Da  — Damkohler  number,  Equation  (^.102); 

d  —  diameter  of  a  sphere; 

E  —  internal  energy  of  a  gas,  Equation  (1.38); 

Eq  —  energy  of  a  gas  at  zero  absolute  temperature; 

E  —  activation  energy; 

cL 

AEq  —  dissociation  energy  per  unit  mole  of  starting  substance, 
Equation  (4.22) ; 

E_ , ,  —  activation  energy  for  a  surface  reaction; 
e.^  —  energy  of  the  internal  degrees  of  freedom  of  a  molecule 

of  species  i; 

^  —  distribution  function; 

P  —  function  defined  by  Equations  (3-77)  and  (3.92); 

G  —  function  defined  by  Equation  (3.78); 

gij  —  see  Equation  (1.16); 

glw  —  mass  rate  of  formation  of  species  i  per  unit  area; 
g^  —  statistical  weight; 

H  —  total  enthalpy  of  a  mixture,  Equation  (1.9^); 

H*  =  6*/6**,  form  parameter; 
h  —  enthalpy  of  a  mixture,  Equation  (1.100); 
hi  —  enthalpy  of  species  i; 

h^  —  heat  of  formation  of  species  i  under  standard  conditions; 

Hr  —  enthalpy  of  recovery; 

h  —  Planck  constant; 

hiL  —  heat  of  sublimation  of  species  i; 

— mass  flux  density  vector  of  species  i,  Equation  (1.10); 
k  —  Boltzmann  constant; 

kT  — thermodiffusive  ratio,  Equation  (1.6l); 

—  numerical  rate  of  formation  of  the  molecules  of  species 
i  per  unit  volume,  Equation  (1.27); 
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equilibrium  constants; 


Kn  —  see  Equation  (4.7), 

Kp  —  see  Equation  (4.12), 

Kx  —  see  Equation  (4.15), 

Kc  —  see  Equation  (4.16) 

kwi,  kwj  -  rates  of  forward  and  reverse  surface  reactions; 
k',  k"  —  rates  of  reverse  reactions  in  the  gas  phase; 

Kw  —  equilibrium  constant  for  the  surface  reaction; 

—  rate  of  dissociation; 

k  ,  —  rate  of  recombination; 

1^.  —  collision  integral; 

I  (u)  —  see  Equation  (3.36); 

L  —  characteristic  length; 

Le.^  —  effective  Lewis  number,  Equation  (1.103); 

Le  —  Lewis  number  for  a  binary  mixture,  Equation  (1.105); 

Let  —  turbulent  Lewis  number,  Equation  (2.34); 
l  —  turbulent  path  of  mixing; 

M.^  —  molecular  weight  of  species  i; 

M  —  molecular  weight  of  a  mixture; 

M  —  Mach  number  at  the  outer  edge  of  the  boundary  layer; 

V* 

mi  —  mass  of  a  particle  of  species  i; 

—  numerical  density  of  particles  of  species  i,  Equation  (1.1) 
n  —  number  of  particles  per  unit  volume,  Equation  (1.7); 

Cn^ ]  »  —  number  of  moles  of  species  i  per  unit  volume; 

ni,  nj  —  order  of  forward  and  reverse  surface  reactions; 

Na  —  Avogadro  number; 

N  —  see  Equation  (3.82); 

p  —  pressure  of  a  mixture,  Equation  (1.8); 

p..L  —  partial  pressure  of  species  i,  Equation  (1.8); 

p^  —  characteristic  pressure  of  an  ideally  dissociating  gas; 

P  —  pressure  tensor.  Equations  (1.12)  and  (1.64); 

P.^  —  pressure  tensor  of  species  i,  Equation  (1.11); 

Pr  —  Prandtl  number; 

Prt  —  turbulent  Prandtl  number,  Equation  (2.33)* 

Q  —  partition  function  for  a  gas  of  unit  pressure; 
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Q  —  total  partition  function;  see  also  Equation  (3.181); 

Qc  —  partition  function  for  a  gas  of  unit  concentration; 

—  kinetic  energy  flux  density  vector  of  species  i. 

Equation  (1.13); 

q  —  heat  flux  density  vector.  Equations  (1.14)  and  (1.76); 

qw  —  heat  flux  from  the  gas  to  the  wall.  Equation  (2.88); 

q„  —  heat  flux  inside  the  body,  Equation  (5.20); 

R  —  universal  gas  constants; 

Re*  —  Reynolds  number  constructed  from  the  displacement 
thickness.  Equation  (3*43); 

Re**  -  Reynolds  number,  constructed  from  the  momentum  loss 
thickness.  Equation  (3*17); 

Rex  —  Reynolds  number  constructed  from  the  parameters  at  the 
outer  edge  of  the  boundary  layer,  Equation  (3.18); 
r  —  radius  vectors  with  components  x,  y,  z; 
rw  —  radius  of  lateral  curvature  of  a  body  of  revolution; 

Sct  —  turbulent  Schmidt  number,  Equation  (2.36); 

Sc  —  Schmidt  number  for  a  binary  mixture.  Equation  (1.105); 

Scj^  —  effective  Schmidt  number.  Equation  (1.103); 

S  —  strain  rate  tensor.  Equation  ( 1 . 67 ) ; 

T  —  gas  temperature.  Equation  (1.8); 

Td  —  characteristic  dissociation  temperature; 

Tr  —  characteristic  rotational  temperature  and  temperature  of 
recovery; 

Ty  —  characteristic  vibrational  temperature; 
t  —  time; 

v ^  —  velocity  of  a  particle  of  species  i  (components  *1*. ‘‘t»« *»» ) ; 

v  —  ccnter-of-mass  velocity,  Equation  (1.4); 

vi  —  mean  velooity  of  particles  of  species  i,  Equation  (1.3); 

Vi  —  thermal  velocity  of  particle  of  species  i,  Equation  (1.5); 
7^  —  rate  of  diffusion  of  species  i,  Equations  (1.6)  and  (1.53); 

— dynamic  velocity,  Equation  (3*8); 
u  —  longitudinal  velooity  component; 

— mass  rate  of  formation  of  species  i.  Equation  (1,30); 
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W  —  active  portion  of  a  catalytic  surface; 
x  —  x-component  of  vector  r; 
x.^  —  molar  concentration; 

X  —  catalytic  molecule. 

Greek  Letters 


a  — universal  turbulence  constant.  Equation  (3.102); 

8  —  see  Equations  (3*48)  and  (3.49); 

6  —  see  Equation  (4.11?); 

y  u  cp/cv; 

Yw  —  catalytic  capacity  of  the  wall,  Equation  (4.61); 

6*  — displacement  thickness,  Equation  (2.77); 

5**  — momentum  loss  thickness,  Equation  (2.76); 

6  — boundary  layer  thickness,  Equation  (5.53); 

6*#  —  energy  loss  thickness,  Equation  (2.89); 
e  —  turbulent  viscosity  coefficient.  Equation  (2.30); 
e  —  unit  tensor,  Equation  (1.66); 

C  —  friction  parameter,  Equation  (3.8); 
n  —  universal  coordinate,  Equation  (3.8); 
n7  —  coordinate  of  the  boundary  of  the  laminar  sublayer; 
tc  — universal  turbulence  constant  (tc  •  0.4),  Equation  (2,69); 

1  —  molecular  heat  conductivity  coefficient; 

Xt  —  turbulent  heat  conductivity  coefficient,  Equation  (2.32); 
*eff  —  effective  heat  conductivity  coefficient,  Equation  (1.82); 
—  coefficient  of  heat  conductivity  due  to  mass  transfer, 
Equation  (1.8l); 

u  —  dynamic  viscosity  coefficient; 
v  —  kinematic  viscosity  coefficient; 
vk*  wk  ““  reaction  coefficients,  Equation  (4.1); 

C  — Crocco  variable,  Equation  (2.59); 

Oj  —  partial  density  of  species  1,  Equation  (1.8); 
p  •"gas  density,  Equation  (1.8); 

0^  — .  characteristic  density  of  a  partially  excited  dissociating 
gas,  Equation  (4.50); 
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f  p  —  characteristic  density  of  an  ideally  dissociating  gas, 

|  OL 

i  Equation  ( ^ . 51 ) ; 

o  —  see  Equation  (4.20); 
t  —  stress  of  friction;  • 

|  $  —  universal  coordinate,  Equation  (3.8); 

|  $(u)  —  see  Equation  (3*34); 

¥  —  flux  density  vector.  Equation  (1.9); 

^  —  summation  invariants.  Equation  (1.21); 

¥  —  see  Equation  (3.25); 

!  to  —  see  Equations  (3.48)  and  (3*^9) l 

» 

a  —  see  Equation  (3.196)* 
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Subscripts 

e  —  parameters  at  the  outer  edge  of  the  boundary  layer; 

w  —  parameters  at  the  wall; 

s  —  parameters  at  the  stagnation  point; 

•  —  parameters  at  infinity  in  the  oncoming  flow; 

0  —  parameters  in  an  incompressible  fluid,  as  well  as  parameters 

for  no  injection; 

r  —  parameters  ir  the  absence  of  heat  transfer  between  the  gas 
and  the  wall; 

l  —  parameters  at  the  boundary  of  the  laminar  sublayer; 

t  —  parameters  in  the  turbulent  core; 

t  —  parameters  at  the  point  of  transition  of  laminar  flow 

into  turbulent  flow. 


Superscripts 

(e)  —  equilibrium  flow; 

(f)  —  frosen  flow; 

(ne)-~  nonequilibrium  flow; 

line  above  signifies:  in  Chapter  I  —  statistical 
averaging  over  velocities,  Equation  (1.2);  in  Chapter  II 
—  time  averaging,  Equation  (2.2);  in  Chapter  III  -  V  — 
dimensionless  quantities. 
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SYMBOL  LIST 


Russian 

30)0 

T 

H 

onp 

3Mcn 

B03A 

J) 

CP 

TeOP 

n.n 

nQTOH 

XM.-I 

'IT 

m 

nPeA 

T 

A 

H 


Typed 

eff 

t 

n 

dex' 

exp 

air 

l 

av 

theory 

Pi 

flow 

ohem 

1th 

Id 

Um 

th 

d 

K 


i 


I 
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U1 


Meaning 

effective 

turbulent 

not  defined 

defining 

experiment 

air 

laminar 

average 

theory 

plane 

of  flow 

chemical 

laminar-thermal 

laminar-diffusive 

limiting 

thermal 

diffusive 

boiling 


